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Abstract

This report presents a differential-geometric
foundeations for an attempt to formulate Lagrangian
(canonical) quantum field theory on fibre bundles. In it
the standard Hilbert space of quantum field theory is
replace with a Hilbert bundle; the former playing a role
of a (typical) fibre of the letter one. Suitable sections
of that bundle replace the ordinary state vectors and
the operators on the system’s Hilbert space are
transformed into morphisms of the same bundle. In
particular, the field operators are mapped into
corresponding field morphisms.



1. Introduction

The purpose of this work is to be presented grounds
for a consistent formulation of quantum field theory in
terms of fibre bundles. The ideas for that goal are
shared from [1-5], where the quantum mechanics is
formulated on the geometrical language of fibre bundle

theory.



The plan:

At first we present some basic definitions. Special
attention will be paid on the Hilbert bundles, which
will replace the Hilbert spaces of the ordinary quantum
field theory, and the metric structure in them.
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The plan:

At first we present some basic definitions. Special
attention will be paid on the Hilbert bundles, which
will replace the Hilbert spaces of the ordinary quantum
field theory, and the metric structure in them.

Next we considered an isomorphism between the fibres
of a Hilbert bundle, called the bundle transport. It will
play a central role in this investigation.

Then a motivation is presented why the (Hilbert) fibre
bundles are a natural scene for a mathematical
formulation of quantum field theory.



2. Fibre Bundles. Hilbert bundles

A bundle is a triple (E,w, B) of sets E (bundle space)
and B (base) and surjective mapping =: £ — B
(projection). If b € B, = !(b) is the fibre over b and, if
@ C B, (E77T7B)|Q o= (77_1(@)77T|W—1(Q)7Q) Is the
restriction on @@ of a bundle (E,m, B). A section of
(E,m,B) is a mapping ¢: B — FE such that mo o = idp,
where id, is the identity mapping of a set Z, and their
set is denoted by Sec(F,m, B). The set of morphisms
of (E,m,B) is

Mor(E,w, B) :=={(p, f)l¢: E — FE, f: B— B, mop = forn}.

The set of all B-morphisms (strong morphisms) of
(E,m,B) is Morg(E,n,B) :={p|lp: E — FE, mop=rm}.



The bundle of point-restricted morphisms is defined by

{(Spbv ) gpb:gp‘,ﬁ_l(b), be B, (Spvf) GMOI(E77T7B)}
= {(¢, ) lp: 771 (b) = 7 (f(b)), b€ B, f: B— B}

and mo: Eg — B with mo(pp, f) := b for (vs, f) € Ep.
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= {(¢, ) lp: 771 (b) = 7 (f(b)), b€ B, f: B— B}

and mo: Eg — B with mo(pp, f) := b for (vs, f) € Ep.
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The bundle of point-restricted morphisms is defined by

{(Spbv ) Spb:@"ﬁ_l(b)? be B, (Spvf) GMOI(E77T7B)}
= {(¢, ) lp: 771 (b) = 7 (f(b)), b€ B, f: B— B}

and mo: Eg — B with mo(pp, f) := b for (vs, f) € Ep.

The bundle morg(FE,w, B) of (point-) restricted
morphisms over B of (E,w, B) has a bundle space

EOB = {pp | op = @’W—l(b), be B, o € Morg(F,m,B)}
={pvlpp: 7 (b) = 7 (b), bE B}

and projection nf: EF — B with () := 0, ¢, € EY.

There is a natural bijection
Morg(E, 7, B) = Sec(morp(E, 7, B)).



A map Sec(FE,m,B) — Sec(FE,w, B) is called morphism of
Sec(FE,m, B). Their set is MorSec(F, w, B).



A map Sec(FE,nw, B) — Sec(FE,w, B) is called morphism of
Sec(E,w, B). Their set is MorSec(FE,w, B).
Definition 2.1. A Hilbert (fibre) bundle is a vector

bundle whose fibres over the base are isomorphic
Hilbert spaces.



A map Sec(FE,m,B) — Sec(FE,w, B) is called morphism of
Sec(FE,m, B). Their set is MorSec(F, w, B).

Definition 2.1. A Hilbert (fibre) bundle is a vector
bundle whose fibres over the base are isomorphic
Hilbert spaces.

Let (F, 7, M,F) be a Hilbert bundle and F, := 7 !(z).
Let [.: F, — F, x € M, be the point-trivializing
iIsomorphisms defined by the decomposition functions
via dwle(x, ) =: ;1 (yp) € w1 (z) for every ¢ € F.

Let <-|->=: F x F — R be the scalar product in F and
(-] )z: Fr X F, — R be the scalar product in F,. A
Hilbert bundle with compatible vector and metric
structure, {(p|Vz)s =<lz(pz)|lz(Wz)~ fOr every

v, W € F,, is called compatible Hilbert bundle.



In such a bundle we have

(| )z ==z - |z >, re M (2.1)
<'|’>:<l;1"l;1'>aza rc M. (2.1°)

Beginning from now on, only compatible Hilbert
bundles will be employed.



In such a bundle we have

(| )z ==z - |z >, re M (2.1)
<'|’>:<l;1"l;1'>aza rc M. (2.1°)

Beginning from now on, only compatible Hilbert
oundles will be employed.

Defining the Hermitian conjugate mapping A*: F — F,
of Ay: Fy — F by <Ai90‘Xﬂc>x ==<p|AzXz>, ¢ € F,
xz € F, we find (1 denotes conjugation in F)
T
A =1"1o (A:,; o l;1> . (2.2)

X x

We call a mapping A.: F, — F unitary if it has an
inverse A~ and Af = A1



The isometric isomorphisms [,.: F, — JF are unitary in
this sense:

=11 (2.3)



The isometric isomorphisms [,.: F, — JF are unitary in
this sense:

=11 (2.3)

The Hermitian conjugate mapping to A, €
(Cosy: Fr = F,, z,y€ M} is A* . F, — F, such that

r—y *
<A§:—>y Po| Wy)y = (Pa| Aysa Vy)o, Po € Foy ¥y € Fy. Its
explicit form is

T
Ai_w — ly_1 o (lw 0 Ay_sg © ly_l) ol,. (2.4)
As (ANT = A for any A: F — F, we have

(ALL)" = Aamsy. (2.5)



A mapping A, is called Hermitian if
Al = Aoy (2.6)

The mappings I, , := ;! ol, are Hermitian. A
mapping A, ,: I, — Fy is called unitary if it has a left

inverse mapping A;i)y: F, — F, and

Ar = A1 (2.7)

r—rY Yy—x®

The last equation is equivalent with
(Aysz - |Aysz-)e = (| )y: Fy X Fy = C, (2.77)

I.e. the unitary mappings are fibre-isometric. The
following mappings are unitary

lo—sy = ly_1 oly: m H(z) = 1 (y). (2.8)



Let A € Mor(F,n, M,F). The Hermitian conjugate
bundle morphism A* to A is defined by
(AY Do | W) = (D] AW L), ®,, U, € F,. Thus

Al = At

T

— I lo (zonxozgl)Tozx. (2.9)

Fy

A bundle morphism A is Hermitian if A* = A,, i.e. if

At = A, (2.10)
and it is called unitary if AX =AY i.e. if
At = A7 (2.11)

which is equivalent to (A - |A- )z = (|- )z: Fo X Fy — C.
Hence the unitary morphisms are fibre-metric
compatible, i.e. they are isometric .



3. The bundle transport

Let (E,nw, B,€&) be a K-vector C'! bundle, K =R, C.
Definition 3.1. The bundle transport in (E,w, B,£) is
a mapping l: (z,y) — ly,—y, ,y € B, where the mapping

losy: ™ (x) = 71 (y), (3.1)

called (bundle) transport from x to vy, is defined by
losy =1, 0l (3.2)

with I.: 7= 1(z) — &, = € B, being the point-trivializing
isomorphisms of (E,w, B,€£).



3. The bundle transport

Let (E,nw, B,€&) be a K-vector C'! bundle, K =R, C.
Definition 3.1. The bundle transport in (E,w, B,£) is
a mapping l: (z,y) — ly,—y, ,y € B, where the mapping

losy: ™ (x) = 71 (y), (3.1)

called (bundle) transport from x to vy, is defined by
losy =1, 0l (3.2)

with I.: 7= 1(z) — &, = € B, being the point-trivializing
isomorphisms of (E,w, B,€£).

Some of the properties of the bundle transport:



la:—>y O ly sy = 2= x,Y,z € Ba (33)

lpsy = idw—l(m)a T & B, (34)

l$—>y()\u + :U’U) — )\ZCU—WUJ + /ila:—>y’Ua )\7 [VAS Ka u,v & 77_1(56)7
(3.5)

(lx_w)_l = e x,y € B. (3.6)

The bundle transport is Hermitian and unitary in a
sense that such are [, z,y € B.



A section X € Sec(F,m, B,£) is [-transported if for some
(and hence any) z € B and every y € B is fulfilled

X (y) = losy (X (x)) With X(z) = Xo, X: 2 Xo. (3.7)

Such a section is uniquely defined by specifying its
value at a single point. If A} is a fixed vector in the
fibre £, the section X given via

X (x) = I;*(Xo) (3.8)

IS [-transported. Sections of this kind will represent
the states of quantum fields in our approach.



Let (U, k), be a chart in a neighborhood U of z € B
and z(e,u) e U, e€e R and p=1,...,dim B, is such that
kY (x(e,p)) = ()+55Zvv|th5Z:1foruzuand5Z:
for v # . The bundle transport generates derivations

D,: Sec'(E,n,B) = Sec’(E,n,B), p=1,...,dim B

(DMY)( ) _ D,u| (Y _ llml (5,,&)—>x(Y(CB(€7/’L))) _ Y(aj)

e—0 I

The bundle transport also generates the derivations

D,: {A € MorSec'(E,m, B) is of class C' and A(-) = Ac
— { A € MorSec’(E, 7, B) is of class C” and A(-) = Ao(-)
D,(A):=[Dy,Al_.=D,o0A—AoD,

A € MorSec!(E, , B) generated by A € Mork(E, , B).



A

D, and D, are linear and (f is a C! function on B)
of
Du(fY) = (‘9—Y + fDu(Y), (3.9)
Tk

A

D,(AoC)=(D,(A)oC+ Ao (D, (C)). (3.10)



A

D, and D, are linear and (f is a C! function on B)

DuTY) = 22 v 4+ fDu(Y), (3.9)
D,(AoC)=(D,(A)oC+ Ao (D, (C)). (3.10)

Proposition 3.1. If Y is a C! section, A a C!
morphism of (E,n,B), and A(-)= Ao (-) is the
morphisms of Sec(E,w, B) generated by A, then

(3.11)

ozx)(yxx)y
(3.12)

O(ly0 Az ol h)
OxH

(D, A (V) (@) = (1" o



If {z} — {2'#} is a coordinate changes, then D, and
f)u behave like basic (tangent) vector fields over B:

o b b =% h  (3.13)

D,— D =
8 B Ok p T P Ox/k Y

‘Covariant derivatives’ along a vector field V = V“a
tangent to B: Dy :=V#D, and D, := V“DM.

7



If {z} — {2'#} is a coordinate changes, then D, and
f)u behave like basic (tangent) vector fields over B:

ox? A/ ox?

oD Dy Dy=——0D,. (3.13)

Dy w— D) =

‘Covariant derivatives’ along a vector field V = V“8
tangent to B: Dy :=V#D, and D, := V“DM.

The transport [ induces a ‘transport along the identity
mapping of B’ in the bundle of point-restricted
morphisms morg(FE, 7, B) = (Ey, 7, B). This is a map
U (z,y) > lumsy, T,y € B, With I, w51 (2) — 75 (y),
(transport from z to y in morg(F,n, B)) defined by

7

Aoy (Xz) 1= lzoyoXz0ly—z = ly_lo(lxoxxolgl)oly: W_l(y) — T

for x.: 7 1(z) = 7 1(x).



The transports °l,—,, are K-linear and satisfy:

oy © Lysg = lysy, x,y,z € B, (3.14)
Olac—>gc — id{w—l(x)—MT—l(:U)}v xr & B, (315)
(le_w)_l = Uz, x,y€ B. (3.16)

°l is the transport associated to the bundle transport [.
A morphism A € Morg(FE,m, B) is °lI-transported if the
restrictions A, := Al,-1(,) satisfy the equation

Ay — olx_>y(14m) — l:C—)y ®) ACE O ly_>g;, L, Y - B. (317)
For fixed x € B and xo: 71 (z) — 7 1(x),
Lo (X0) |r-1(y) = laoy(X0) = lasy 0 X0 © ly—a (3.18)

is “[-transported B-morphism.



For fixed x, any morphism A € Morg(F,w, B) defines
the °l-transported morphism

Olw(A) = OZCE(AZB) Y —> (Ola:‘A)y = olx_>yAx — lx%ykoOly_)m.

The transport °l induces derivations °D,, on the set
Sec!(morg(E, m, B)) via

(°DyA)(x) :=lim Olm(g’“)_)fﬂ(Aw(&M)) — Ay

e—0 I

(3.19)

with z(e, 1) defined above and A € Sec!(morg(E,w, B)).
We have

O(ly 0 A(x) o I;;1)

°D,, A =
( H )(aj) €T S 833“

oly. (3.20)




Now we shall present some expressions in (local) bases
which may be a little more familiar to the physicists.



Now we shall present some expressions in (local) bases
which may be a little more familiar to the physicists.

Let {e;(x)} be a basis in #—(x), {f;} a basis in F with
0.fi =0, and I, and l(y,x) be the matrices of
respectively [, and [, in them, i.e. if I,(e;(x)) =: lsz.fj
and L, (ei(x)) =: I (y,z)ei(y). Then 1, :=[l,7,] and
Ly, z) :=[.(y,z)] = 1"} (y)l(z) and, for Y = Y'e;,

(DuV)@) = (D 41 @) V@)@ (3.21)
(Duej)(z) =: T%,(x)e;(x) (3.22)
Cu(e) = M@ = 82| =12 (3.09)

Piju are the coefficients (components) of | (resp. D,).



Under the changes e; — ¢/ = C’e; and zt — 2/,
C = [C?] being non-degenerate matrix-valued C'
function, the matrices I'), transform into

o0C (x)
oxV

) 97 (3.04)

ox’'#

[, (z) = (O™ (@)Du(2)C(x) + C' (=)

For a C' section A, we find the matrix of D A in {e;}
as

0A

. (3.25
Y (3.25)

_ l—l 0 A(CIZ’)

x OxH

(D, )]s = (55, + [Tu(=), A])

with A being the matrix of A in {e;}.



4. On bundle formulation of quantum field
theory

A quantum field ¢ is an operator-valued vector
distribution , ¢ = (¢4,...,¢,) With n € N and ¢,

1 =1,...,n, being operator-valued distributions called
components of ¢, such that

o) = [ AW e) S W = e
i) = /M dyei(y)gly) (4.1)

for a vector test function f = (f*, ..., f"), ¢; — the
non-smeared fields acting in F and f* g: M — K — test
functions. We adopt the Heisenberg picture of motion.



In the bundle description the system’s Hilbert space F
of states is replaced with a Hilbert fibre bundle

(F,m, M,F) (of states) with Minkowski spacetime M as
a base, projection 7: F' — M, fibres =~ (z) with z € M,
and the system’s ordinary Hilbert space F as a
(standard, typical) fibre. Let {l,: 2z € M} be a set of
(linear) isomorphisms [,: F, — F. Given an observer
O, at x € M, if a system is characterized by a state
vector X € F, the vector

X(z):=11(X) (4.2)

should be considered as its state vector relative to O,.
Hereof the state vector X is replace with a state
section X € Sec(F,n, M, F) such that

X:x— X(z)=171X).



At a point x € M, the bundle analogue A, of an
operator A(x): F — F can be defined by requiring the
transition A(xz) — A, to preserve the scalar products:

<X A@) (V)= (X (@) A(Y (@))ey (4.3

where X, Y e F,ze M, X(z)=1_1(X), Y(z)=1YY),
and <-|-> and (-|-), are the scalar products in the
Hilbert spaces F and = !(z), which are connected by

Clde ==l loom, = lom= (G e (4.4)

If A(x) represents a dynamical variable A, the observed
(mean) value of A is independent of the way we
compute (or describe) it and

A, =171 o A(x) oly. (4.5)



In this way, we see that to an operator A(x): F — F
there corresponds a morphism

A € Mory (F,m, M,F) (4.6)

of the system’s Hilbert bundle with A| -1, = A,.



In particular, the non-smeared components ¢; of a
quantum field ¢ change to ®; € Mory (F,w, M, F) with

Di|n-1(z) := I3 0 i) oy (4.7)
To the smeared fields ¢, should correspond
D x> D=1 0op,()ol. (4.8)
so that the smeared field @ becomes a mapping

S:x— P, =1"op(-)ol,, (4.9)

2.()= [ 4 UYor 2w, (410)

the transport °l in mory,(F,w, M, F) is defined
via (3.14).



The morphisms, like A, are not the exact objects we
need. Since in the ordinary theory the operators like,
A, act on state vectors, like X, we should expect the
bundle analogue A of A to act on a state section X
producing again a section A(X) € Sec(F,n, M,F). As in
the module Sec(F',m, M, F) there is a natural scalar
product (-|-) with values in the C-valued functions ,
the r.h.s. of (4.3) should be identified with the value at
x € M of the scalar product (X|A(Y)). Combining
these ideas, we conclude that

A(X)= Ao X. (4.11)

A

Hereof, the A is the morphism in MorSec(F',w, M, F)
generated by A € Mory (F,w, M, F) whose restriction
on mi(x) is Ay =11 o A(x) ol,.



Assuming A to be the ‘right’ bundle analogue of A,
we conclude that

AX): x> A(X)|o = (AoX)(2) = As(X (@) = I (A(2) (X))

(4.12)
i.e. the image of A(z)(X) according to (4.1) is exactly
the value at = of A(X) and

<X A(2)( V)= (X|A(Y))l (4.13)

which expresses the invariance of the scalar products
when we replace state vectors with state sections.
Since the scalar products define the observed
(expectation, mean) values of physically observable
quantities, the last equality expresses the independence
of these values of the way we calculate them.



5. dConclusion

T he present investigation is a continuation of the fibre
bundle formulation of quantum physics begun in [1-5].
Here we have applied a slightly different approach to
the quantum field theory. The basic idea is the Hilbert
space of states to be replaced with a Hilbert bundle
with it as a typical fibre, then all quantities of the
ordinary quantum field theory are mapped into their
bundle analogues by means of the bundle transport,
which is an internal object of any particular bundle, or
other mappings build from it.



5. dConclusion

T he present investigation is a continuation of the fibre
bundle formulation of quantum physics begun in [1-5].
Here we have applied a slightly different approach to
the quantum field theory. The basic idea is the Hilbert
space of states to be replaced with a Hilbert bundle
with it as a typical fibre, then all quantities of the
ordinary quantum field theory are mapped into their
bundle analogues by means of the bundle transport,
which is an internal object of any particular bundle, or
other mappings build from it.

T he realization of such a procedure is not unique. The
main reason being that the quantum field theory has
not a unique generally accepted formulation.
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