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Part I. Superconformal Representation Theory

Conformal algebra in d-dimensions: SO(d,2)

Metric

ηab = (−1, 1, ..., 1) , a, b = 0, ..., d− 1

Generators

Mab −− Lorentz rotations SO(d − 1, 1)

Pa −− translations

Ka −− conformal boosts

D −− dilatation

Algebra relations

[Mab,Pc] = i(ηacPb − ηbcPa) , [Mab,Kc] = i(ηacKb − ηbcKa) ,

[Mab,Mcd] = i(ηacMbd − ηbcMad − ηadMbc + ηbdMac) ,

[D,Pa] = iPa , [D,Ka] = iKa ,

[Ka,Pb] = −2iMab − 2iηabD .

M†ab = Mab , P†a = Pa , K†a = Ka , D† = D .
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Quasi-primary fields ΦI(x)

[Pa,ΦI(x)] = i∂aΦI(x) , [D,ΦI(x)] = i(x
a
∂a + Δ)ΦI(x)

[Mab,ΦI(x)] = i(xa∂b − xb∂a)ΦI(x) + ΦJ(x)(Λab)J I

[Ka,ΦI(x)] = i(x2∂a − 2xax
b∂b − 2Δxa)ΦI(x)− 2ΦJ(x)(Λab)J Ix

b

form irreps of conformal group parametrized by the conformal

weight Δ and the Lorentz spin s.

Operator-state correspondence

|ΦI〉 = ΦI(0)|0〉 ← conformal state

The action of algebra generators on a conformal state

Ka|ΦI〉 = 0, D|ΦI〉 = iΔ|ΦI〉, Mab|ΦI〉 = |ΦJ〉(Λab)
J

I

Coset = SO(d, 2)/{Ka,D,Mab}
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Space of the conformal irrep span by Pa:

Pa1 . . . Pan|ΦI〉

Generating function of conformal states (physical
field on space-time)

ΦI(x)|0〉 =
∞∑
n=0

(−i)n

n!
xa1 . . . xanPa1

. . .Pan|ΦI〉

= e−ixaPa|ΦI〉

Remark: xa is a formal (harmonic) variable. The states |ΦI〉 are not

normalizable! Operator D is hermitian but has imaginary eigenvalues.

The standard treatment of unitary irreps is based
on another coset:

SO(d, 2)/SO(d) × SO(2)

Set of generators

Mrs⇐ generators of SO(d)

E±r = Md+1,r ± iM0r , r = 1, . . . ,d

H = −1
2(P0 + K0)⇐ conformal Hamiltonian
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Algebra

[E−r , E+
r ] = 2δrsH− 2iMrs ,

[H, E±r ] = ±E±r , [E+
r , E+

s ] = 0

Conformal states are related

|ΨI〉 = e−
π
2M0d|ΦI〉 , H|ΨI〉 = Δ|ΨI〉

so that

e
π
4 (P0−K0)(−iD)e−

π
4(P0−K0) = H

Conformal primary state is defined

H|ΨI〉 = Δ|ΨI〉 , E−r |ΨI〉 = 0

and all its descendants span a basis of positive
energy irrep:

E+
r1

. . .E+
rn|ΨI〉

Conformal states (normalizable) form a positive
definite matrix:

〈ΨI|ΨJ〉
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Superconformal algebra su(2, 2|N )
New generators

Q
i
α, Q̄iα̇, S

α
i , S̄

iα̇ −− Supercharges : i = 1, . . . ,N
Ri

j −− Internal (R−) symmetry U(N )

Algebra relations (only essential ones)

{Qi
α, Q̄jα̇} = 2δ

i
jPαα̇ , Pαα̇ = σ

a
αα̇Pa

{S̄iα̇, Sαj } = 2δijK
α̇α , Kα̇α = (σ̄a)α̇αKa

{Qi
α, S

β
j } = 4δ

i
j(M

β
α −

i

2
δ
β
α D)− 4δ

β
α R

i
j

[Ri
j,R

k
l] = δkjR

i
l − δilRk

j

and

[Ri
j,Q

k
α] = δkjQ

i
α −

1

4
δijQ

k
α

[R
i
j, S

α
k ] = −δikSαj +

1

4
δ
i
jS
α
k

For N = 4 we can impose Rii ≡ 0. Therefore
R-symmetry is su(4).
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The Cartan matrix for su(4): Kij =

⎛
⎝ 2 −1 0
−1 2 −1
0 −1 2

⎞
⎠

The Chevalley basis for su(4):

[Hi,Hj] = 0, [E
+
i , E

−
j ] = δijHj , [Hi, E

±
j ] = ±KjiE±j

An irrep of su(4) is defined by its highest weight state

|a1, a2, a3〉:

E
+
i |a1, a2, a3〉 = 0

Hi|a1, a2, a3〉 = ai|a1, a2, a3〉 , ai ≥ 0

Here [a1, a2, a3] are Dynkin labels.

“Old” generators Ri
j can be rewritten via the generators of

the Chevalley basis, e.g.

R
1
1 =

1

4
(3H1 + 2H2 +H3) , R

1
2 = E

+
1

Now we see that, e.g.,

[H1,Q
1
α] = Q

1
α , [H2,3,Q

1
α] = [E

+
i ,Q

1
α] = 0

i.e. Q1
α is the hws of irrep [1, 0, 0].
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Superconformal primary state

|hws〉 = |Δ; s1, s2; a1, a2, a3〉

Δ −− Conformal dimension

s1, s2 −− Lorentz spins

a1, a2, a3 −− Dynkin labels of the su(4) irrep

Ka|hws〉 = 0, D|hws〉 = iΔ|hws〉,
S
α
i |hws〉 = S̄

iα̇|hws〉 = 0

Complete basis is generated from the ordered span∏
i,j,α,α̇

(Q
i
α)
niα(Q̄jα̇)

n̄jα̇|hws〉

Dimension of a generic long multiplet

dim = 2
16

dim(a1, a2, a3)(2s1 + 1)(2s2 + 1)

The space of states can be expanded into irreps of the Lorenz

and su(4) algebras.
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BPS states

Q
i
α|hws〉 = 0, i = 1 or i = 1, 2

Compute the anticommutator {Qi
α, S

β
j } on |hws〉:

{Qi
α, S

β
j } = 4δij(M

β
α −

i

2
δ β
α D)− 4δ β

α Ri
j

We have

M
β
α |hws〉 = 0 � no spin!

and (1

2
Δδ

i
j − R

i
j

)
|hws〉 = 0 , i = 1, 2

One gets

( 1

2
Δ− R

1
1

)
|hws〉 = 0 � Δ =

1

2
(3a1 + 2a2 + a3)

( 1

2
Δ− R

2
2

)
|hws〉 = 0 � Δ =

1

2
(−a1 + 2a2 + a3)

Thus

i = 1 � Δ =
1

2
(3a1 + 2a2 + a3)

i = 1, 2 � Δ =
1

2
(2a2 + a3)
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1. We derived that

Q
i
α|hws〉 = 0, i = 1 or i = 1, 2

results into

i = 1 � Δ =
1

2
(3a1 + 2a2 + a3)

i = 1, 2 � Δ =
1

2
(2a2 + a3)

2. Simultaneous imposition

Q̄jα̇|hws〉 = 0, j = 4 or j = 3, 4

gives

j = 4 � Δ =
1

2
(a1 + 2a2 + 3a3)

j = 3, 4 � Δ =
1

2
(a1 + 2a2)

Intersection of 1) and 2) allows only two cases

• 1
4BPS : [q, p, q], Δ = p + 2q

• 1
2BPS : [0, p, 0], Δ = p
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Shortening and unitary bounds of N = 4 SUSY

SUSY multiplets are classified by the hws:

|hws〉 = |Δ; s1, s2; p, k, q〉

There are three series of UIRs

A) Δ ≥ 2 + s1 + s2 + p + k + q (continuous)

B) Δ ≥ 1 + s1 + p + k + q, s2 = 0, 1 + s1 ≤
q − p

2

C) Δ = 2p+ k, q = p (protected)

Conclusions to Part I

• Operators from Series C) are non-renormalized even in

quantum theory (consequence of representation theory).

• Series A) and B) provide only the bounds. For

states saturating the bounds further (more sophisticated)

shortening conditions apply. They correspond to semi-
short operators. Generically operators saturating the

bounds in free theory are driven away in quantum theory.

• Among semi-short multiplets there are very peculiar

protected ones.
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Part II. Integrable Structure of Gauge Theory

Gauge theory

Content: φi,Aμ, ψ
r
α

i = 1, . . . , 6 and r = 1, . . . , 4.

Action:

S =
1

g2

∫
d4xTr

{
1

4
F 2
μν +

1

2
(Dμφ

i)2 + ψ̄ΓμDμψ

− 1

4

∑
ij

[φi, φj]2 − i

2
Γi[ψ̄, φ

i]ψ

}

Invariance: Susy+conformal invariance � psu(2, 2|4) algebra

Observables: All gauge-invariant operators transform in UIRs of
superconformal group:

[Δ, s1, s2; a1, a2, a2]

Example:

O(x) = Tr
(
Φ
J1
1 Φ

J2
2 Φ

J3
3

)
+ ..., Φ1 = φ1 + iφ2, etc

realize irrep of SU(4) with labels [J2 − J3, J1 − J2, J2 + J3]

Anomalous dimension: O(x) are composite

Δclassical =⇒ Δclassical + Δ(λ,N)
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Spin chains and anomalous dimensions
Renormalization of the composite operators:

Oren
I = Z

J
I OJ , D =

dZ

d ln Λ
Z
−1

Eigenvalues of D are anomalous dimensions.

Consider a scalar operator made of L elementary scalars

Tr
(
φi1φi2 . . . φiL

)
View it as the spin chain of length L where spin at every site can have

6 polarizations.

A) B) C)

k l k l k

One-loop graphs

Z
...jkjk+1...

A...ikik+1...
= I − λ

16π2
ln Λ δ

jk
ik
δ
jk+1
ik+1

Z
...jkjk+1...

B...ikik+1...
= I − λ

16π2
ln Λ

(
2δ
jk+1
ik

δ
jk
ik+1

− δjk
ik
δ
jk+1
ik+1

− δikik+1
δ
jkjk+1

)

Z
...jkjk+1...

C...ikik+1...
= I +

λ

8π2
ln Λ δ

jk
ik
δ
jk+1
ik+1

Valid only in the large N limit!
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Sample calculation: Quartic Scalar Interaction

fabef cdeφaiφ
b
jφ
c
iφ
d
j

Tr
(
....Tsφsjk︸ ︷︷ ︸

k

.....Tpφpjl︸ ︷︷ ︸
l

....
)

Using Jacobi identity:

fabefcde = −fcbefdae − fdbeface

We get

δjkjlTr
(
....(f

eda
φ
d
jT

a
).....(f

ebc
φ
b
jT

c
)....

)
=

= −δjkjlTr
(
.... [T

e
, φj]︸ ︷︷ ︸
k

..... [T
e
, φj]︸ ︷︷ ︸
l

....
)

In the large N limit the leading contribution is only due to

the term with l = k + 1!

We thus obtain the nearest-neighbor structure

Nδjkjk+1
Tr
(
.... φj︸︷︷︸

k

φj︸︷︷︸
k+1

....
)

=

= Nδjkjk+1
δ
ikik+1Tr

(
....φikφik+1

....
)
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Complete Z is

Z
...jkjk+1...

...ikik+1...
=

I +
λ

16π2
ln Λ

(
2δ
jk+1
ik

δ
jk
ik+1

− 2δ
jk
ik
δ
jk+1
ik+1

+ δikik+1
δ
jkjk+1

)

Introducing the trace operator K and the permutation operator P :

K = δikik+1
δjkjk+1 , P = δ

jk+1
ik

δ
jk
ik+1

the matrix of anomalous dimensions becomes

D1−loop = g
2
L∑
i=1

(
I − Pi,i+1 +

1

2
Ki,i+1

)

where

g
2

=
λ

8π2
=
g2
YMN

8π2

Let us define the dilatation operator as

D = L+ g
2H

where

H =
L∑
i=1

(
I − Pi,i+1 +

1

2
Ki,i+1

)

is the Hamiltonian of the SO(6) integrable spin chain!
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Reduction to the su(2) ⊂ su(4) � so(6)
One puts K = 0 and identifies

P =
1

2

(
I ⊗ I +

∑
σ
α ⊗ σα

)

The Hamiltonian of the su(2) spin chain is

H =
L∑
i=1

(
I − Pi,i+1

)
This is the famous XXX1/2 Heisenberg spin chain!

Alternatively one can find the dilatation operator by

renormalizing the operators

Tr(Z
L−M

Φ
M

) + ...,

where Z and Φ are two complex scalars.

The Heisenberg spin chain. The Hamiltonian H acts as

2L × 2L matrix, where L is the length of the chain. M is

a number of magnons.
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Quantum inverse scattering method

The Lax operator

Ln(ϕ) =
1

ϕ+ i

(
ϕ+ i

2 + iS3
n iS−n

iS+
n ϕ+ i

2 − iS3
n

)
, Sα = 1

2σ
α

is a 2× 2 matrix in the auxiliary two-dimensional space.

Monodromy around the chain

T(ϕ) = LL(ϕ) . . .L1(ϕ) =

(
A(ϕ) B(ϕ)
C(ϕ) D(ϕ)

)

Fundamental commutation relations

R12(ϕ− ϕ′)T1(ϕ)T2(ϕ
′
) = T2(ϕ

′
)T1(ϕ)R12(ϕ− ϕ′) ,

where

T1(ϕ) = T(ϕ)⊗ I , T2(ϕ) = I ⊗ T(ϕ)

The Yang-Baxter equation

R12R13R23 = R23R13R12

Explicit form of the R-matrix

R12(ϕ) =
ϕ

ϕ+ i
I12 +

i

ϕ+ i
P12 ≡ L(ϕ) , R12(0) = P12

Commuting charges

[trT(ϕ), trT(ϕ′)] = 0
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Monodromy at ϕ = 0:

trT(0) = Tr
(
PL,a...PL,1

)
= Tr

(
P12P23...PL−1,LPL,a

)
=

= P12P23...PL−1,L = U ← shift operator

Local commuting charges can be introduced as

trT(ϕ) = U exp
(
i
∞∑
r=2

ϕr−1Qr
)

Simultaneous eigenstates of Qk

C(ϕ)Ω = 0; A(ϕ)Ω = a(ϕ)Ω; D(ϕ)Ω = d(ϕ)Ω;

Ψ = B(ϕ1)...B(ϕM)Ω ,

the Bethe roots ϕk are found by solving the Bethe equations

(
ϕk + i

2

ϕk − i
2

)L
=

M∏
j=1
j �=k

ϕk − ϕj + i

ϕk − ϕj − i
,

U =
M∏
j=1

ϕk + i
2

ϕk − i
2

= I← cyclisity of the trace!

On the state with M magnons one gets

exp
(
i

∞∑
r=2

ϕ
r−1Qr

)
=

M∏
k=1

ϕ− ϕk − i
2

ϕ− ϕk + i
2

+
( ϕ

ϕ+ i

)L M∏
k=1

ϕ− ϕk + 3i
2

ϕ− ϕk + i
2

For Qr with r ≤ L the second term on the rhs can be put to zero.
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One gets

Qr =

M∑
k=1

qr(ϕk) ,

where qr(ϕk) are local excitation charges

qr(ϕk) =
i

r − 1

⎛
⎜⎝ 1(

ϕk + i
2

)r−1
− 1(

ϕk − i
2

)r−1

⎞
⎟⎠

An eigenvalue of the Hamiltonian is

H = Q2 =

M∑
k=1

q2(ϕk) =

M∑
k=1

1

ϕ2
k

+ 1
4

Particle interpretation of the Bethe Ansatz: a magnon is a particle with
momentum pk

exp(ipk) =
ϕk + i

2

ϕk − i
2

The Bethe Ansatz reads

exp(iLpk) =
M∏
j=1
j �=k

S(pk, pj) ,
M∑
k=1

pk = 0

Here S(pk, pj) is the S-matrix for pairwise scattering of local excitations
with momenta pk:

S(pk, pj) =
ϕ(pk)− ϕ(pj) + i

ϕ(pk)− ϕ(pj)− i
, ϕ(p) = 1

2 cot(1
2p)
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Thermodynamic Limit (TDL)

M,L→∞ with M
L = α fixed,

ω2 =
g2

2L2
≡ λ

16π2L2
fixed

One rescale the roots ϕk → Lϕk and takes the log of the
Bethe equations:

L log
(ϕk + i

2L

ϕk − i
2L

)
+ 2πin =

M∑
j �=k

log
(ϕk − ϕj + i

L

ϕk − ϕj − i
L

)
, L→∞

One finds

πn+
1

2ϕk
=

1

L

M∑
j �=k

1

ϕk − ϕj
≡ −
∫
C

dϕ′
ϕk − ϕ′

⎛
⎝ 1

L

M∑
j=1

δ(ϕ
′ − ϕj)

⎞
⎠

One introduces the distribution density ρ(ϕ)

ρ(ϕ) =
1

L

M∑
j=1

δ(ϕ− ϕj) ,
∫

C
dϕ ρ(ϕ) =

M

L

and gets the integral Bethe equations

−
∫

C
dϕ′

ρ(ϕ′) ϕ

ϕ′ − ϕ
=

1
2
+πnC ϕ,

∫
C

dϕ
ρ(ϕ)
ϕ

= 0.
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Charges in the TDL limit. Resolvent.

If we rescale the roots as ϕk → Lϕk and take the limit

L→∞ we find

qr(ϕk) =
L−r

ϕrk

The total charges

Qr =

M∑
k=1

qr(ϕk) =

∫
dϕ

M∑
k=1

qr(ϕ)δ(ϕ − ϕk) =

= L
−r+1

∫
C
dϕ
ρ(ϕ)

ϕr︸ ︷︷ ︸
moments of the density

In the TDL limit one defines the rescaled charges

qr(ϕk)→ Lrqr(ϕk) , Qr → Lr−1Qr

Resolvent – the generating function of commuting charges

G(ϕ) =

∫
C
dϕ′ρ(ϕ′)

ϕ′

ϕ′ − ϕ =
∞∑
k=0

Qkϕ
k

It is an analytic function on the complex plane with cuts

Q0 = α, Q1 = 0← total momentum, Q2 ← energy
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Integrability and degeneracy of the spectrum

There exists a distinguished (third) charge

Q3(g) =
∞∑
k=0

Q3,2k−2g
2k−2

There exists discrete charge – the parity P:

PTr(Z
3
Φ

2
ZΦ) = Tr(ΦZΦ

2
Z

3
)

One has

[D,Q3] = 0 = [P,D], but [P,Q3] �= 0 !!!

P and Q3 cannot be simultaneously diagonalized �
degeneracy of the spectrum.

Example of degenerate pair:

O[3,1,3]
+ = 2Tr(ΦΦΦZZZZ) − 3Tr(ΦΦZΦZZZ) + 2Tr(ΦΦZZΦZZ)

− 3Tr(ΦΦZZZΦZ) + 2Tr(ΦZΦZΦZZ)

O[3,1,3]
− = −Tr(ΦΦZΦZZZ) + Tr(ΦΦZZZΦZ)

Existence of degenerate pairs is a highly efficient criterion to

check integrability at higher loops!
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Higher Loops

Closed subsectors for the dilatation operator D:

• su(2). Operators with [p, q, p] and Δ0 = 2p + q

can be made only from two complex scalars Z and Φ.

Classically they are 1
4-BPS states. Operators:

Tr(Z
L−M

Φ
M

) + ...,

where Z and Φ are two complex scalars.

• sl(2) Operators Tr(DMZL)+..., whereD = D1+iD2

• su(1, 1) The Dynkin content: [0, 0, L] and Δ0 =
3
2L+M . Operators Tr(DMΨL) + ....

• su(2|3): Three complex scalars, two complex fermions.

Classically they are 1
8-BPS states. Operators:

Tr(Φ
n1
1 Φ

n2
2 Φ

n3
3 Ψ

n4
1 Ψ

n5
2 ) + ...,
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The dilatation operator on the su(2) subsector (up
to three loops)

D1� = I − Pi,i+1

D2� = −3

2
I + 2Pi,i+1 −

1

2
Pi,i+2

D3� = 5I − 7Pi,i+1 + 2Pi,i+2

− 1

2
(Pi,i+3Pi+1,i+2 − Pi,i+2Pi+1,i+3)

This was obtained by careful analysis of the Feynman graphs

+ susy input

Extremely important feature: the anomalous dimensions and

the higher charges obey the “BMN scaling”:

Δ = Δ
(
ω

2
, L
)

is finite when L→∞

where

ω
2
=
g2

2L
=

λ

16π2L2
−−the BMN coupling

There is an heuristic all-loop asymptotic Bethe ansatz but
its formulation will be postponed till string theory section
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Part III. Integrable Structure of String Theory

String sigma model (classical bosonic)

• The action is a sum of SO(2,4) and SO(6) sigma models

I =

√
λ

2π

∫
dτdσ(LS + LAdS) ,

where

LS = −1

2
∂aXM∂aXM +

1

2
Λ(XMXM − 1) ,

LAdS = −1

2
ηMN∂aYM∂aYN +

1

2
Λ̃(ηMNYMYN + 1)

XM, M = 1, . . . , 6; YM, M = 0, . . . , 5

are the the embedding coordinates; Λ and Λ̃ are Lagrange multipliers.

• Virasoro constraints

• Periodicity conditions (closed strings)

XM(σ + 2π) = XM(σ) , YM(σ + 2π) = YM(σ) .

• Cartan sates with only three non-vanishing components

J1 = J12, J2 = J34, J3 = J56

of the SO(6) angular momentum are relevant
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Reduction to the Neumann system. Rigid strings

The simplest case: string rotates in S5 and is trivially embedded in
AdS5 as Y5 + iY0 = eiκτ with Y1, ..., Y4 = 0.

Ansatz for periodic motion with three Ji non-zero:

X1 + iX2 = x1(σ) e
iw1τ ,

X3 + iX4 = x2(σ) eiw2τ ,

X5 + iX6 = x3(σ) e
iw3τ ,

where

X
2
M = 1 =⇒

3∑
i=1

x
2
i = 1 .

Sigma model evolution equations reduce to the 1-d (“mechanical”)
system (σ is time now !)

x
′′
i = −w2

i xi − xi
3∑
j=1

(
x
′2
j − w2

jx
2
j

)
.

This is the famous Neumann dynamical system

The crucial point is the existence of the additional (to the

energy H) integral of motion:

Fi = x
2
i +

∑
j �=i

(xiπj − xjπi)2

w2
i − w2

j

,

3∑
i=1

Fi = 1 ,

H =
1

2

3∑
i=1

(x′2i + w2
i x

2
i ) =

1

2

3∑
i=1

w2
i Fi .
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Sigma model solitons (rigid strings) are

described in terms of periodic solutions of the

Neumann system

Angular momentum components (spins):

Ji =
√
λwi

∫ 2π

0

dσ

2π
x

2
i (σ)

From here
wi ≡ wi(J1, J2, J3)

Space-time energy E:
E =

√
λκ

The only non-trivial Virasoro constraint is (dot and prime are derivatives
over τ and σ)

E2

λ
= ẊMẊM +X

′
MX

′
M .

As a consequence of this relation the energy is a function of the SO(6)
spins:

E = E(J1, J2, J3;λ) .
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The general three spin solutions are described in terms of the hyperelliptic
functions. Elliptic two spin solutions (x3(σ) = 0) correspond to folded
or circular strings.

Folded string solution

x1(σ) = dn
(
σ
√
w2

21, t
)
, x2(σ) =

√
t sn

(
σ
√
w2

21, t
)

and
π

2

√
w2

21 = K(t) w2
ij ≡ w2

i − w2
j

Solving for w’s in terms of spins Ji, the modulus t can be further found from

(
J2

K(t)− E(t)

)2
−
(
J1

E(t)

)2
=

4

π2
λ .

A

B

CD

x 3

1

x 2

x

A

x 3

1

x 2

x

Folded and circular rigid strings (generically hyperelliptic).

29



Gauge and String Theories Have
the Same Integrable Structure up
to Two Loops

Bäcklund Transform
of Rigid (Neumann)
Strings
[Arutyunov and Staudacher,

hep-th/0310182, hep-th/0403077]

Classical String
Bethe Equation
[Kazakov, Marshakov, Minahan

and Zarembo, hep-th/0402207]

Ferromagnetic
Sigma Model
[Kruczenski, hep-th/0311203;

Kruczenski and Tseytlin,

hep-th/0406189]
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Quantum String Bethe Equations

Classical String
Bethe Equation

[Kazakov, Marshakov, Minahan

and Zarembo, hep-th/0402207]

Gauge Theory
Asymptotic Bethe
Ansatz
[Beisert, Dippel and Staudacher,

hep-th/0405001]
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Strings on R× S3 ≈ R× SU(2)

Y1 = . . . = Y4 = X5 = X6 = 0; Y5 + iY6 = exp(iκτ)

Combine

g =
(

X1 + iX2 X3 + iX4

−X3 + iX4 X1 − iX2

)
∈ SU(2)

and make the su(2)-current

Aτ = g†∂τg, Aσ = g†∂σg

Construct the ϕ-dependent matrices U and V :

U =
ϕ

1− ϕ2
Aτ +

1
1− ϕ2

Aσ

V = − 1
1− ϕ2

Aτ − ϕ

1− ϕ2
Aσ

Zero-curvature (integrability) condition

∂τU − ∂σV + [U, V ] = 0
32



Introducing Dτ = ∂τ − V and Dσ = ∂σ − U :

[Dτ ,Dσ] = 0

which is a compatibility condition for

DτΨ = 0 , DσΨ = 0

Monodromy matrix

T(ϕ) = P exp
∫ 2π

0

U(σ, ϕ)dϕ

Quasi-momentum

p(ϕ) = arccos
(1
2
Tr T(ϕ)

)
Asymptotics

p(ϕ)
ϕ→±1
=⇒ − πκ

ϕ± 1

Spectral density and the resolvent

p(ϕ) +
πκ

ϕ− 1
+

πκ

ϕ + 1
=
∫

C

dϕ′ρ s(ϕ′)
ϕ− ϕ′

≡ G(ϕ)
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Classical String Bethe Equation

−
∫

C

dϕ′ρ s(ϕ
′)

ϕ− ϕ′ =
1

2

1√
ϕ2 − 4ω2

+ πnν +

+ ω
2
∫

C

dϕ′ρ s(ϕ
′)√

ϕ2 − 4ω2
√
ϕ′2 − 4ω2

×

× ϕ−
√
ϕ2 − 4ω2 − ϕ′ +

√
ϕ′2 − 4ω2

(ϕ+
√
ϕ2 − 4ω2)(ϕ′ +

√
ϕ′2 − 4ω2)− 4ω2

CSBE

Spectral density ρ s(ϕ) of a finite-gap solution of
the string sigma-model is normalized as∫

C
dϕ ρ s(ϕ) =

M

L
= α .

Effective coupling constant ω is ω2 = g2

2L2 .

The integers nν are winding numbers.

What is the quantum (discrete) analog of
the CSBE? This should describe the quantum
corrections of the string sigma model.
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Quantum String Bethe Equation

The BE we propose to describe the leading
quantum effects for strings in the su(2) sector

exp(iLpk) =
M∏
j=1
j �=k

S(pk, pj) ,
M∑
k=1

pk = 0

Here S(pk, pj) is the S-matrix for pairwise
scattering of local excitations with momenta pk

S(pk, pj) =
ϕ(pk)− ϕ(pj) + i

ϕ(pk)− ϕ(pj)− i
×

× exp
(
2i

∞∑
r=0

( g2

2

)r+2
qr+2(p[k) qr+3(pj])

)

QSBE
[Arutyunov, Frolov, and Staudacher, hep-th/0406256]

S(pk, pj) =
ϕ(pk)− ϕ(pj) + i

ϕ(pk)− ϕ(pj) − i

Gauge theory ABAE
[Beisert, Dippel and Staudacher, hep-th/0405001]
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Here the phase function ϕ(p) is

ϕ(p) = 1
2 cot(1

2p)
√

1 + 8g2 sin2(1
2p) ,

or inverse

p := p(ϕ)

Relation between g and the ’t Hooft coupling λ:

g2 =
λ

8π2

The charges qr(p) are

qr(p) = g
−r+12 sin(r−1

2 p)

r − 1

⎛
⎜⎝
√

1 + 8g2 sin2(1
2p) − 1

2g sin(1
2p)

⎞
⎟⎠
r−1

In particular,

q1(p) = p ⇐ Momentum

q2(p) =
1
g2

(√
1 + 8g2 sin2(1

2p)− 1
)
⇐ Energy
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The total charge of the M excitations given by the
sum of individual charges

Qr =
M∑
k=1

qr(pk)

The energy of string states in the global AdS
coordinates is

E(g) = L + g2Q2

Two limiting cases

• Thermodynamic Limit (TDL):

M,L→∞ with M
L = α fixed, ω2 = g2

2L2 fixed

• BMN Limit:
M = 2, 3, ... finite, L = M + J →∞ , λ′ = λ

J2

fixed
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Motivation

In the TDL the charge densities qr(ϕ) become

qr(ϕ) =
1√

ϕ2 − 4ω2

1(
1
2ϕ + 1

2

√
ϕ2 − 4ω2

)r−1

The total commuting charges are

Qr =
∫

C
dϕ ρ s(ϕ) qr(ϕ)

Crucial observation:

The CSBE can be cast into the form (ω2 = g2

2L2)

−
∫

C

dϕ′ρ s(ϕ′)
ϕ− ϕ′

= πnν +
1
2
q1(ϕ) +

∞∑
r=0

ω2r+4q[r+3(ϕ)Qr+2]
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Discrete version

M∏
j=1
j �=k

ϕ(pk)− ϕ(pj) + i

ϕ(pk)− ϕ(pj)− i
=

= exp
(
iLpk + 2i

∞∑
r=0

(g2

2

)r+2

q[r+3(pk)Qr+2]

)

To obtain the integral Bethe equations in the TDL
introduce the distribution density

ρ(ϕ) =
1
L

M∑
k=1

δ(ϕ− ϕ(pk)) ,

∫
C

dϕ ρ(ϕ) =
M

L

Taking the log of the discrete equation and passing
to the TDL we obtain the CSBE.
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Near-BMN Limit

The BMN limit:

M → finite, L = M+J ∼ J →∞, λ′ =
λ

J2
→ fixed

Scaling in the BMN limit

pk ∼ 1/J, ϕ(p) ∼ J

No scattering of local excitations in the BMN limit.
BEs and their solution

eipkJ = 1 → pk =
2πnk

J
,

M∑
k=1

nk = 0

Anomalous dimension

Δ = Δg = J +
M∑
k=1

√
1 + λ′ n2

k

coincides with the BMN energy formula.

The result is the same for both QSBE and the
gauge theory ABE.

40



The near-BMN limit:

One expands (for non-coinciding nk)

pk =
2πnk

J
+

p
(2)
k

J2

and works out the leading large J behavior of the
phases

ϕ(pk) =
J

2πnk

√
1 + λ′ n2

k +O(J0)

and the charges

qr(pk) =
2πnk

J

[
4π

λ′J

(√
1 + λ′ n2

k − 1
)]r−1

+O(J−r−1)

The momentum shift

p
(2)
k

2π
= −

M∑
j=1
j �=k

n2
k

√
1 + λ′ n2

j + n2
j

√
1 + λ′ n2

k

nk − nj
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Energy formula for M excitations from QSBE

Δ = J +
M∑
k=1

√
1 + λ′ n2

k

− λ′

J

M∑
k,j=1
j �=k

nk
nk − nj

⎛
⎝n2

j + n2
k

√
1 + λ′ n2

j

1 + λ′ n2
k

⎞
⎠

Reproduces exactly (!) the cases M = 2, 3 of direct quantization near
plane-wave background by Callan, Lee, McLoughlin, Schwarz, Swanson

and Wu, hep-th/0307032,0404007,0405153

Anom. dimension for M excitations from ABAE

Δg = J +
M∑
k=1

√
1 + λ′ n2

k −
λ′

J

M∑
k=1

M n2
k√

1 + λ′ n2
k

− λ′

J

M∑
k,j=1
j �=k

2n2
knj

n2
k − n2

j

⎛
⎝nj + nk

√
1 + λ′ n2

j

1 + λ′ n2
k

⎞
⎠
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Strong Coupling Limit λ→∞
We expect to find the famous asymptotics 4

√
λ

Simplest case: M = 2

In the large g limit one has

qr(p)→ g−r+1sin(1
2(r − 1)p)
(r − 1)

2
1
2(r+1)

The phase function ϕ(p)→∞ when g →∞ limit.

The QSBE reduces to

Lp− 8
√

2 g cos(1
2p) log(cos(1

2p)) = 0

The momentum p has an expansion

p =
p0√
g

+
p1

g
+ ...; L� 4

√
λ
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Solution
p0 = 2

1
4
√

nπ.

The leading large λ asymptotics of Δ is

Δ = 2
(
n2λ

)1
4

“Gauge theory” operators are dual to string modes
with masses: m2 = 4n

√
λ!

Generic case of M excitations

pk :
M∑
k=1

pk =
m∑
k=1

p
+
k +

M∑
k=m+1

p
−
k = 0; Re p

±
k > 0

The scaling dimension is

Δ = 2

(( m∑
k=1

nk

)2

λ

)1
4

“Gauge theory” operators are dual to string modes
with masses: m2 = 4n

√
λ, n =

∑m
k=1 nk
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Where is the Gauge/String Correspondence:
Interpolating Bethe Ansatz?

S(pk, pj) =
ϕ(pk)− ϕ(pj) + i

ϕ(pk)− ϕ(pj)− i
×

× exp
(
2i
∞∑
r=0

cr(g, L) qr+2(p[k) qr+3(pj])
)

From the gauge theory point of view the role of
cr(g, L) is to hopefully account for the wrapping
interactions

The required properties:

• cr(g, L)→ 0 in the asymptotic limit, L→∞ and g is held finite;

• cr(g, L) ∼ O(g2(L−1)) in the perturbative gauge theory, g � 1
and L is finite;

• cr(g, L) →
(
g2

2

)r+2

in the limit L, g → ∞ and g
L is held

finite;

• cr(g, L) →
(
g2

2

)r+2

in the strong coupling limit, g → ∞ and

1� L� √g.
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Problems

• Neither the complete dilatation operator nor the

corresponding Bethe Ansatz are known beyond one loop.

Length of the chain is not conserved.

• What happens to integrability when the number of loops

start to exceed the (classical) length of the chain? No

insight on the structure of wrapping interactions.

• The BMN scaling is proved rigorously in gauge theory

only up to 3 loops.

• How integrability is related to conformality of the theory?

• The classical string Bethe equations for the whole

PSU(2,2|4) sigma-model are yet unknown.

• How to derive the classical string Bethe Ansatz from

actual quantization of string?

• Get 1/J2 correction to the string energy and compare to

predictions of the string Bethe Ansatz
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