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1. Introduction

In this paper we extend the results of the paper [1] to the case of supersymmetric
minimal models SM,, p — oo, perturbed by the least relevant fields. The first
order corrections were already obtained time ago in [2] . There it was argued that there
exists an IR fixed point of the RG flow which coincides with the minimal superconformal
model SM,_,. In the paper [1] (see also [3] ) the 8 function, the fixed point and the matrix
of anomalous dimensions of certain fields was obtained up to second order in perturbation
theory. That extends the famous results of A.Zamolodchikov [4] . Calculation up to
second order is always a challenge even in two dimensions. The problem is that
one needs the corresponding four-point function which is not known exactly even in
two dimensions. Fortunately, in the scheme proposed in [1] (which is an extension of that
proposed by Zamolodchikov in [4] ) one needs the value of this function up to 0’th order
in the small parameter ¢ = zﬁ'

Basic ingredients for the computation of the correlation functions in two dimensions
are the conformal blocks. In the last years an exact relation between the latter and
the instanton partition functions of certain N = 2 super YM theories in four dimensions,
the so called AGT correspondence, was established (see e.g. [5-8]) For the N =1
superconformal theories that motivated the computation of the recurrence relation for the
conformal blocks of the NS [9-11] and Ramond [12-13] fields of the theory. It was shown
in [14-16] that these conformal blocks coincide with the instanton partition functions of
super YM theories in certain spaces. With these basic ingredients in hand we computed
here the four-point functions up to the desired order.

The other difficulty arise in the regularization of the integrals involved. We follow
here the regularization proposed in [1] and show that it works perfectly in our case.

One can possibly further consider the more general case of SU(2) coset models. It was
shown time ago [17] that the structure constants and conformal blocks (basic ingredients
for the calculation) for these theories can be obtained from just the usual minimal models
by certain projected tensor product (this was recently generalized for the super-Liouville
theory [18] ). On that basis also a generalized AGT relation was proposed [19-21].

The paper [1] was also motivated by an alternative approach to the perturbed minimal
models, the so called RG domain wall [22] . The comparison gives a perfect agreement
with the perturbative calculations to second order. Moreover it was found there that the

eigenvectors expressing the fields of the IR CFT do not receive e-corrections and it was
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speculated that they are exact. We obtained the same result in the supersymmetric case.
Moreover, the aforementioned eigenvectors are exacly the same as in the N = 0 minimal
models. One can speculate that probably this result is universal for all the coset models
perturbed by the least relevant field.

This paper is organized as follows.

In Section 2 we present the N = 1 SM, theory perturbed by the last component of
the superfield ®; 3. The basic ingredients necessary for the calculations in the second order

of the perturbation theory are presented. We refer for the details to the original paper [1]

In Section 3 we give some details needed for the computation of the conformal blocks
in the NS sector. We mention also the important issue of the normalization of the fields.

Section 4 is devoted to the computation of the beta function and the IR fixed point.
It is confirmed that it coincides up to second order with the model SM,_,.

The matrix of anomalous dimensions for some components of the superfields ®,, ,+2
and DD®,, ,, was computed in Section 5. It is in perfect agreement with the first order
result in [2] . The same is proved also for the first component ¢, .

In Section 6 we explain how to compute the mixed conformal blocks of the (last
components of) NS and Ramond fields. They are necessary for the calculations of the
anomalous dimensions for the Ramond fields which is also presented there. The results are

again in agreement with the conjectured RG flow to SM,,_,.

2. The theory

In this paper we consider a minimal superconformal theory SM, perturbed by
the least relevant field. This theory is invariant under N = 1 superconformal algebra with

central charge ¢ = 1— p = 3,4, ... It contains a discrete set of primary fields divided

8
p(p+2)’
into a NS and Ramond sectors depending on their supersymmetric transformations. The

set of dimensions is labeled by two integers:

— 2 _
A, — (2 —pm) ﬁ+%

’ 8p(p + 2)

)

and m —n =even (odd) for NS (R) sectors respectively (the addition in brackets is for the
Ramond fields). The fields in the NS sector are organized in superfields:

®(2,2,0,0) = ¢+ 00 + 60 + 006
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The first (and the last) components of the spinless superfield of dimensions A = A (A+3 =
A+ %) are expressed as a product of ”chiral fields” depending on z and z respectively. We
use below for these chiral components the same notations ¢ and ¢. By supersymmetry, if
we fix the two-point function of the first component ¢ to one then the second component’s
two-point function is (2A)2. Since in the renormalization procedure it is assumed that
these functions are all equal to one, we have to normalize the second component ¢ — i(ﬁ

We will consider the superminimal model SM, with p — oo perturbed by the least

relevant field ¢ = ¢~5173 of dimension A = Ay 3 + % =1—¢c €= 1% — 0:
H(x) = Ho(x) + A(x)

It is obvious that this theory is also supersymmetric, since the perturbation can be
written as a covariant super-integral over the superfield ®; 3.

The two-point function of arbitrary fields up to second order is then given by:

<¢mm@mwn=<¢mm@mwm—A/<¢mm@mw@wmd%+
/\2

+ 5 | <a@ba(0)(@)d(r2) >0 d*urd’as

where ¢, ¢o can be first or last components of a superfield or Ramond fields of dimensions
A1, Ay. The first order corrections were considered in [2] , here we will focus on the second
order.

One can use the conformal transformation properties of the fields to bring the

double integral to the form:
[ < 1@)020)3(1)3(a) >0 Pardis =
= (:Cf‘)Q_Al_AZ_QA /I(l‘l) < qg(xl)gbl(l)qﬁg(())q;(oo) >0 dle

where
I(x) = / 201 — 20D yj2eg2y

and a = 2¢ + Ay — A1,b = 2 + A1 — Ay, ¢ = —2¢. It is well known that the integral for

I(z) can be expressed in terms of hypergeometric functions:

I(x) = M’F(l_a_b_c’—c,l—a/_c7x)|2+
v(a+ b+ c) (2.2)
M’xa+0}7’(a,1—b,l+a+c,x)|2
Y1 +a+c)



This form is useful for evaluating I(x) near 0. Using the transformation properties of
the hypergeometric functions, (2.2)can be rewritten as a function of 1 — z and % which is
suitable for the investigation of I(x) around the points 1 and oo respectively.

It is clear that the integral (2.1)is singular. We follow the regularization procedure
proposed in [1] . It consists basically in cutting discs in the two-dimensional surface of
radius { (}) around singular points 0, 1 (c0): Dyg = {z € C,|z| < I}, Dy = {z €
C,lx—1| <1}, Djoc ={z € C,|z| > 1/l}. Here I: 0 <[y <l <1 is some intermediate
scale, [y is the ultraviolet cut-off. Clearly [ should be canceled in the calculations
and should not appear in the final result. Outside these discs one can safely integrate the
correlation function (in the limit € — 0), we call that ”safe region” € ,. It is useful to do
this integration in radial coordinates. Since the correlation function exhibits poles only
at the points 0 and 1 the phase integration can be performed by using residue theorem
and the resulting rational integral in the radial direction is straightforward. Near the
singular points one can use the OPE. In doing that it turns out that we count twice
two lens-like regions around the point 1 so we have to subtract those integrals. The
latter are computed in [1] and we refer to that article for the explicit formulas, as well as

for a more detailed explanation.

3. Computation of the conformal blocks in the NS - sector

Let us start with the correlation function that enters in the integral (2.1). The basic
ingredients for the computation of the four-point correlation functions are the conformal
blocks. These are quite complicated objects in general and close formula was not known.
Recently it was argued that they coincide (up to factors) with the instanton partition
function of certain N = 2 YM theories on ALE spaces [9-11]. It was found a recurrence
relation for the conformal blocks and proved that the mentioned partition function obey
the same. Here we need the expressions for the first few levels conformal blocks in

order to have a guess for the limit ¢ — 0, i.e. close to a free theory with ¢ = 1.
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The chiral components of the fields obey the OPEs:

$1(2)2(0) = 2221782 3 " 2N O ga(0)

N=0
$1(2)2(0) = 2272172272 N "GN O ga(0)
N0 (3.1)
$1()3(0) = w2 2272 N " G NCLGA(0)
N=0
$1(2)$2(0) = 227272271 N " g N 6A(0)
N=0

where Cy’s are polynomials in the generators of the superconformal algebra L_; and G_,,
(k,a > 0) (with coefficients depending on the dimensions A, A;, Ay which we omitted)of
dimension N usually called chain vectors. Here NV runs over all nonnegative integers and
half-integers. In our case of supersymmetric minimal models SM,, which one is relevant
depend on the fusion rules.

Acting by positive mode generators on the both sides of these OPEs and using the

super-conformal transformation properties gives the chain equations for L’s:
LiCn = (A+ kA1 — Ay + N —k)Cn—k

(here C'is any of of the chain vectors with the corresponding dimensions of the fields) and
for Gs:

GrOn = Cn_y,

GrCn = (A +2kA, — Ay + N — k)Cn_p 5.9
_ 3.2

GrCy = Cy_y

GrCy = (A+2kA — A+ N —k— 1)Ch

where everywhere k£ > %, and in addition:

~ /
G%CN = 2A20N_% + C’N_%
Gi1Ch\==20C 14+ (A+A—Ay+N-1C"
5 N—§ N—§

There are two independent constants at zero level in the OPEs (3.1), the other two

are expressible through them:

Ch = —Co, Ch=(A—-A1— A
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The above chain relations could be solved order by order. As mentioned before, in [10]
,[11] a recursion relation for the chain vectors was also found. We give here as an example

and for further use the first terms for C’:

A+Ar+0y—1
C/:— + A1+ A ZCOG

1 1

2 A 22 2 (3.3)
+ _

Ci=—35 Col

With the chain vectors in hand the conformal blocks are readily obtained. Presenting them

as a vectors in the basis of L’s and G’s the conformal block can be expressed as:

oo o0
F(AA) =D aVFy =) aVCn(A, A3, A4Sy Cn (A, Ay, Ay)

N=0 N=0
where Sy is the Shapovalov matrix at level N. What of Cy’s appear depends on the
external fields involved.

The conformal blocks are in general quite complicated objects. Fortunately, in view of
the renormalization scheme and the regularization of the integrals, we need to compute
them here only up to zero’th order in e. This simplifies significantly the problem.

Once the conformal blocks are known the correlation function of spinless fields for our

SM,, models is written as:

ch|F(AmAi)|2

where the range of n depends on the fusion rules and (), is the corresponding
structure constant. Let us stress that the various structure constants that appear are
connected. If we call the structure constant of the fist components C' and that of two first

and one last component C' then for the remaining ones we have:

< $1(00)$2(1)¢3(0) > = (Az — A1 — A2)*Cli(2)(3) (3.4)
< $1(00)62(1)s(0) > = (5 — A1 = Az = Ag)*Criy3)
The structure constants C(1)2)(s) andé’(l)(g)(g,) were obtained in [23] . We

have to keep in mind also that our last components are normalized by 1/2A. In what
follows we compute the conformal blocks up to sufficiently high level and then
check also the crossing symmetry and the behavior near the singular points 1

and oo.



4. pB-function and fixed point

For the computation of the S-function in second order we need the four-point function
of the perturbing field. Here we present the more general function < ¢(2)$(0)@p.n+2(1)Gn.ni2(c0) >.
There are three ”channels” (or intermediate fields) in the corresponding conformal block:
two even, corresponding to the identity and ¢, 5 and one odd - to ¢ itself. Following the

procedure we explained above, we get the following expression for this correlation function:

< é(x)q;(o)qgn,n+2(1)én,n+2 (OO) >=

(1 =2z +7/32% —4/32% + 1/32%) |

L 2(n+3) ‘ (1—3/2z+3/222 — 1/223) |?

‘ x2(1 —x)? 3(n+1) (1 —x)?
(3+n)(4+n) (1—a:+ac2)2
18n(1 +n) (1—x)2

We checked explicitly the crossing symmetry and the z — 1 limit of this function. The
function that enters the integral is obtained by the conformal transformation z — 1/z

(explicit formula is presented below):

< qg(x)qgn,n-l—Q(O)&n,n—i—Z(l)&(oo) >=
_ ‘(1—4x+7x2—6x3+3x4) 2

2(n +3) ‘(—1—1—33}—33:2 +223) |7

322(—1 + z)? 3(n+1) 202(—1 + z)? (4.1)
B+n)d+n)|(1l-—z+22)|
18n(l+n) |22(—1+z)?

In order to compute the S-function and the fixed point to second order we just have
to integrate the above function with n = 1.

The integration over the safe region far from the singularities yields (I(z) ~ T):

| 1@ < d@adie) > -

1,19

B 357> L 272 L 2 16m2logl  8m%log 2l
T 24e el 2el? 3e 3e

and we omitted the terms of order [ or [y/l.
We have to subtract the integrals over the lens-like regions since they would be ac-
counted twice. We need to expand the function around 1 and compute the integrals using

the formulas in [1] . Here is the result of that integration:

Gl G S B B P
e \ 2 T2z 24 3 %y

7



Next we have to compute the integrals near the singular points 0,1 and oco. For that
purpose we can use the OPE of the fields and take the appropriate limit of I(z).
Near the point 0 the relevant OPE is:

B@)3(0) = (a2) At D (14 )+ OLD (@) Bt D (G(0) +..)

The channel ¢; 5 gives after integration a term proportional to % and we neglect it. The
structure constant is the one of the normalized second components of a superfield. Here and
below we denote these normalized structure constants by C. The correct value therefore

is computed as:

1 2
(18 _ (3 3B1s) s 2
Culn = @A, 8 Camay = 5 28
to first order in e. The value of I(z) near 0 can be found by taking the limit in (2.2)written

in terms of 1/ (explicit form is given in [1] ). Finally one gets:

/D @< $(2)$(0)p(1)p(00) > d®x =

72 8w? 1672 87?logl

[2€ + 3e2 € 3 €

Note that the integral near 1 gives obviously the same result. So we have just to add the
above result twice. To compute the integral near infinity lets first pass to variable 1/z ~ 0

and use the OPE. The necessary connection is:

< ¢1(2)92(0)95(1)da(00) >= (27) 7> < ¢1(1/)$4(0)d3(1)2(00) > (4.2)

for any fields ¢;. Also, at this point I(x) ~ Z(2Z)?¢. Calculation goes in the same way:

(@ 5 I(x) < $(2)d(0)(1)d(00) > d*x =

72 4n?  8n%  8nllogl
_l.

[2¢ + 3e2 € 3e

Finally putting altogether we obtain for the finite part of the integral:
2072 4472

3e? €

Here we want to mention that we follow the renormalization scheme proposed in [1]
. Therefore we already omitted the terms proportional to l2+4 which could be
0

canceled by an appropriate counterterm in the action.
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Taking into account also the first order term (proportional to the above structure
constant and computed in[2] ) the final result (up to second order)for the two-point function

of the perturbing field is:

G(z,\) =< ¢(2)9(0) >,=

— (ez)"22(1 - A% (1 - 3) (22) +

A2 (207?2 4472

) 3e? €

> ) (23)% + ..))

Following the renormalization scheme [1] we introduce a renormalized coupling
g and a renormalized field ¢9 = 0,H ( as ¢ = O\H, and assume that ¢9 =
B(A)(ﬁ, i.e. multiplicative renormalization). The two-point function of the latter
G(x,9) =< ¢9(x)¢?(0) > is normalized as G(1,g) = 1. The renormalizability of the
theory implies that:

O(z) = eAp(z) = B(9)¢? ()

where © is the trace of the energy-momentum tensor and (g) is the g-function. From
here we have:

a)\g: G(l,)\)

Blo) = ASL = AVGTL )

One can invert this and compute the bare coupling constant in terms of g and then the

B-function. In our case this gives:
1
A=g+yg —(2—3)—1—9 —(s--)+.. (4.3)

and

Note that it is important to keep in mind that we assume that the coupling constant A
(and g) is small, of order ~ ¢, and to keep only the relevant terms in the above calculations.

The above §-function has a zero:

g = \/756(1 +€) (4.4)
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which is a non-trivial infrared fixed point. It coincides with the minimal supercoformal

model SM,_, as can be seen from the formula for the central charge:

2 2
¢ —c= —(5)127#/0 B(g)dg = —4e> —12¢* + ..

up to this order in e.

The anomalous dimension of the perturbing field:
A" =1-0,8(g)|g =1+ e+26 + ...

matches the dimension of the second component of the superfield @332 of SMy,_».

5. Mixing of the super-fields in the NS sector

Note that the choice of the perturbing field (i.e. second component of a super-field)
guarantees the preservation of super-symmetry along the RG flow. The dimensions
(close to (1/2,1/2)) and the fusion rules of the super-fields ®,, ,+» and DD®,,,, (D is
the covariant super-derivative) suggest that they mix along the RG-trajectory.
We will compute the corresponding matrix of anomalous dimensions for the second compo-
nents, the mixing of the first ones is a consequence of the super-symmetry. For this purpose
we need to compute the matrix of the two-point functions involved and the corresponding

integrals.

5.1. Function < (Bn’n+2(1)(5n’n+2(0) >

The corresponding function in the second order of the perturbation was already writ-
ten above (4.1). The integration over the safe region (far from the singularities) goes in

the same way as before. The result is:

/Q I(2) < $(@)dnmss()dnnsa(0)d(00) > d%x =

1,lg

_(n+2)m* 201 +2n)7*

Genl3 3nel?
4(1+5n+2n)r?logl  4(1+n)m?log2ly (18 + 43n + 9n?)x?
3e(n 4+ n?) 3ne 24e(n + n?)
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Also the integration over the lens-like regions is similar and gives:

2 —8(1+n)(2+n) 4(1+n)(2+n)
24n(1 + n)e[ 12 * 12

+32(1 4+ n)?(log ! — log 21y)]

+ (46 4+ n(53 + 23n))+

In taking the integral around zero one should be more careful. It turns out that one
should take into account also the descendents since they contribute nontrivial singular

terms. Explicitly we have for the OPE:

7 7 )T 1 s ’I’L,TL-|-2 7 T n,n - —n,n+2- 21,37 ~(n,n
O(x)Pn,n42(0) = (z2)~ 4 ’SH/Q)C((1,3)(n,)n+2)¢”v”+2(0) G I 1C((l,:s))(n,»mrz)
A An n - An n A An n -

1,3 1 2A, 2 1,3 T Anp,

20,

An n — T
(1+ )+ 2L 1) b (0)
(5.1)
(the coefficient in front of L_; is obtained from the chain relations (3.3)). In a CFT L_,

acts as a derivative and therefore:

< L—1¢n,n(0)(£n,n+2(1)¢;<oo) >= (An,n + An,n-l—Q - A1,3) < (bn,n(o)én,n—lﬂ(l)é(oo) >

Let us stress again that the structure constants needed for the calculation are the "nor-

malized” ones:

(% - A1,3 - 2An,n+2)2

A(n,n+2) o ~(n,n+2)
Casma = TR A, o) 8
_ (3+mn)? B 2(2+n)(3 +n)?%e (5.2)
3(1+n)? 3(14n)? '
é(n,n) . (An,n - A1,3 - An,n+2)2 C(n,n) . n+ 2
(1,3)(n,n+2) — 2A1,32An,n+2 (1,3)(n,n+2) 3n

Taking the same I(z) as before and integrating gives for the channel ¢, ,:

2+n)m?  2(=1+n)%*2+n)(5+n)r?
3enl? 3e2n(1+n)?(3+n)?
N (2 4+ n)m?(—=4(—=1 +n)(—1 + 23n + 9n? + n?) + 4(—1 +n)?(3 + n)?log)
6en(l 4+ n)2(3 4+ n)?

The channel én,n+2 is simpler, here it is sufficient to take I(x) just to order 1 and no

descendants:
2(3+n)?r? (34 n)?7%(8 + 4n — 2logl)

3(1 + n)2e2 3(1+ n)2e

11



The integrals around 1 are obviously the same, so the total contribution is twice the sum
of above two terms.
Computation around infinity is almost the same as the one for the S-function, just we

put the correct structure constants:

_77_2 N 2(3 +n)m? B 272((3 +n)(5+n) — (2n + 6) logl)
el 3(1+n)e? 3(1+n)e

Finally, combining all the terms we get:

2m2(—20 — 143n — 121n2 — 33n3 — 3n?)  27%(5+n)(8 + 151n + 143n? + 45n3 + 5n)
3n(1+n)(3+ n)2e? 3n(l+4+n)(3 +n)2e

(note that although the various integrals differ from that of [1] the final result is very

similar, this will be also the case with the next integrals ).

5.2. Function < q?)nerg(l)qNﬁn’n_g(O) >\

Our calculation gives for the relevant four-point function in this case (order 0 in €):

< @0 sV na(o0) >= L[ LEE) ‘ et a?)

(only channel ¢ 5 appears here). Transforming @ — 1 according to (4.2) one obtains for

2

the function in the integral (2.1):

1 2

x?2(1 —x)

< (@) bnni2(1)Pnn_2(0)d(c0) >= % (—4 4+ n?)

2
5(1—x+2%)

n2

(note that this is different from [1] ). For the integral over the safe region we need I(x)

which can be extracted from (2.2):

and the result is:

/Q 1(z) < 3()dn sz () n2(0)d(00) > da =

1,1g

B 472 2?2 n 72(9 + 161og (2ll))
3env—4 +n2l2  3env—4 + n2l(2) 6env —4 + n?
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Expanding around 1 and taking the integrals in the lens-like regions gives:
m(23 = & + 5 + 161og 5;)
6env—4 + n?

(this term is to be subtracted).

The integral around the point 0 is very similar to that in the previous section. The
only difference is that we take A,, ,,_o instead of A,, 42 in (5.1). Also, in the computation
of the appropriate approximation of I(x) we have to expand the hypergeometric functions
for the channel ¢, ,, up to order . The computation for the channel (];n,n_g is the same

as above. Finally, we need the structure constant:

C,(n,n) . (An,n - A1,3 - An,n—2)2 C(n,n) o n—2
(1,3)(n,n—2) — 2A1,32An,n—2 (1,3)(n,n—2) — 3In

At the end we get:
[ 1@ < 6@)anna(Ddnn-a(0)3(c0) > o =

4 2 -9 2
= T (10 + 6#
3¢2n(—9 + n?)v—4 + n? [

In principle one should compute also the integral around 1. Just as in the case of [1] it

— 2¢(1 +n?) — 2¢(—9 + n?)log!)

turns out to be the same as those around 0. So its enough to take the above result twice.
Also, the integral around oo here is not singular, so we neglect it. It remains to collect the

integrals computed above:
80(1 — 2¢)m?

3e2n(—9 + n2)\/T—|—n2

Lets mention again that even though the individual integrals are different, the finite

result is similar to that of [1] .

5.3. Function < gbn’n(l)qgn’nH(O) >\
The function to integrate turns out to be almost the same as in [1] :

2 In+2

< (@) Pnn(1)Pnnt2(0)d(00) >= sV, 2|~

and I(x) exactly coincides. Consequently the result of the integration over the safe region

is almost the same:

/Q 1() < $(@)6nn(Ddnnsa(0)d(00) > do =

Llg

Qemr? 2+n
= \/ -5+ 3n)logl 1 log 21
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Same is true also for the lens-like integration:

8e(1+n)w? [2+4n l
36+n) V n 2

The OPE needed for computation around 0 was written above (5.1). One has to

arrange the corresponding dimensions and structure constants from (5.2). So the contri-

bution from the region near 0 is:
[ @) < 6w)onnDdnna0d(o0) > i =
Di,0 Diy,o0

—1+4mn) @/
2+n

1 logl
3(3+n + (n+ (n+ 3)logl)e)—

2(n + 3)7? /2L

— 143 2elog
305+ n) (14 3¢+ 2elogl)

(this is not the same as [1] because of the different dimensions). Surprisingly the compu-
tation around the point 1 again gives a result identical to that around 0. So we have to
add again twice the above contribution.

To compute the contribution from the region near co we perform again the x — 1/x
map (4.2). The necessary structure constants are already written above and we take the

appropriate (up to €2) approximation for I(z). The result is:

[ ) <6000 00d(o0) > ¢ =
Di,0c Diy,00

8(=3+n)m? [n+2
= — 1 2 21
30n 1 5) - (1+ (2+n+2logl)e)

Combining all the terms:

4(=1+n)m?  [n+2
“IB TG L) - (11 +3n+€(1+n)(9 + 2n))

(note that this is different from [1] ).

5.4. Function < ¢,, ,(1)¢;, »(0) >»

Finally we need the function < ¢(z)én.n(1)¢n.n(0)d(c0) >. It happens that this func-

tion coincides exactly with the one reported in [1] (logarithmic instead of polynomial)
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. Therefore almost all integrals are the same. The only exception is the integral around
oo due to the different structure constant:

Gl AL3) (=L +n%)e

a3mm ey = g, (L2

(we took care of the normalization). With this, our final result is slightly different:

(—1+ n?)x?

5 (1+¢€)

At the end of this subsection we want to note that the dimension of the first
component ¢, , is close to zero. Therefore it doesn’t mix with other fields. We
present here the computation of its anomalous dimension. Taking into account also the

first order contribution, the final result for the two-point function is:

Gn(x7)‘) =< (bn,n(x)d)n,n(o) >\=

= (zz)" 2B (1 — (\/;T( 1+ n?)e(l + 3¢))(zz)+

Ao 2\ (. 2€
+7(E(1+6)(—1+n ) (xZ)* + ...)

Computation of the anomalous dimension goes in exactly the same way as for the

perturbing field. We get:

A = Aun— 0G0, N) =

2.2
= App + ‘[”g (14 3¢)(~1 + n?) — ”13 €2(—1 + n?)

(we again kept the appropriate terms of order € ~ g). Then at the fixed point (4.4):

AT — (=1 +n?)(e2 +363 + 7' +...)
n,n 8

which exactly coincides (to this order in €) with the dimension of the first component of
the superfield <I>(p ?) of the model SM,_s.

5.5. Matrix of anomalous dimensions

Let us describe briefly the renormalization scheme of [1] . It is a variation of that
originally proposed by Zamolodchikov [4] . The renormalized fields are expressed through
the bare ones by:

¢g = Baﬁ()‘)¢5

15



(here ¢ could be first or last component). The matrix of anomalous dimensions
I' appears in the Callan-Symanzik equation for the renormalized two-point function
GYp(r) =< ¢3(2)¢3(0) >= BG BT, subject to the normalization condition GY5(1) = dap:

2
(20: — B(9)05)G5 + Y (LapGy +I5pGh,) =0

p=1

It is expressed through the matrix B:
I' = BAB™! —eAB9,\B~! (5.3)

where A = diag(A1,Ay) is a diagonal matrix of the bare dimensions. The matrix B
itself is computed from the matrix of the bare two-point functions we computed using the
normalization condition and requiring the matrix I' to be symmetric. Exact formulas can
be found in [1] , here we present our results for the supersymmetric case.

We computed above some of the entries of the 3 x 3 matrix of two-point functions
in the second order. This matrix is obviously symmetric. It turns out also that the
remaining functions < qgn,n_g(l)q;n’n_g(O) >y and < (bn,n(l)(%n,n_g(O) >\ can be obtained
from the computed ones < qzzn,n+2(1)g5n’n+g(0) >y and < an,n(l)gEn,nH(O) >\ by just

taking n — —n. Lets denote for convenience the basis of fields:

Cbl - an,n+2
¢2 — (2An,n(2An,n+1))_1aé¢n,n
¢3 - qgn,n—Z

where we normalized the field ¢5 so that its bare two-point function is 1. Its straight-
forward to correct the functions involving ¢ taking into account the derivatives and the
normalization.

Let us write the matrix of the 2-point functions up to second order in the perturbation

expansion as:
Ga,p(x,A) =< ¢a(x)dp(0) >r=
=\ —Aa—Ag (1) (= e A2 (2) (,.7)2€¢
= (xzx) " (0a,8 — /\C’a’/@(axﬂ) + 70% (xZ)" + ...)
The two-point functions in first order are proportional to the structure constants [4] :

my(e + Aq — Ag)y(e — Apy + Ap)
7(2¢)

O = Cuzyae) (5.4)

a,

16



(obviously symmetric). Collecting all the dimensions and structure constants our calcula-
tions give:
234+ n)(—142¢+en)w
V3e(l +n)
8(—1+¢€)y/20r

n

1
ol = -

(1) _
Y2 \Be(1+n)(3+n)

Ci3 =0
o _ 8T B 4(1+n?)m
22 V3(=14n2)e  V3(—1+n2)
. —24n
o) _ 8(—1+4¢€)y/ ="
23 VBe(=34+n)(—=1+n)
_ 2(=3+n)(—142ec—en)m
V3e(—1+n)

for the first order terms, and for the second order:

o _  2(=20 - 143n — 1210 — 33n° — 3n*)7*
L 3n(1+4n)(3+ n)2e?
~2(5+n)(8+151n+ 143n2 + 45n3 + 5nt)mr?
3n(l+4n)(3 +n)2e
- 164/ 22 (11 4 3n)n? 164/ 22 (57 + 18n + n?)n?
O = —
2T T30 nB A mGrme | 3+ n)(n+ 3)(n + b)e
C£2) _ 80(1 — 2¢) 72
3 3e2n(—9 4+ n2)v/—4 +n?
o _ 327 8(19 + )7’
227 3(=1+n2)e2  3(—1+n?)e
- 164/ =22 (—11 4 3n)m? 164/ =22 (57 — 18n + n?) 7>
O\ = — —
23 3(=1+n)(=3+n)(=5+n)e?  3(=1+n)(=3+n)(-5+n)e
o) _  2(=20+ 1430 — 121n” + 33n° — 3n4)772+
3,3

3n(—1+n)(—3 4 n)2e
2(—5+n)(8 — 151n + 143n? — 45n3 + 5nt)n?
3n(—1+n)(—3+n)2e

_|_

Now we can apply the renormalization procedure of [1] and obtain the matrix of

anomalous dimensions (5.3) . Bare coupling constant A is expressed through g by (4.3)

17



and the bare dimensions, up to order €2, are:

Ap=1-— €+§(—1—}—n2)62
1
Ay =1+ g(—1+n2)62
-1
A3—1—|—n €+ = (=14 n?)é

The result is:

B+n)(=1+€e2+n))rg 4¢*m*(2+n)

Ti=Ap —
s V3(1 +n) 3(1+n)
(“1+e)(=14n)\/Elrg  2¢°(-1+n)\/Zl7?
Tio=Toy = —
b2l (1+n) 3(1+n)
I'3=I31=0
2V/3m(—=2+ e+ en?)g  2¢%(3 + n?)n?
[yo=As — 5 2
3(=1+n?) 3(=1+n?)
(—1+€)y/ %(1 +n)mTg
Toa—=Tao — —
23 =132 (11 n)
(1+e(=2+n))(=3+n)rg 4g°7*(—2+n)
Is3 =243
V3(~1+4n) 3(—1+n)

We need the value of this matrix at the fixed point (4.4):

Py (20 — 4n?)e N (39 —n — Tn? + n3)e
» 8(1+n) 8(1+n)
. . (14 n)y/Eme(1 + 2¢)

F?,Q = Fg,1 =

n+1
F?,:’, = Fg,l =0

4e n (65 — 2n? + nt)e
—1+n? 8(—1+n?)

. oy T+ n)e(l + 2¢)
Ty, =T%, =

2,3 3,2 n—1
(=5+n2)e (=39 —n+Tn?+n3)e
2(—1+n) 8(—1+mn)

Fg,*z =1+

Fg:ks =1+

18



The eigenvalues of this matrix (up to order €2):

1+n 7+ 8n+n? ,

Ay =1+ 5 e+ g €
. —1 2
A§ :1+—;n €
. 1— 7-38 2
Ay =1+ 2ne~|— 781+n €

coincide up to this order with dimensions Afﬁj}i + 1/2,A£1p,7_lz) +1 and Aflp__;)n +1/2 of the
model SM,,_,. The corresponding (normalized) eigenvectors should be identified

with the fields of this model:

/24n
q;(p—Q) . 2 ¢g* 2 n ¢g* I vV —4 + n2 ¢g*

ni2n = LA )9 T, 3
9,/ 2tn

n
2 2 n—2
(r—2) _ _ nogt T mT g V. g
2 14+n M 1+ n2 %2 + n—1¢3

—2
gg(p_Q) Y —4 4+ n? ¢g* B 2 rj—n ¢g* . 2 ¢g*
n—2mn n 1 -1 In 2 (_1 —|—?’L)7’L 3

We used as before the notation ¢ for the last component of the corresponding superfield

and:

(r—2) _ 1 99 P—2)
2 2ALLE(2AR2 +1) Dnn

is the normalized derivative of the corresponding first component. We mention that just as
in the case of N = 0 minimal models these eigenvectors are finite as ¢ — 0. Moreover,
they are exactly the same combinations!! (Probably this is a common property of all
coset models perturbed by the least relevant field 7 )

As we mentioned in the begining of this section the corresponding first components
of ®,, ,+2 and the last component of ®,, , will be also mixed along the RG flow in a
way analogous to above. This is because of the preservation of the supersymmetry by a
perturbation with the last component of a superfield. So we do not present a separate

calculation for them.

6. Mixing of the fields in the Ramond sector
6.1. Computation of the conformal blocks in the Ramond sector

We want to mention that the computation of the conformal blocks in the Ramond

sector is more involved. A way of computing them was recently proposed [12] . There, the
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first few levels conformal blocks were also shown to coincide (up to prefactors) with the
instanton partition function of certain N = 2 YM theories in four dimensions establishing
a generalized AGT correspondence.

Following [12] one can compute NS-R conformal blocks only for a special choice of
the points. After that we can get the function necessary for the integration in the second
order by using its conformal transformation properties.

The difficulties arise because of the branch cut in the OPE of Ramond fields with
the supercurrent:

BR_e(O) + G—IRiE(O) (61)

z2

G(2)RE(0) =

e

z

where 8 = /A — %, € = ®1, and therefore one cannot obtain the usual commutation
relations. Here the Ramond field R€ is obviosly double degenerated because of the zero
mode of GG in this sector. We also used, as it is custom, the same notation € as for our
small parameter to distinguish the fields. It will not be missleading.

The difficulty can be removed in the following way. Consider the OPE between NS
and Ramond fields:

¢1(z)R5(0) = 2272722 Y " 2N COGRA (0)
N=0 (6.2)

1 = N
$1(2)R5(0) = 222172272 Y " VO RA(0)
N=0

Here N runs over nonnegative integers as G’s have integer valued modes in the Ramond

sector. Applying G on the both sides of (6.2)and taking into account (6.1)one obtains:

GoCS = O + B205°

GoCly = (A — Ay + N)Cy — 203 (03
From the consistency conditions it follows that C} is not independent:
C’S = BCe — P20
where we denoted C. = Cf.
Acting with G, with k& > 0 gives the chain relations:
CuCn = O (6.4)

GrCy = (A +2kA — Ay + N — k)Cy_y,

20



and Ly acts as usually, with the appropriate dimensions (see [12] for the details).

One has to solve these chain relations order by order or to use the recursion
formulae. Then the conformal block for the function < N(x)R(0)N(1)R(c0) > (N here
stays for the first or the last component of a NS field) is obtained in the same way as in
the NS case:

Fz, 0,00 = Y aVOn(A, Ag, Ay)SH On (A, Ay, Ay)
N=0
where C'y could be actually Cy or Cy depending on the function in consideration. Finally

the real 2D correlation function is constructed as:

< N(@)R(O)N(1)R(00) >= ) Co|Fy(2)]?

C,, are the structure constants and the range of n is dictated by the fusion rules.
The function that enters the integral is then obtained using the conformal
transformation.

As already mentioned, the conformal block in general is very complicated. Fortunately,
here its sufficient to compute the finite term as ¢ — 0. We did the computation for the
functions below up to high order and then check the behavior near the singular points. It
turns out also that the two-point function do not depend on which of the fields

R¢ are involved. So we drop the subscript from our notations in what follows.

6.2. Function < R, ,,+1(1)Ry, 511(0) >»

Our calculation for the corresponding second order function gives:

2

y - n®—1 1 n 1
n,n n.n 1 == 1 — 2
< 0(@) Bint1(0) B g1 (00) (1) >= = x(l—x)2( S Ll L | B
(2 4 n)2 1 n n-2 .7 n+3 1 2
1 1
48n? 90(1—36)2( +n+2$+n+2$) 12(n +1) (1—a:)2( )

To obtain the function that enters the integral we use the conformal transformation prop-

erties. One can easily get:

r—1 -

< O(@) Ry 41 (0) Ry 1 (1) d(00) >= (23) 7251371 < g

2 L2+ n)? | (2z — 1)(n(2z — 1) + 2)
48n? (n+2)z(x—1)

2 2¢ — 1

(2.5)

B n?—1
12n2

(2z — 1)(nz +1)
(n+ Dzx(x—1)

n+3
12(n+1)

21
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We first integrate over the safe region, where I(x) ~ m/e. The result is:

/Q 1(z) < &) R 1(0) Ry 1 (1)(00) >=

1,19

72 7220+ 13n)logl  72(4 +5n)log2ly 72

el 24en 24en 2¢

From this we have to subtract the lens-like region integral:

72(5n + 4)

logl — log 2
24ne (log 0g 2lo)

Next we proceed with the calculation of the integrals near the singular points. Near

0 ( obviously near 1 the result is exactly the same) we use the OPE:

7 —\— - ~(n,n+1
(.CL’Z‘) A1 s 1/20((1,3)_(|—n,)n+1)Rn’n+1(0)+

P 1—RAn,nt+l 81,3~ ~(n,n—1
) 1/20((1,3)(n,)7z+1)R”’”_1(0)+ (6.6)

T n,n - n,n - - ~ n7n+3
(zz)Brmre=Brnni=fas 1/20((1,3)(n,)n+1)Rn,n+3(0)

-
)
=)
~—
Y
S
N
_|_
=
—
=)
N~—
I

We can approximate here I(z) ~ 7/e — mlog |z|?, the necessary structure constants read:

(G y2 —(2+n)2(—1+€(—2+4n))
(1,3)(n,n+1)/ 4812
Gonn 2 (42014 n2)
(1.3)(n,n+1)) = 122

We remind again that all the structure constants involving the field ¢ should be divided
by 2A; 3 and we keep in what follows the same notation C.

So the result of the integration is:

[ @) < ) Ruia OB (13(0) =

_ m2(28+40n + 120 +n?)  w2(4+ 24n+ 36n% 4+ 15n° + 2nt)  7%(4 + 5n) logl
B 24€2n (2 + n)? 12en(2 + n)2 24en

As usual, around infinity we make the transformation z — 1/z and then take z — 0.

The structure constant that appear is:

A3 A(nnt) (24 n)(1 — 2¢ —2en)
(1,3)(1,3) 7 (1,3)(n,n+1) — 61
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and we found:

/ 1(2) < (&) R g1 (0) R s (1)(00) >=
Dy, 00 Diy,00

72 24+ n)7? 2+ n)r3(1+n—logl)

[2¢€ 6ne2 3ne

Finally lets collect all the terms to obtain:

72(44 + 64n + 24n% + 3n3 — 8¢(1 + n)(5 + 14n + Tn? + n?))
12e2n(2 + n)?

6.3. Function < R, ,,_1(1)Ry, 5,+1(0) >x

The calculation of the four-point function with the perturbing fields is done in the

same way:

2
~ n2—1

< $(@)Rnn+1(0)6(1) Run—1(00) >= 12n :

z(1 —x)

(1+x)

Performing the same transformation as in (6.5), the integrand becomes:

2
~ n? —1

< (b(w)Rn,n—i-l(O)ann_l(l)&(oo) = 12n i

z(1—x)

This function is almost the same as in the N = 0 case but we should make again the
calculations because the various structure constants and dimensions of the fields that
appear are different. The integration over the safe region and lens-like regions are exactly

the same, the results being:

8v/n? — 1w2(5log ! + log 2ly)
3ne(—16 + n?)

and
8v/n2 — 172 (log — log 2lp)
3ne(—16 + n?)
respectively.

For the calculation around 0 we use the same OPE that appeared in the previous
subsection (6.6)(without the last line because of the fusion rules). Most of the structure

constants are presented above, we need also:

C”,(n,n—l) . —2+n
(1,3)(n,n—1) — 4\/3?1

23
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With this, the result is:

/ I(2) < (&) Ry a1 (0) R s (1)(00) >=
Di,0 Diy,0

2v/n2 — 172(—28 + n? + 2¢(4 + 5n?) + 4e(—4 + n?) log 1)
3ne2(64 — 20n2 + nt)

The integral around 1 gives the same result in exactly he same way as for N = 0 so we
have to take this term twice.

At the end, the calculation around oo with our structure constants gives:

/D @) < @) it (O ()3(0) >
_ 16v/n? — 1r%(—1 + 2¢ — 2elogl)

3ne2(—16 4+ n?)

We collect now all the terms and obtain the final result in the second order:

47%\/n? — 1(44 — 5n? — 2¢(20 + n?))
3e2n(—16 + n?)(—4 + n?)

6.4. Matrix of anomalous dimensions

The functions we computed above are enough since just as in the case of NS fields it
turns out that the other two: < Ry, n—1(1)Rp n—1(0) >x and < Ry, n11(1) Ry n—1(0) >x
can be obtained from < R, n41(1)Ry n+1(0) >x and < Ry, n—1(1)Rp nt1(0) > by just
changing n — —n. Lets introduce again a basis: R; = R, n4+1, 2 = R, ,—1. From the

general formula (5.4)and the bare dimensions of the fields:

1 n 1
A= (24 Deq n2)e2
1= (g et gt e

3 1 n 1
Ay = — Z 4 = (-1
2= T (g T et g-1n)e

we get for the 2 x 2 matrix of two-point functions in the first order:

@ (2+n)m B (2+n)(—=1+2n)r

1.1 2v/3ne 2v/3n

(1) (1) 4v—1+n?w(1+¢)
C'1,2 = C'2,1 = - 5
\/gn(—4 +n?)e
a (=24+n)r (=24+n)(1+2n)7
2,2 2v/3ne 2/3n
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According to our calculations, the second order matrix is given by:
o@ _ (44 + 64n + 24n? + 3n3) 7> C2(1+n)(5+14n+ n? + n3)r?
L 12e2n(2 + n)? 3en(2 + n)2
4y/n? — 1(44 — 5n?)m? 8v/n2 — 1(20 4 n?)7?
~ 3e2n(—16 + n?)(—4 + n?) a 3en(—16 + n?)(—4 4 n?)
(—44 + 64n — 24n2 + 3n®)72  2(—1+n)(=5 + 14n — Tn? + n3)x?
12€2(=2 4 n)?n * 3e(—24n)%n

Now, following the same procedure as in the NS case we get for the matrix of anoma-

2
53 =

lous dimensions (we keep the terms up to order €2 ~ g?):

g2+ n)(—1—€e+2en)m n g*m?

I'ii=A —
1,1 1 3n 1
(1+€)gv—1+n?m
Iio=TI91=
2v/3n
=24+ n)(1+ €+ 2en)7 272
F2’2:A2+g( )( )™ g

4v/3n 1

Therefore at the fixed point (4.4):
3 (4—|—n—2n2)e+(8+n—4n2+n3)62

Yy, =
T 8n 8n
9 19— V=14 n?%¢(1 + 2e¢)
1,2 2,1 5
n
Fg; _ 3 N (=4 +n+2n2)e n (—8 4+ n +4n? + n3)e?
’ 16 8n 8n

It remains to compute the eigenvalues of this matrix (up to order €?):

* 3 1 n 1
* 3 1 n 1

As expected, they coincide with the dimensions of the Ramond fields Aﬁf ;1221 and
A;p__f’zl of the model SM,_s. The corresponding fields are expressed as a (normalized)

linear combination:
_ 1=
R(P 2) = _RY RY
n+1,n n 1 + n 2
_ vn2—1_ 1 _ .«
R =—~———R{ + Rj
n n
Two comments are in order: first we mention that just as in the NS (and N = 0)case
the above combinations do not depend on ¢ and second, again the linear combination
is exactly the same as for the N = 0 theory. One can speculate that these are

universal for all the perturbed coset theories.
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