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1 Introduction

The probe branes approach for studying issues in the string/M-theory uses an approximation,
in which one neglects the back-reaction of the branes on the background. In this sense, the
probe branes are multidimensional dynamical systems, evolving in given, variable in general,
external fields.

The probe branes method is widely used in the string/M-theory to investigate many
different problems at a classical, semiclassical and quantum levels. The literature in this
field of research can be conditionally divided into several parts. One of them is devoted to
the properties of the probe branes themselves, e.g., [31]. The subject of another part of
the papers is to probe the geometries of the string/M-theory backgrounds, e.g., [32]. One
another part can be described as connected with the investigation of the correspondence
between the string/M-theory geometries and their field theory duals, e.g., [33], [34]. Let us
also mention the application of the probe branes technique in the 'Mirage cosmology’- an
approach to the brane world scenario, e.g., [35].

In view of the wide implementation of the probe branes as a tool for investigation of
different problems in the string/M-theory, it will be useful to have a method describing their
dynamics, which is general enough to include as many cases of interest as possible, and on
the other hand, to give the possibility for obtaining explicit exact solutions.

Here, we propose such an approach, which is appropriate for p-branes and Dp-branes,
for arbitrary worldvolume and space-time dimensions, for tensile and tensionless branes,
for different variable background fields with minimal restrictions on them, and finally, for
different space-time and worldvolume gauges (embeddings).

This thesis is based on [1]-[30].

Our notations for the special functions we use are summarized in Appendix A.

2 P-branes dynamics in general backgrounds

Now, we are going to consider probe p-branes and Dp-branes dynamics in D-dimensional
string/M-theory backgrounds of general type. Unified description for the tensile and tension-
less branes is used. We obtain exact solutions of their equations of motion and constraints
in static gauge as well as in more general gauges. Their dynamics in the whole space-time
is also analyzed and exact solutions are found [4].

Before considering the problem for obtaining exact brane solutions in general string theory
backgrounds, it will be useful first to choose appropriate actions, which will facilitate our
task. Generally speaking, there are two types of brane actions - with and without square roots



1. The former ones are not well suited to our purposes, because the square root introduces
additional nonlinearities in the equations of motion. Nevertheless, they have been used when
searching for exact brane solutions in fixed backgrounds, because there are no constraints
in the Lagrangian description and one has to solve only the equations of motion. The other
type of actions contain additional worldvolume fields (Lagrange multipliers). Varying with
respect to them, one obtains constraints, which, in general, are not independent. Starting
with an action without square root, one escapes the nonlinearities connected with the square
root, but has to solve the equations of motion and the (dependent) constraints.

Independently of their type, all actions proportional to the brane tension cannot describe
the tensionless branes. The latter appear in many important cases in the string theory, and
it is preferable to have a unified description for tensile and tensionless branes.

Our aim now is to find brane actions, which do not contain square roots, generate only
independent constraints and give a unified description for tensile and tensionless branes.

2.1 P-brane actions

The Polyakov type action for the bosonic p-brane in a D-dimensional curved space-time
with metric tensor gy n(x), interacting with a background (p+1)-form gauge field b, via
Wess-Zumino term, can be written as

7=~ [enel By X X un(X) - 1) 21)
M1+ Mp+1
Qp ( ) 8m1XM1 ' amp+1XMp+lel--~Mp+1(X>}’

Omp =0/0", m,n=0,1,....p; M,N=0,1,...,D—1,

where v is the determinant of the auxiliary worldvolume metric 7,,,, and ™" is its inverse.
The position of the brane in the background space-time is given by ™ = XM (™), and
T,, Q, are the p-brane tension and charge, respectively. If we consider the action (2.1) as a
bosonic part of a supersymmetric one, we have to set (), = £7,,. In what follows, @), = T},.

The requirement that the variation of the action (2.1) with respect to 7., vanishes, leads
to

(Y™ = 29% ) G = (p — 1YY, (2.2)

where G = 0 XM0, XN grs ~(X) is the metric induced on the p-brane worldvolume. Tak-
ing the trace of the above equality, one obtains

!Examples of these two type of actions are the Nambu-Goto and Polyakov actions for the string.



i.e., ¥ is the inverse of G,,,,: ¥ = G™". If one inserts this back into (2.1), the result will
be the corresponding Nambu-Goto type action (G = det(Gp)):

SNG = / drtiechNe (2.3)

= —Tp/dp“g {\/ﬁ—

Eml...mp+1
(p+1)!

This means that the two actions, (2.1) and (2.3), are classically equivalent.

Oy XM Oy XM by (X))

© T Mp+1

As already discussed, the action (2.3) contains a square root, the constraints (2.2), follow-
ing from (2.1), are not independent and none of these actions is appropriate for description
of the tensionless branes. To find an action of the type we are looking for, we first compute
the explicit expressions for the generalized momenta, following from (2.3):

PM<€) = —Tp <\/ —GGonanXNgMN - 81XM1 .. 8PXMPbMM1mMp> .

It can be checked that Py, () satisfy the constraints

Co = g™" Py Py — 2T,g"" Dy p Py + T [GG™ + (=1)P Dy pnig™ ™ Dii.p) =0,
CZEPM@XM:O, (Z:]_,,p),

where we have introduced the notation

Dyri..p = bMMl...MpalXMl 0, X M

Let us now find the canonical Hamiltonian for this dynamical system. The result is:
Hcanon == /dpf (PMa[)XM — ENG) = 0.

Therefore, according to Dirac [36], we have to take as a Hamiltonian the linear combination
of the first class primary constraints C,,: 2

H= / dPEH = / dE (N°Co + N'C;)
The corresponding Hamiltonian equations of motion for X™ are
(80 — )\’81) XM = QAOQMN (PN - TpDNl...p) )

from where one obtains the explicit expressions for Py,

1 .
Py = 2—)\091\41\/ (80 — /\38]-) XN 4+ T D p- (2.4)

2In the case under consideration, secondary constraints do not appear. The first class property of C,
follows from their Poisson bracket algebra.



With the help of (2.4), one arrives at the following configuration space action
Sy = /depr = /dp+1§ (PMGOXM —H) (2.5)
= / dp+1£{4)\0 [gaan (X) (9 = N9y) XM (3 — Noy) XN = (20T;)* GG |
+ Tpbasy.ar, (X)B XM .8 XM"}
= / d”“f{ o |Goo = 2N Goy + XN Gy — (2XT;)* GG
+ Tybagy.ar, (X)0X™Mo . apXMp},

which does not contain square root, generates the independent (p+ 1) constraints, as we will
show below, and in which the limit 7}, = 0 may be taken.

It can be proven that this action is classically equivalent to the previous two actions. It
is enough to show that (2.3) and (2.5) are equivalent, because we already saw that this is
true for (2.1) and (2.3).

Varying the action S, with respect to Lagrange multipliers A™ and requiring these varia-
tions to vanish, one obtains the constraints

Goo — 2N Goj + XN Gy; + (20°T,)* GG = 0, (2.6)
Goj — N'Gij = 0. (2.7)

By using them, the Lagrangian density £, from (2.5) can be rewritten in the form

L, = —Tp\/ ~GGY |Gon = Goi (G=)” Gio| + Tybary., (X)X .0, XM, (2.8)
Now, applying the equalities
GG™ = det (Gyj) =G, G = [GOO — Gy (G717 Gjo} G, (2.9)
one finds that
G |Goo — G (G™)” Gio| = 1.

Inserting this in (2.8), one obtains the Nambu-Goto type Lagrangian density £Y¢ from (2.3).
Thus, the classical equivalence of the actions (2.3) and (2.5) is established.

We will work further in the gauge A" = constants, in which the equations of motion for
XM following from (2.5), are given by

gux (80— N0y) (90 — Noy) XN — (22°T) 0, (GGH9,X™)] (2.10)
T [(0 = N0) X (8 — 30;) XY — (20°T,)* GG, X Vo, XV |
= 2\ T, HY sy ap, o XM 0, XM,



where G is defined in (2.9),

1
I'rvun = gLKF]\K/[N =5 (Omgnr + Ongmr — OLgun)

are the components of the symmetric connection compatible with the metric g,y and H, IE’H =

db, 1 is the field strength of the (p + 1)-form gauge potential b, ;.

2.2 Dp-brane actions

The Dirac-Born-Infeld type action for the bosonic part of the super- Dp-brane in a D-
dimensional space-time with metric tensor gy (), interacting with a background (p+1)-
form Ramond-Ramond gauge field c,1; via Wess-Zumino term, can be written as

SDBI — _TDp / dp+1§{@_a(p’D)q> \/_ det (Gmn + an + 271-0/an) (211)

5m1...mp+1

M M,
oy O A Oy X +1cM1,,,MpH}.

T Mp+1

Tp,=(27)~P~V/2g-1T is the D-brane tension, g, = exp(®) is the string coupling expressed
by the dilaton vacuum expectation value (®) and 27a’ is the inverse string tension. G, =
Om XM, XN gyn(X), B = 0 XM0, X0y n(X) and ®(X) are the pullbacks of the back-
ground metric, antisymmetric tensor and dilaton to the Dp-brane worldvolume, while F,,,, ()
is the field strength of the worldvolume U(1) gauge field A,,(§): Fnn = 205 Arn). The pa-
rameter a(p, D) depends on the brane and space-time dimensions p and D, respectively.

A Dp-brane action, which generalizes the Polyakov type p-brane action, has been intro-
duced in [37]. Namely, the action, classically equivalent to (2.11), is given by

T
S = / e { e PR [ (G + B + 270 Fyn) — (0 — 1)]
6m1.‘.mp+1
2 (p + 1)| a7711)(1‘/1l . amp+1XMp+ch1...Mp+1},

where K is the determinant of the matrix IC,,,, ™" is its inverse, and these matrices have
symmetric as well as antisymmetric part

cmn — ’C(mn) + ’C[mn]’

where the symmetric part (™" is the analogue of the auxiliary metric 4™ in the p-brane
action (2.1).

Again, none of these actions satisfy all our requirements. In the same way as in the



p-brane case, just considered, one can prove that the action
e—a® . . .
Spp = /dpﬂfﬁpp = /dpﬂﬁ 0 [Goo —2X'Go; + (XAJ — /1’/4/) Gij (2.12)
— (20T5,)" G+ 26" (Foi = N Fyi) + AN T, e ey, XM .. 9, X0,

an = an + 27T0/an7

which possesses the necessary properties, is classically equivalent to the action (2.11). Here
additional Lagrange multipliers «° are introduced, in order to linearize the quadratic term

(Fos = N'Fia) (G (Foy — N Fy)
arising in the action. For other actions of this type, see [38] - [40].

Varying the action Sp, with respect to Lagrange multipliers \™, ', and requiring these
variations to vanish, one obtains the constraints

G()Q — 2>\jGoj + ()\Z)\] - /ﬁli/ij) Gij + (2)\OTDP>2 G + 2I€i (JT-'Oz - )\j./—"ﬂ) = 0, (213)
Goj — )\ZG” = lﬁzE (214)

Instead with the constraint (2.13), we will work with the simpler one
Goo — 2XGo; + (NN + '87) Gy + (20°Tp,) " G = 0, (2.16)
which is obtained by inserting (2.15) into (2.13).

We will use the gauge (A™, k') = constants and for simplicity, we will restrict our consid-
erations to constant dilaton ® = & and constant electro-magnetic field F,,, = F?  on the
Dp-brane worldvolume. In this case, the equations of motion for XM following from (2.12),
are

gux[(00 = N01) (8 — N05) X — (2°T,)* 0 (GG, X™) — 0,0, X
T | (80— X03) X (9 — N9y) X

~ (20'Tpy)" GGUOXM ;XY — kIO XM 9, X Y| (2.17)
= 2\ T Hy ppo 2 QXM 0, XM + Hppyww? (99 — N'0i) XM, XN,

where Hf, o = dc,y1 and Hz = dby are the corresponding field strengths.

2.3 Exact solutions in general backgrounds

The main idea in the mostly used approach for obtaining exact solutions of the probe branes
equations of motion in variable external fields is to reduce the problem to a particle-like one,

9



and even more - to solving one dimensional dynamical problem, if possible. To achieve this,
one must get rid of the dependence on the spatial worldvolume coordinates £°. To this end,
since the brane actions contain the first derivatives 9; X" the brane coordinates X (£™)
have to depend on & at most linearly:

XM(e0 ¢y = AMet Y M(¢),  AM are arbitrary constants. (2.18)

Besides, the background fields entering the action depend implicitly on ¢! through their
dependence on X™. If we choose AM = 0 in (2.18), the connection with the p-brane setting
will be lost. If we suppose that the background fields do not depend on X, the result
will be constant background, which is not interesting in the case under consideration. The
compromise is to accept that the external fields depend only on part of the coordinates, say

X“ and to set namely for this coordinates Ay = 0. In other words, we propose the ansatz
(XM = (X7, X)):

XME, &) = A +YM(E"), X, €) =Y(&"), (2.19)
8NgMN = O, 8,ubMN = O, 8;LbMo...Mp = O, 8HCM0~--Mp = 0. (220)

The resulting reduced Lagrangian density will depend only on £° = 7 if the Lagrange mul-
tipliers A™, k' do not depend on &°. Actually, this property follows from their equations
of motion, from where they can be expressed through quantities depending only on the
temporal worldvolume parameter 7.

Thus, we have obtained the general conditions, under which the probe branes dynamics
reduces to the particle-like one. However, we will not start our considerations relaying on
the generic ansatz (2.19). Instead, we will begin in the framework of the commonly used
in ten space-time dimensions static gauge: X™(£") = £™. The latter is a particular case of
(2.19), obtained under the following restrictions:

(2.21)

Therefore, the static gauge is appropriate for backgrounds which may depend on X° = Y(7),
but must be independent on X? (i = 1,...p). Such properties are not satisfactory in the
lower dimensions. For instance, in four dimensional black hole backgrounds, the metric
depends on X!, X? and the static gauge ansatz does not work. That is why, our next step
is to consider the probe branes dynamics in the framework of the ansatz

XM(1, &) = Mpg™ = AT + A€, X(1,€") =Y"(n), (2.22)

which is obtained from (2.19) under the restriction Y#(7) = Afj7. Here, for the sake of
symmetry between the worldvolume coordinates £° = 7 and ¢!, we have included in X* a
term linear in 7. At any time, one can put A} = 0 and the corresponding terms in the
formulas will disappear. Further, we will refer to the ansatz (2.22) as linear gauges, as far
as X* are linear combinations of £™ with arbitrary constant coefficients.

10



Finally, we will investigate the classical branes dynamics by using the general ansatz
(2.19), rewritten in the form

XH(T, & = AjT + Ai‘ﬁ’ +YH(1), X%7,&) =Y. (2.23)

Compared with (2.19), here we have separated the linear part of Y as in the previous ansatz
(2.22). This will allow us to compare the role of the term Af7 in these two cases.

2.3.1 Static gauge dynamics

Here we begin our analysis of the probe branes dynamics in the framework of the static
gauge ansatz. In order not to introduce too many type of indices, we will denote with Y ¢
Y?, etc., the coordinates, which are not fized by the gauge. However, one have not to forget
that by definition, Y* are the coordinates on which the background fields can depend. In
static gauge, according to (2.21), one of this coordinates, the temporal one Y°(7), is fized to
coincide with 7. Therefore, in this gauge, the remaining coordinates Y* are spatial ones in
space-times with signature (—,+,...,+).

Let us start with the p-branes case.

In static gauge, and under the conditions (2.20), the action (2.5) reduces to (the over-dot
is used for d/dr)

530 = [artge). Vo= [are (221)
V A\ a\ a i a a >
LgG(T) = 4—;){9,11,(3/ )Y Y + 2 [goa(Y*) = Ngia(Y?) + 2X T b1 ,(Y*)] Y

+00(Y?) — 2N g (V) + NN gy (V) — (2A°T;,)* det (g5 (Y?)) + 4>\0prm”_p(ya)}.

To have finite action, we require the fraction V,/\° to be finite one. For example, in the
string case (p = 1) and in conformal gauge (A\! = 0, (2A°7})* = 1), this means that the
quantity Vi /o/ = 27V1T7 must be finite.

The constraints derived from the action (2.24) are:

garY oY + 2 (900 — N'gia) Y+ goo — 2N goi + AN g5 + (2)‘0Tp)2 det(g;) = 0,(2.25)
GiaY O + gio — gi; N = 0. (2.26)

The Lagrangian LgG does not depend on 7 explicitly, so the energy F, = paSGY“ — LiG is
conserved:

ANE,

gaY OY? — gog + 2Xgo; — XN gy + (2A°T;,)? det(gi;) — 4N Tboy,) = >
p

= constant.

11



With the help of the constraints, we can replace this equality by the following one

. ‘ 2\E
90aY * + goo — Ngio + 20\ Tpbor..p = — 7 P (2.27)
p

To clarify the physical meaning of the equalities (2.26) and (2.27), we compute the mo-
menta (2.4) in static gauge

NP = garaY ™ + garo — Ngari + 20°Tobas (2.28)

The comparison of (2.28) with (2.27) and (2.26) shows that PyY = —E,/V, = const and
P?Y = const = 0. Inserting these conserved momenta into (2.25), we obtain the effective
constraint

guY Y =U, (2.29)
where

us = — (2)\0Tp)2 det(gi;) + goo — 2N goi + AN gij + 4X° (Tbor.p + E,/V}) -

In the gauge A" = constants, the equations of motion following from S5 (or from (2.10)
after imposing the static gauge) take the form:

.. . 1 .
GapY? + Doy YOV e = 5aaus + 20, ALY, (2.30)
where
'Aas = Ga0 — /\igai + 2)\0pra1...p-

Thus, in general, the time evolution of the reduced dynamical system does not correspond
to a geodesic motion. The deviation from the geodesic trajectory is due to the appearance of
the effective scalar potential &/ and of the field strength 28[a¢4§] of the effective U(1)-gauge

potential A?. In addition, our dynamical system is subject to the effective constraint (2.29).
Next, we proceed with the Dp-branes case.

In static gauge, and for background fields independent of the coordinates X*
(conditions(2.20)), the reduced Lagrangian, obtained from (2.12), is given by

Vi e—a%o .. . . o
L%g(T) = DZT [gabY“Yb + goo — 2X\"goi + (/\l)\j - HZFG]) Gij
+ 2 (gDa - )\igia + 2/\OT‘D;DBQCDOCal...p + Hibai) Ya
— (2)\OTDP)2 det (gZJ) + 4/\0TDp6a@OC()1__p

268 (b — Nbyi) + dral ! (FG, = N3 .

12



As we already mentioned at the end of Section 2, we restrict our considerations to the
case of constant dilaton ® = ®; and constant electro-magnetic field F? ~on the Dp-brane
worldvolume.

Now, the constraints (2.16), (2.14) and (2.15) take the form

gabYaYb +2 (90a - )\igia) Yo + goo — 2\ go; (2.31)
+ ()\Z/\] + lfil{j) gij + (2)\OTDp)2 det(gw) = 0,
gjaYa + doj — >\zgw — Iiibij = ZWa,liiF;? (232)

basY * + boj — N'bij — K'gi; = =27 (F5 = N'F) -

The reduced Lagrangian L%ﬁ does not depend on 7 explicitly. As a consequence, the
energy Ep, is conserved:

gabYaYb — goo + 2\ go; — (Ai)‘j - “i’fj) 9ij + (2/\OTDP>2 det(gi;) — 4/\OTDp€a%COL..p
Vip

By using the constraints (2.31) and (2.32), the above equality can be replaced by the following
one

—21€i (b()z - /\]bﬂ) — 47TOé,I€i (F(?z — /\JF';) =

= constant.

2.33
Ty (2:33)

GoaY @ + goo — Ngio + 2/\0TDp€a%001...p + k' (bo; + 2w/ Fy;) =
Now, we compute the momenta, obtained from the initial action (2.12), in static gauge

2)\O€a®OPA‘§G = gMaYa —+ gamo — )‘ngj -+ 2)\0TDp€aq)OCM1._,p + /iijj. (234)
Comparing (2.34) with (2.33) and (2.32), one finds that

/

1) T :
POSG = — (ﬁ + —e‘“q")/{]ng) = constant,

0
Vip A
!
To! ,
PiSG = —— 90 F° — constants.
A0 K

As in the p-brane case, not only the energy, but also the spatial components of the momenta

P?Y along the X' coordinates, are conserved. In the Dp-brane case however, P’ are not

identically zero due the existence of a constant worldvolume magnetic field F.
Inserting (2.32) and (2.33) into (2.31), one obtains the effective constraint
gapY Y = U3, (2.35)
where
urs = — (2)\OTDp)2 det(gi;) + goo — 2N goi + (A'N — K'w7) gi;

+4X\%e®0 (Tppcol,,.p + %”) + 2" (boi — Nbj;) + dmwa's" (Fy; — N F3) .
P

13



In the gauge (A\™, k') = constants, the equations of motion following from L%ﬁ (or from
(2.17) after using the static gauge ansatz) take the form:

. . 1 .
9 Y + Top YOV = §aauD5 + 20,,A5°Y?, (2.36)

where

AP = gao — N'gai + 20T ppe™ Car..p + K'bas.

It is obvious that the equations of motion (2.30), (2.36) and the effective constraints
(2.29), (2.35) have the same form for p-branes and for Dp-branes. The difference is in the
explicit expressions for the effective scalar and 1-form gauge potentials.

2.3.2 Branes dynamics in linear gauges

Now we will repeat our analysis of the probe branes dynamics in the framework of the more
general linear gauges, given by the ansatz (2.22). The static gauge is a particular case of the
linear gauges, corresponding to the following restrictions:

(Wp=i=1,...,p; (2):Af = Ay =0;
(3):A] = A =6j; (4):Y(r) =7 e {Yy*}.

P-branes case

In linear gauges, and under the conditions (2.20), one obtains the following reduced
Lagrangian, arising from the action (2.5)

Ly%(r) = %{gdb}*a)}b +2 [(Ag — NAY) Gua + 20T, By, | Y (2.37)
+ (A = NAY) (A = NAY) g — (20°T;) det(A*AYg,0,)

+4)\0TpA6LBM1__p}, Bty = baggy AT A

The constraints derived from the Lagrangian (2.37) are:

gaY Y 2 (A — NAY) g Yo+ (A — NAY) (2.38)
X (A§ = NAY) g, + (20°T;)° det(AFA%g,,) =0,
A [QWY“ + (A§ — NAY) gﬂy} = 0. (2.39)

The Lagrangian L5 does not depend on 7 explicitly, so the energy E, = pLGya — LG s
conserved:

GapY Y — (A = NAY) (A5 = NAY) g + (20°T;)° det(A¥AYg,)
ANE,

p

= constant.

—ANT, Ay By, =
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With the help of the constraints (2.38) and (2.39), one can replace this equality by the
following one

N [+ (8§ = VA g+ 20T, By ] = -5 (2.40)
p
In linear gauges, the momenta (2.4) take the form
2A°PLE = guaY* + (A§ — NAY) gary + 20T, Bt (2.41)
The comparison of (2.41) with (2.40) and (2.39) gives
AG‘P;G = 5 = constant, AijG = constants = 0.

Vo

Therefore, in the linear gauges, the projections of the momenta PNLG onto A are conserved.
Moreover, as far as the Lagrangian (2.37) does not depend on the coordinates X*, the
corresponding conjugated momenta PNLG are also conserved.

Inserting (2.40) and (2.39) into (2.38), we obtain the effective constraint
guY Yt =U",
where the effective scalar potential is given by
UF = — (20°T,)" det(A¥AYg,,) + (A — NAY) (A — NAY) g

E
+4\° <TpA6LB“1,Hp - vp) :
p

In the gauge \™ = constants, the equations of motion following from L]fG take the form:
. . 1 .
gabe + Fa,chbYc = EaauL + 28[&"415]/}/})7
where

AL = (A = XA g+ 2T B

is the effective 1-form gauge potential, generated by the non-diagonal components g,,, of the
background metric and by the components b, ..., of the background (p + 1)-form gauge
field.

Dp-branes case

15



In linear gauges, and for background fields independent of the coordinates X*
(conditions(2.20)), the reduced Lagrangian, obtained from (2.12), is given by

LG = YL ey (AR - NAR) (Af - NAY) — RiRIAAY
Dp(T) = A0 Gab +[( 0 z)( 0 j) KRy j}gw
+ 2 [(Af = NAY) gua + 20T ppe™® Cor.pp + K ALD,, | Y
— (2X°Tpy)” det(A¥AYg,,) + 4N Ty AL Con

= 2N (NG = NAY) by + dma'n (Fg = NF3) b,
where the following shorthand notation has been introduced

= M1 7
CMlp —_— CM/»LluuupAl .. App.

Now, the constraints (2.16), (2.14), and (2.15) take the form

GapY OV + 2 (Af — N'A) GuaY * + (2)\0TDp)2 det(A;AYg,u) (2.42)
+ [(AG — NAY) (A§ — MAY) + &5 ALAY] g = O,
A [guaY™ + (A§ = NA) g + A2y, | = 2mal TP, (2.43)

A [bﬂaya + (Af = NMAY) b + ’fjA;gW] = 2ma’ (Fg, = N ) .

The reduced Lagrangian LLDg does not depend on 7 explicitly. As a consequence, the
energy Ep, is conserved:

guY 7Y — [(Af — NAY) (Al — NAY) — kIRIAAY] g,

+ (20°Tpy) " det(A¥AYg,,) — 4N Tp,e® AL Cr

4)\0EDp eaq)o
Vop

= constant.

21 Al (Af = NAY) by, — dma's’ (Ff, = N F}) =

By using the constraints (2.42) and (2.43), the above equality can be replaced by the following
one

Al [QWY“ + (Af = NAY) g + 20T e Cly , + FJ’A;bW] (2.44)
. INE
1ora/ K = — 25 PR oo,
Voy

In linear gauges, the momenta obtained from the initial action (2.12), are

2)\06a¢0P]\l}[G = gMaYa + (Ag — )\]A;) 9my + QAOTDpeaq)OCMlmp -+ K,jA]V-bM,,. (245)
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Comparing (2.45) with (2.44) and (2.43), one finds that the following equalities hold

/

E T .
AgPHLG =— (V—Dp + Fe““#ﬂ%) = constant,
Dp

o/

APLE = ——

e~ 0 FO = constants.
20 ij

They may be viewed as restrictions on the number of the arbitrary parameters, presented in
the theory.

As in the p-brane case, the momenta P#LG are conserved quantities, due to the indepen-
dence of the Lagrangian on the coordinates X*.

Inserting (2.43) and (2.44) into (2.42), one obtains the effective constraint
gabYaYb = uDL7
where

UPE = [(A = NAF) (A = NAY) — KTKIALAY] g,
E

— (2\"Th)” det(Af A g,) + 4N (TDpAscul...p + v—>
P

+26A (NG = NAY) by, + dmad k' (Fgy = NFY) .

In the gauge (A", k') = constants, the equations of motion following from L7 take the
form:
. o 1 .
9uY? + TapeY Ve = Z0UP" + 20, ATV,
where

AP — (A= N AP gopy + 2X0Tp,pe®Clr_y + KAV D,.

It is clear that the equations of motion and the effective constraints have the same form
for p-branes and for Dp-branes in linear gauges, as well as in static gauge. The only difference
is in the explicit expressions for the effective scalar and 1-form gauge potentials.

2.3.3 Branes dynamics in the whole space-time

Working in static gauge X™(") = £™, we actually imply that the probe branes have no
dynamics along the background coordinates ™. The (proper) time evolution is possible
only in the transverse directions, described by the coordinates x®.

17



Using the linear gauges, we have the possibility to place the probe branes in general
position with respect to the coordinates z*, on which the background fields do not depend.
However, the real dynamics is again in the transverse directions only.

Actually, in the framework of our approach, the probe branes can have ’full’ dynamical
freedom only when the ansatz (2.23) is used, because only then all of the brane coordinates
XM are allowed to vary nonlinearly with the proper time 7. Therefore, with the help of
(2.23), we can probe the whole space-time.

We will use the superscript A to denote that the corresponding quantity is taken on the
ansatz (2.23). It is understood that the conditions (2.20) are also fulfilled.

P-branes

Now, the reduced Lagrangian obtained from the action (2.5) is given by

LA(r) = %{gMNY'MYN +2 [(Ag — NAY) gun + 20T, By, | YV
+ (A= NAY) (AY = MAY) g — (20°T;) " det(AYAY g,

+4)\0TpAgBM1___p}.

The constraints, derived from the above Lagrangian, are:

GunYMY'N £ 2 (A — NAY) gun YN + (Al — NAY) (2.46)
x (A = NAY) g + (20°T;)° det(A*AYg,,) = 0,
AP [g#NYN + (MY — NAY) gﬂ,,} = 0. (2.47)

The corresponding momenta are (Py; = Piy/V})
2X° Py = gunY™N + (A§ — N¥AY) gary + 20T, Bas..p,
and part of them, P,, are conserved
gMNYN + (Ag — )\jA;) Guv + QAOTPB#LHP = 2)\0Pﬂ = constants, (2.48)

because L' does not depend on X*. From (2.47) and (2.48), the compatibility conditions
follow

AP, =0. (2.49)

We will regard on (2.49) as a solution of the constraints (2.47), which restricts the number
of the arbitrary parameters AY and P,. That is why from now on, we will deal only with
the constraint (2.46).
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In the gauge \™ = constants, the equations of motion for YV, following from L;f‘, have
the form

gLNYN + FLMNYMYN = 58[]/{7’” + 26[LA§<}}YN, (250)
where

U™ = — (2X°T,)" det(AA%g,) + (A — NAY) (A§ = NAY) g
+ANT,AG By,
N = (Ag - AiAf) INp + 2)\0TPBN1~~Z"

Let us first consider this part of the equations of motion (2.50), which corresponds to L = .
It follows from (2.20) that the connection coefficients I'y y/n, involved in these equations, are

1

1
Iaab = = (0agor + Ogar),  Trpe = 5

9 aagu)n F)\,uu =0.

Inserting these expressions in the part of the differential equations (2.50) corresponding to
L = X\ and using that gy y = ye OugMN, B p= =Y%9,By. p, One receives

d . .
— [gNNYN + (A = NAY) g+ 2A0TPBM,,,I,] —0.
These equalities express the fact that the momenta P, are conserved (compare with (2.48)).
Therefore, we have to deal only with the other part of the equations of motion, corresponding
toL=a

gaNY + Fa MNYMYN = —8 Z/{m + 28[a YN (251)

Our next task is to separate the variables Y* and Yo in these equations and in the
constraint (2.46). To this end, we will use the conservation laws (2.48) to express Y through
Ya. The result is

Yie= (97" [2A°(P TyBoi..p) — GuaY @] — (A5 — NAY). (2.52)

We will need also the explicit expressions for the connection coefficients I'y ,, and I' .,
which under the conditions (2.20) reduce to

1 1

I‘a,,ub = _5 (azngu - abgau) - _a[agb]uy Fa,,uu = 3

20(19“”. (2.53)

By using (2.52) and (2.53), after some calculations, one rewrites the equations of motion
(2.51) and the constraint (2.46) in the form

ha YO + T8, yoye = aauA + 20, A5 Y, (2.54)

a,bc

hapY Y = U4, (2.55)
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where a new, effective metric appeared

hab = Gab — gau<gil)wjgub-
Fh

abe 18 the connection compatible with this metric

1
Fh = 5 (abhca + achba - aahbc) .

abc —
The new, effective scalar and gauge potentials are given by
Ut = — (23°T;) det (AA%g,,) — (2A2 (B, — TpBup) (67" (P, — TyBur.p)
Af =2\ [gau (Q_I)W (P = TpBu.p) + TpBal...p] .

We note that Egs. (2.54), (2.55), and therefore their solutions, do not depend on the
parameters A and A’ in contrast to the previously considered cases. However, they have
the same form as before.

Dp-branes
The reduced Lagrangian, obtained from (2.12), is given by
A VDpefaq)0 ‘MV'N " PA R v JAv i GABAY
Lh(r) = "2 { Y MY 4 [(Af = NA) (Af = NAY) = KA g

+ 2 [(Af = NAY) gun + 2X 0T e Crp + K ALy, | YN
— (2X°Tpy)” det(A¥A%g,,) + 4N T, AL Cpn
— 26N (NG = NAY) by + 4md k' (Fy, — N F) }7

The constraints (2.16), (2.14), and (2.15) take the form

GunY MYN 12 (M) — NAY) gun YN + (20°Tp,) " det (A AY g, (2.56)
+ [(Af = XAL) (A — NAY) + k'R AYAY] g = 0,

A} [QMNYN + (A§ — )\jA;f) v + lijAngV} = 27To//<oiji (2.57)
AL [bMNYN + (A = NAY) by, + njA;.gW] = ora’ (Fg — NFS).  (2.58)

Because of the independence of L7}, on X*, the momenta PP = PP4/Vp, are conserved
QAOe“‘I)OPf = gMNYN + (Ag — )\jAJ”») Guv + 2)\0TDpe“%CM1n_p + mjAJVbMV = constants.(2.59)
From (2.57) and (2.59), one obtains the following compatibility conditions

s

wpD —adg i 170
AJPM o )\06 ’%Fij?
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which we interpret as a solution of the constraints (2.57).

In the gauge (\™, k') = constants, the equations of motion for YV, following from Lgp,
take the form

ginY N + T ynYMYN = §aLqu + 20 ARTY'Y, (2.60)

where

UP™ = — (2)°7,) det (MY A% gu) + [(Af — NAL) (A — NAY) — k' AYAY] g,
FANTppe™ NG Clr..p — 26" AL (Af — M AY) by,
Agm = (Ag — )\jAJV) gnNy + QAOTDpeaq)OCNle + /{jAJV»bN,,.

As in the p-brane case, this part of the equations of motion (2.60), which corresponds to

L = )\, expresses the conservation of the momenta Pf , in accordance with (2.59). The
remaining equations of motion, which we have to deal with, are

Gan YN + Ty YMYN = §aaqu + 20, ARY Y. (2.61)

To exclude the dependence on Y* in the Egs. (2.61) and in the constraints (2.56), (2.58),
we use the conservation laws (2.59) to express Y# through Y

Y= (g )" [moea%(P,P — TppCut.p) = Gua¥ * — ,-#Ag.’b,,p] — (Af = XA, (2.62)

By using (2.62) and (2.53), one can rewrite the equations of motion (2.61) and the con-
straint (2.56) as

.. o 1 )
ha YO +Th, yoye = §aauDA + 20 ARY?, (2.63)

a,bc

hapY Y = UPA, (2.64)
Now, the effective scalar and 1-form gauge potentials are given by

ubt = — (2)\0Tp)2 det(AYAYg,,) — k"W ALAY g,
- [2)‘06(1%(]3;? —TppChi..p) — ’fiA?buA] (g_l)w
< [0 H(PD T, Cor ) — A%, |
AP = gau (971" 200" (PP — Tp,Cin..p) — K A2D,,]
+ 20°Tp,e"®Cuy p + K Aby,.
Egs. (2.63), (2.64), have the same form as in static and linear gauges, but now they do

not depend on the parameters A and \*. Another difference is the appearance of a new,

effective background metric hy, and the corresponding connection ngc.
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In the D-brane case, we have another set of constraints (2.58), generated by the Lagrange
multipliers x°. With the help of (2.62), they acquire the form

{[ba = 9ap (97" 0] V4 by (97)" [0 (PP = Ty Corp) = WA

KN g JAY = ~2mal (Fg; — NFG)

2.3.4 Explicit solutions of the equations of motion

All cases considered so far, have one common feature. The dynamics of the corresponding
reduced particle-like system is described by effective equations of motion and one effective
constraint, which have the same form, independently of the ansatz used to reduce the p-
branes or Dp-branes dynamics. Our aim here is to find ewzplicit exact solutions to them. 3
To be able to describe all cases simultaneously, let us first introduce some general notations.

We will search for solutions of the following system of nonlinear differential equations

a,bc

GuY Y =U, (2.66)

. L 1 .
GupY? + 19, VPV = 50l + 2010 Ay Y, (2.65)

where Gu, T'9, . U, and A, can be as follows

a,bc?

Gap = (galn hab) s Fag’bc = (Fa,bcv FZl,bc) )
U = (Z/{S Z/{DS uL uDL uA uDA)
A _ (AS ADS AL ADL AA ADA)

depending on the ansatz and on the type of the brane (p-brane or Dp-brane).

Let us start with the simplest case, when the background fields depend on only one
coordinate X® = Y%(7). * In this case the Eqgs. (2.65), (2.66) simplify to (d, = d/dY?)

(G — 5aGin (V) = gt (2.67)
Gus (YG)Q ~u, (2.68)

where we have used that

.. .o d
b b
GaupY" + Fag,ch Vo= I
3The additional restrictions on the solutions, depending on the ansatz and on the type of the branes, will
be discussed in the next section.

4An example of such background is the generalized Kasner type metric, arising in the superstring cos-
mology [41] (see also [42], [43]).

(Gud") — 500GV
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After multiplying with 2G.,Y® and after using the constraint (2.68), the Eq. (2.67) reduces
to

5;{(gwi”)2—-gm¢4 —0. (2.69)

The solution of (2.69), compatible with (2.68), is just the constraint (2.68). In other words,
(2.68) is first integral of the equation of motion for the coordinate Y*. By integrating (2.68),
one obtains the following exact probe branes solution

ﬂXﬂzmi/W(u)Aﬂm, (2.70)

XS‘ gaa

where 79 and X§ are arbitrary constants.

When one works in the framework of the general ansatz (2.23), one has to also write down
the solution for the remaining coordinates X*. It can be obtained as follows. One represents
Y# as

. dY* .
YH = Y*
dye" ’
and use this and (2.68) in (2.52) for the p-brane, and in (2.62) for the Dp-brane. The result
is a system of ordinary differential equations of first order with separated variables, which
integration is straightforward. Replacing the obtained solution for Y#(X®) in the ansatz
(2.23), one finally arrives at

XX E) = X+ A NT(X) + €] (2.71)

Xxe ,
_/ (971)/1
Xg

for the p-brane case, and at

haa

0 U4 -1/2
Gva F 2\ (Pu - TpBV]_...p) dx

XH(X®€) = X+ A [N7(X?) + €] (2.72)
. DAN —1/2
_ /X ) (5" {gyaqc [2X%%% (PP — Tp,Con. ) — K A%D,,,] (1/2_ ) } .

for the Dp-brane case correspondingly. In the above two exact branes solutions, X/ are
arbitrary constants, and 7(X®) is given in (2.70). We note that the comparison of the
solutions X#(X%, £) with the initial ansatz (2.23) for X* shows, that the dependence on A}
has disappeared. We will comment on this later on.

Let us turn to the more complicated case, when the background fields depend on more
than one coordinate X* = Y(7). We would like to apply the same procedure for solving
the system of differential equations (2.65), (2.66), as in the simplest case just considered.
To be able to do this, we need to suppose that the metric G, is a diagonal one. Then one
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can rewrite the effective equations of motion (2.65) and the effective constraint (2.66) in the
form

(G V0, (Gt (273

+Y° b#za {8 (Z:Z) <gbbY ) 48[a¢4b]gaa =0,

Gua (Y“>2 +Y Gy (Yb)2 =U. (2.74)
ba

To find solutions of the above equations without choosing particular background, we fix
all coordinates X except one. Then the exact probe brane solution of the equations of
motion is given again by the same expression (2.70) for 7(X*). In the case when one is
using the general ansatz (2.23), the solutions (2.71) and (2.72) still also hold.

To find solutions depending on more than one coordinate, we have to impose further
conditions on the background fields. Let us show, how a number of sufficient conditions,
which allow us to reduce the order of the equations of motion by one, can be obtained.

First of all, we split the index a in such a way that Y is one of the coordinates Y%, and Y
are the others. Then we assume that the effective 1-form gauge field A, can be represented
in the form

-Aa = (Ara -Aoc) = (Ary aozf)» (275)

e., it is oriented along the coordinate Y, and the remaining components A, are pure
gauges. Now, the Eq.(2.73) read

% (gww)z — Y04 (Gaold) (2.76)
+Ya |:6 <f£j) (grryr> 2gaa804 (-’47’ - arf) YT:|
3o (G2) (@) <o
ddT (gWYT> Y70, (G ) (2.77)
r gT'T v 2 ro|
7Y {ar ( gw) (o) + 26,04 (A, — 0,) ¥ } 0.
After imposing the conditions
gaa rr 2 _
Ba (g> —0, 0. (QMY ) —0, (2.78)
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the Eq.(2.76) reduce to

% (gaai/a>2 —Y°9, {gm [u +2(A, — 0, f) Y’“] } =0,

which are solved by
(gmw)2 = Do (Y5) 4 Gaa [U +2(A, = 0,1) V7| = Ba (VF) 2 0, (2.79)

where D, E, are arbitrary functions of their arguments. (E, = E, (Yﬁ) follows from
(2.80)).

To integrate the Eq. (2.77), we impose the condition

9, (nga>2 —0. (2.80)

After using the second of the conditions (2.78), the condition (2.80), and the already obtained
solution (2.79), the Eq. (2.77) can be recast in the form

% {(Q’MY’“)Q +2G, (A, — 0,f) Y’"]

Da (Ya;éoz)

— V"9, {gw [(1 o) (U+2(A = 0.0)Y7) =37 Goo

3

where n,, is the number of the coordinates Y®. The solution of this equation, compatible
with (2.79) and with the effective constraint (2.74), is

Da (Yzz;éa)

= E, (Y") > 0,(2.81
. (¥7) 2 0,(2:81)

(w’")z =G, [(1 = na)U = 20 (A = 0, /)Y" =3

a

where F,. is again an arbitrary function.

Thus, we succeeded to separate the variables Y and to obtain the first integrals (2.79),
(2.81) for the equations of motion (2.73), when the conditions (2.75), (2.78), (2.80) on
the background are fulfilled. ® Further progress is possible, when working with particular
background configurations, having additional symmetries (see for instance, [35]).

To summarize, we addressed here the problem of obtaining explicit exact solutions for
probe branes moving in general string theory backgrounds. We concentrated our attention
to the common properties of the p-branes and Dp-branes dynamics and tried to formulate an
approach, which is effective for different embeddings, for arbitrary worldvolume and space-
time dimensions, for different variable background fields, for tensile and tensionless branes.

5 An example, when the obtained sufficient conditions are satisfied, is given by the evolution of a tensionless
brane in Kerr space-time. Moreover, in this case, one is able to find the orbit r = r(6) [44].
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To achieve this, we first performed an analysis with the aim to choose brane actions, which
are most appropriate for our purposes.

Next, we formulated the frameworks in which to search for exact probe branes solutions.
The guiding idea is the reduction of the brane dynamics to a particle-like one. In view of the
existing practice, we first consider the case of static gauge embedding, which is the mostly
used one in higher dimensions. Then we turn to the more general case of linear embeddings,
which are appropriate for lower dimensions too. After that, we consider the branes dynamics
by using a more general ansatz, allowing for its reduction to particle-like one. The obtained
results reveal one common property in all the cases considered. The effective equations of
motion and one of the constraints, the effective constraint, have the same form independently
of the ansatz used to reduce the p-branes or Dp-branes dynamics. In general, the effective
equations of motion do not coincide with the geodesic ones. The deviation from the geodesic
motion is due to the appearance of effective scalar and 1-form gauge potentials. The same
scalar potential arises in the effective constraint.

Also, we considered the problem of obtaining ezplicit exact solutions of the effective equa-
tions of motion and the effective constraint, without using the explicit structure of the
effective potentials.

In the case when the background fields depend on only one coordinate x* = X*(7), we
showed that these equations can always be integrated and give the probe brane solution in
the form 7 = 7(X®), where 7 is the worldvolume temporal parameter. We also give the
explicit solutions for the brane coordinates X* in the form X* = X*(X* &'). They are
nontrivial when one uses the more general ansatz (2.23). Let us remind that x* are the
coordinates, on which the background fields do not depend.

In the case when the background fields depend on more than one coordinate, and we fix all
brane coordinates X* except one, the exact solutions are given by the same expressions as in
the case considered before, if the metric G, is a diagonal one. In this way, we have realized
the possibility to obtain probe brane solutions as functions of every single one coordinate,
on which the background depends. In the case when none of the brane coordinates is kept
fixed, we were able to find sufficient conditions, which ensure the separation of the variables
X% =Y*(r). As a result, we have found the manifest expressions for n, first integrals of the
equations of motion, where n, is the number of the brane coordinates Y.

In obtaining the solutions described above, it was not taken into account that some
restrictions on them can arise, depending on the ansatz used and on the type of the branes
considered. As far as we are interested here in the common properties of the probe branes
dynamics, we will not make an exhaustive investigation of all possible peculiarities, which can
arise in different particular cases. Nevertheless, we will point out some specific properties,
characterizing the dynamics of the different type of branes for different embeddings.

We note that in static gauge, the brane coordinates X figuring in our solutions, are
spatial ones. This is so, because in this gauge the background temporal coordinate, on
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which the background fields can depend, is identified with the worldvolume time 7.

The solutions X* (X, £%), given by (2.71) for the p-brane and by (2.72) for the Dp-brane,
depend on the worldvolume parameters (7, £%) through the specific combination A (A1 + £°).
It is interesting to understand if its origin has some physical meaning. To this end, let us
consider the p-branes equations of motion (2.10) and constraints (2.6), (2.7) in the tensionless
limit 7,, — 0, when they take the form [1, 2]

grLN (80 — )\Z&) (80 - )\jaj) XN + FL,MN (80 — )\182) XM (80 — )\j(‘?j) XN = 0,
gMN (80 — )\Z(?Z) XM (80 — )\jaj) XN = 0, (282)
gun (8o — N'9;) XM XN =0,

It is easy to check that in D-dimensional space-time, any D arbitrary functions of the type
FM = FM (\ir + €%) solve this system of partial differential equations. Hence, the linear part
of the tensile p-brane and Dp-brane solutions (2.71) and (2.72), is a background independent
solution of the tensionless p-brane equations of motion and constraints.

Let us also point out here that by construction, the actions used in our considerations
allow for taking the tensionless limit 7, — 0 (1p, — 0). Moreover, from the explicit form
of the obtained exact probe branes solutions it is clear that the opposite limit 7, — oo
(Tpp — 00) can be also taken.

We have obtained solutions of the probe branes equations of motion and one of the
constrains, which have the same form for all of the considered cases. Now, let us see how
we can satisfy the other constraints present in the theory. These are p constraints, obtained
by varying the corresponding actions with respect to the Lagrange multipliers \'. For the
Dp-brane, we have p additional constraints, obtained by varying the action with respect
to the Lagrange multipliers x°. Actually, the constraints generated by the A-multipliers
are satisfied. Due to the conservation of the corresponding momenta, they just restrict the
number of the independent parameters present in the solutions. The only exception is the p-
brane in static gauge case, where the momenta P°¢ must be zero. Let us give an example how
the problem can be resolved in a particular situation, which is nevertheless general enough.
Let the background metric along the probe p-brane be a diagonal one. Then from (2.26)
and (2.28) it follows that the momenta P’ will be identically zero, if we work in the gauge
A" = 0. In the general case, and this is also valid for the ‘- generated constraints, we have
to insert the obtained solution of the equations of motion into the unresolved constraints.
The result will be a number of algebraic relations between the background fields. If they are
not satisfied (on the solution) at least for some particular values of the free parameters in
the solution, it would be fair to say that our approach does not work properly in this case,
and some modification is needed.

Finally, let us say a few words about some possible generalizations of the obtained results.

As is known, the branes charges are restricted up to a sign to be equal to the branes
tensions from the condition for space-time supersymmetry of the corresponding actions. In
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our computations, however, the coefficients in front of the background antisymmetric fields
do not play any special role. That is why, to account for nonsupersymmetric probe branes,
it is enough to make the replacements

Tpbpr1 = Qpbpi1,  Topeprr — QppCpta-

In our Dp-brane action (2.12), we have included only the leading Wess-Zumino term of
the possible Dp-brane couplings. It is easy to see that our results can be generalized to
include other interaction terms just by the replacement

cp+1—>cp+1—|—cp,1/\b2+....

This is a consequence of the fact that we do not used the explicit form of the background
field cag..a,- We have used only its antisymmetry and its independence on part of the
background coordinates.

2.4 Particular cases
2.4.1 Tensionless string in Demianski-Newman background

The metric for Demianski-Newman space-time is of the following type:
ds* = goo(dz®)? + 2go1da’da’ + 2go3da’da® + 2g13datda® + goo(dax?)? + gas(da®)?.

It can be put in a form in which the manifest expressions for g, are given by the equalities
(all other components are zero):

sin® 6

@2
go = —exp(+2U) , g = (1 — T) exp(—2U),
g2 = (R*—a’sin®0)exp(—2U), (2.83)
2(Mr 4+ asin? § + 2R?I cos §
R2 — a?sin® 0

2(Mr + l)asin? § + 2R? cos f
S 2U
903 R2 — a?sin® 0 exp(+20),

2
g3 = R*sin*fexp(—2U) — ] exp(+2U),

where
+1

Mr+1(acosf+1) R2— 2 _oMr+a? — [

1—2 .
r2 + (acosf +1)

exp(£2U) =

M is a mass parameter, a is an angular momentum per unit mass and [ is the NUT parameter.
The metric (2.83) is a stationary axisymmetric metric. It belongs to the vacuum solutions
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of the Einstein field equations, which are of type D under Petrov’s classification. The Kerr
and NUT space-times are particular cases of the considered metric and can be obtained
by putting [ = 0 or @ = 0 in (2.83). The case [ = 0,a = 0 obviously corresponds to the
Schwarzschild solution.

Solving the equations of motion and constraints (2.82) for the string case (p = 1) in
Demianski-Newman background, one can find the following solution [1]

r ot e
1t = = [ & sinfgj A exp(+20) — O exp(—205) | W12,
To
/ CO + 03./40 _1/2
Y=o = F drm eXp(+2UO)W s (284)
0
Ci(t—1) = :t/er_l/2,
0
- CO+ 3 Ay
W = (R?—d?sin®6,) " |[(C?)°R? - %exp(%%) ,
0
2(Mr + l)asin® 0y + 2R? cos
A = R2 — a?sin? 6, » Vo= U=,
to,T0, Yo, To — constants.

2.4.2 Tensionless p-branes in a solitonic background

The solitonic (d — 1)-brane background is given by

ds?* = gundzMdz = exp (24) ndatdz” + exp (2B) <d7"2 + TQdQQD—J—l) ’

d = kq T

exp (2A) =1+ ] , exp(2B) =1+ ] . kj=const,

d+d=D -2, 1, =dag(—+,...,+), pmr=01,.,d—1.

The (D — d— 1)-dimensional sphere S” —d-1 jq supposed to be parameterized so that
D—k—1 .
gee = exp(2B)r® [ sin’6,, D-k-1=12..D—d-2
n=1

gp-1p-1 = exp(2B)r’.

In this background the following tensionless p-brane solutions of the equations of motion
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and constraints (2.82) do exist [2]

—-1/2
r k- OD_l 2 k- _
y#:yg:tE“/ du(l—l——j)(f—( 2) —i—gd .=y

d
"o u u u

Jo (EO,EI,...,Eff—l) - (C(Ji—l,cl,...,oco) :

“1/2
[T du CP1)* gk -
s@zsooiCDl/§<€—( u2) + ;e =yth (2.85)
_d_ 2 —1/2
r \ 7+a CD—l B
T:Toj:/ clu(ljtk—zll)+ (5—< 2) +€]zd> ;
ro u u u
9 d—2
= BB, = (COT) = (0C) = Y () = 0,

1

o
I

Let us restrict ourselves to the particular case of ten dimensional solitonic 5-brane back-
ground. The corresponding values of the parameters D, dand dare D =10,d =6, d = 2.
Taking this into account and performing the integration in (2.85), one obtains the following
explicit exact solution of the equations of motion and constraints for a tensionless p-brane
living in such curved space-time (C = ks — (C°)* /€ > 0)

ksB" S

v =uo T ke . 1/2
(Cg) crz + <1 + Q)

e O [ rag
SO_QOO:F n 1/2 )
2

k?) 1/4 C 1/2 9
T=7F (—6) /2 (1 + ﬁ> B (3/4, 1,—-3/4;3/2,3/4;1 +

.
L 2.
cig? C' ke (2.86)

k3r2 1/4 r2 2
2 =50 Fy(1/4,1/2,-3/4;5/4, -2 -0
+ (CQ€2> 1( / 5 / 5 / ) / ) Ca k6

)
i%\/g Py (1/47 1/2;—1/4;1 — %)

;%\/g (1 - %)MQH (1/4, 3/2;3/4; (1 - %) 1) .
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2.4.3 String and D-string solutions in other backgrounds

Let us first give an explicit example of exact solution for a string moving in four dimensional
cosmological Kasner type background. Namely, the line element is (2° = ¢)

3
ds® = gundz™Mdz™ = —(dt)* + Zth“(dx“)Q, (2.87)
pn=1
3 3
dgu=1 D qg=1 (2.88)
p=1 p=1

For definiteness, we choose ¢, = (2/3,2/3,—1/3). Then, one can obtain the following exact
solution of the equations of motion and constraints in the considered particular metric [3]

Xt (t,o) =X +CL (AT +0) £ ATT), T(t) =70 £ I°(t), (2.89)

[M(t)z/tduuqu (V)2 g =(0,2/3,2/3,—1/3),

to

and V7 is the corresponding effective scalar potential.

Although we have chosen relatively simple background metric, the expressions for I are
too complicated. Because of that, we shall write down here only the formulas for the two
limiting cases 7" = 0 and T" — oo for t > t; > 0. The former corresponds to considering
tensionless strings (high energy string limit).

When T = 0, I reads

™ ! [ PR Fi(1/2 1/3 2/3 =
= 17 — 2 1( v — 1795 qn + 5_W>
to* | ey Dl = U3)T(5/6 — qu)
+m o F1 (1/2,5/6 — qar; 11/6 — qur; —At5) + NI :
where
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When T — oo, I™ are given by the equalities

1 6 1
0 _ 1/3
I’ = i—4A0TCi Et/ (1/2 —1/6;5/6; C’2t2)
3 3 2 I'(-1/6)1"(2/3)
— St 2k (1/2,2/3;5/3; —C*t3) + NGk :
e oo, | . (14 Ccx2)'? -1 . (14 cx2)? -1
ANTCE | (14 c2) 2+ 1 (1+C262)'? 41
1 1/2 1/2
P = t5reic (1) = (14 )]

where

oo (O ()
()

Our choice of the scale factors (tz/ 8 4213 =1/ 3) was dictated only by the simplicity of the
solution. However, this is a very special case of a Kasner type metric. Actually, this is one of
the two solutions of the constraints (2.88) (up to renaming of the coordinates z*) for which
two of the exponents g, are equal. The other such solution is ¢, = (0,0, 1) and it corresponds
to flat space-time. Now, we will write down the exact tensionless string solution (7" = 0) for
a gravity background with arbitrary, but different g,. It is given by (2.89), where

Ai/A:t)Zk t,P

M
I'(t) = constant — ~— Z RT2 R P

1/2 + k,

2(2 — 1)’ 2(q2 — q1) Ay
PE2(Q2_Q3)k+q2+1_2QM7 QM:<O7QI7q27Q3)7 for q1 > q2,

P 2(q2—q3)k+3q2—2q1+1—2qM;_ (A_1i>2t2(q2q1)> |

and

(A% /Ai)% 1

M —
I (t) = constant —|— Z HC(12—F) Q X

4\ 2
B1sk -2 Aoz @ktda=2et 120 (A_i) o) |
2(611 - Q2) 2(611 - CIQ) Ay

Q=2(q —@)k+aq+1—-2qy, forq <g.

Because there are no restrictions on g, except ¢1 # g2 # g3, the above probe string solution
is also valid in generalized Kasner type backgrounds arising in superstring cosmology. In
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string frame, the effective Kasner constraints for the four dimensional dilaton-moduli-vacuum
solution are

3 3
Zq#:1+lC, Zqizl—lﬁa,
p=1 p=1

—1-/3(1-B) <K< -14++/3(1-8B2), B*clo1].

In Einstein frame, the metric has the same form, but in new, rescaled coordinates and with
new powers ¢, of the scale factors. The generalized Kasner constraints are also modified as
follows

3 3
- 1 -~ - 1 -~
i, =1 P =1-B-=-K% B>+=K?’€e]0,1].
;qu , ;qu K2 +5K* e (0.1]

Actually, the obtained tensionless string solution is also relevant to considerations within a
pre-big bang context, because there exist a class of models for pre-big bang cosmology, which
is a particular case of the given generalized Kasner backgrounds.

Our next example is for a string moving in the following ten dimensional supergravity
background given in Einstein frame

ds® = gy yda™da™ = exp(2A)nnndz™dz™ + exp(2B) (dr* + r?dQ3)

k
exp [=2(¢ — ¢o)] =1+ —, o, k = constants,
r

Azg(fﬁ—%)a B:—i(éf)—ﬁbo)? 301=—exp{—2(¢—%¢0)}‘

All other components of B,y as well as all components of the gravitino ¢, and dilatino A
are zero. If we parameterize the sphere S” so that

7j—1
g{%fﬂofj = exp(2B)r? H sin? %7t 5 =237, g&y = exp(2B)r?,
1=1

the metric g¥  does not depend on 2%, z! and 23, i.e. u = 0,1,3. Then we set [3] y* = y& =
constants for a = 4,...,9 and obtain a solution of the equations of motion and constraints
as a function of the radial coordinate r:

X*(r,o) =X+ C% (/\17' + 0) +I*(r), 7(r)=mxI(r),

" k k _
I"r) = nm”/ du [Bff 4+ 2\ T, CF exp (— o /2) <1 + @)] <1 + E) w2,

70

3(r) = B?:_L Tdu 1) _ : 10—l . " —1/2
(r) = =3 —W,i7 s= | | sinyy, *,  I(r) = exp(¢o/2) duW,_ """,
=1

2
) u T
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where

)]

We = { {Bgc 4+ 2X°TCL exp (— o /2) ( uﬁ
+ 0 0 B?;i ’ 1
- |:Bl —2A TC:‘: exXp ( ¢0/2 (T) @

—I—(2)\0T)Qexp(¢g){[(6’i) (L) ]( +u> ~ (Cts)? ﬁ}.

This is the solution also in the string frame, because we have one and the same metric in

the action expressed in two different ways.
The above solution extremely simplifies in the tensionless limit 7" — 0. Let us give the

manifest expressions for this case. For rq < r, they are

. Bf :
%g%lm(r) =n""BL (J'+ kJ°), 11%]3( r) = 8—3J27 %IL%](T) = J°
where
JA(r) = — a
\/(BSE)2 - (Bt
1 & r (—“*—5*5) (k/ro)" (~ento=t _ppy) §
Py 1—2—r
1 & r (—2n+ﬁ+3) (—5/7‘8)” (2481 o) k
_ Py v 1—2-r;") ¢,
ro ! Z(2n+6—1) D () T () < 50 )
0= <B§E/s)

2 2
(B7)" - (B7)
and P )(z) are the Jacobi polynomials. To obtain the solution for ry > r, one has to

n
exchange 7 and r( in the expression for J%.
Now let us turn to the case of a D-string living in five dimensional anti de Sitter space-

time. The corresponding metric may be written as
2

r? r2\ 7
9002—(1‘1‘@)7 9112(14‘?) ;
9o = rPsin’ 2 sin’ 2t,  ggy =r7sin’ a2t gu =1

where K = —1/R? is the constant curvature.
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The exact string solution as a function of r found in [3] is

r w7 ~1/2
XO(r,0) = X$+ CL (\'r +0) F BSE/ du (1 + ﬁ) (900VE%) ™2,
To

Bf ["du >
X*(r0) = X3 +CF (V4 o) £ 25 [ 55 (guV?) 2,
To

7(r) =10 i/ du (gooVDiO)_m, ¢ = sin x{ sin 7,

0\ 2
() - tcry

F01 (T) = —gSTDAQ{

r? + (02)2},

_(Ba\' L

c u2
Co\?
() - tcry

0

where

+

) (%) + (aucny?

CD 2 ) Ai 2
2(?) ~ (ec2) u2+(7>

This solution describes a D-string evolving in the subspace (x

gooVE® =

+A% ut,

ot x?).
Alternatively, we could fix the coordinates r = ry, * = 3 = 1y and obtain a solution as

a function of the coordinate 3 = . In this case, the result is the following [3]

X0(6,0) = X3+ CY (N7 +0) 7 222 /0 du (—V30) ™
’ 0 * 0 D )

oo Joo
Bi 0 du -1/2
X (0,0) = X;+ (2 (Nr o) £ 2 [ v

9
7(0) =10+ Q/ du (—VDlLO)fl/2 , 0 =Tgsinty,

0o

Fu(0) = g, TpA? [(Ci)Z Joo + (Qci)Q sin’ 9} )
where

BE /o)’
V= (B2 gy — (AeC2)? ] — (AnC2g) vt — PO

sin? u

0

This is a solution for D-string placed in the subspace described by the coordinates (x°, 22, z?).

Finally, we will give an example of exact solution for a D-string moving in a non-diagonal
metric. To this end, let us consider the ten dimensional black hole solution of [45]. In string
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frame metric, it can be written as [46]

Js? — ( LT smh2 > ( o sth’y) 12
2
2
o
)

{ —dt* + (dz®)* +

" (cosh xdt + sinh ydzx )

+(1+5ﬁ9£3)K¢ﬁf+am%?+uﬂf+am%ﬂ}

712
. 1/2 . 1/2 -1
+ (1 | Tosinha sthQ O‘) (1 | TasinhTy S”;h%) [(1 - T—é) dr? + r2d2
T T r
r2sinh?a\ 72 sinh®
exp [—2(¢ — ¢o0)] = (1 + OT) <1 - OT) . (2.90)

The equalities (2.90) define a solution of type IIB string theory, which low energy action in
Einstein frame contains the terms

/dl%\/_ [R — (V) — = exp(gb)HQ} , (2.91)

where H' is the Ramond-Ramond three-form field strength. The Neveu-Schwarz 3-form field
strength, the selfdual 5-form field strength and the second scalar are set to zero. After some
simplifications [3], the exact D-string solution as a function of the radial coordinate r reads
Xt (ro) =X+ CL (M7 +0)£1"(r), p=0,25,6,78,09,
X3 = X3t = constants,  7(r) = 10+ I(r),

where

10 = —/ du [B(j)[ggg - 33909} guw 2,

To

I’ = / du [B(j)tgw - Bétgoo} 911W71/27

T0

d '
I'=Bf | w2 1=25678 I= / duW /2,
70 gll 70
For = gsTD)\2C#CiQW( ),
AsC ALCY)°
W = (B;'E)2 — —( ) goo + (B(}_L)Q - —( ) 999
g1 J11
A2C0C?
g (33:33: N g) oo
g1

g1

——{lfj[Aici BL| + (Bi) o+ (4uC20) }
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All previous considerations are based on the ansatz (2.19). However, there exist other
embeddings which allow for simplification of the dynamics and as a consequence for obtaining
exact solutions of the equations of motion and constraints. An example is the following one

XHE™) =A™ + ZMao + 1), XUE™) = Z% ao + BT), «, = constants, (2.92)

where 7 = £Y, o is one of the worldvolume spatial coordinates &', and Z#, Z® are arbitrary
functions. This ansatz will be used further on.

3 AdS/CFT

The AdS/CFT duality [33] between string/M-theory on curved space-times with Anti-de
Sitter subspaces and conformal field theories in different dimensions has been actively in-
vestigated in the last years. A lot of impressive progresses have been made in this field of
research based mainly on the integrability structures discovered on both sides of the cor-
respondence. The most studied example is the duality between type 1IB string theory on
AdS; x S° target space and the A/ = 4 super Yang-Mills theory (SYM) in four space-time
dimensions. However, many other cases are also of interest, and have been investigated
intensively (for recent review on the AdS/CFT duality, see [47]).

Different classical string/M-theory solutions play important role in checking and under-
standing the AdS/CFT correspondence [48]. To establish relations with the dual gauge
theory, one has to take the semiclassical limit of large conserved charges [49].

An interesting issue to solve is to find the finite-size effects, related to the wrapping
interactions in the dual field theory [50].

3.1 Classical string solutions and string/field theory duality

In [5] and [6] the string dynamics in general string theory target space-times is considered
by using the Polyakov action (2.1) (for strings p = 1). Exact solutions of the equations of
motion and Virasoro constraints are found. This is done in the covariant worldsheet gauge
™" = constants. The considerations in [5] are based on the ansatz (2.19), while in [6]
a particular case of the ansatz (2.92) is used, corresponding to &« = 1, § = 0. Then, the
general results are applied for several string backgrounds having dual field theory description.
Namely, AdSs x S with field theory dual N' = 4 SYM, AdSs black hole with field theory
dual finite temperature N' = 4 SYM, and AdS; x S3 x M, with NS-NS 2-form gauge field.
In accordance with the AdS/CFT duality, the string theory on AdS; x S x M is dual
to a superconformal field theory on a cylinder, which is the boundary of AdSs3 in global
coordinates.
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Analogous considerations have been made in [27]. The difference is that the most general
form of the embedding (2.92) is applied for strings. Let us describe the general results
obtained there.

In what follow we will use conformal gauge v = n™" = diag(—1,1) in which the string
Lagrangian, the Virasoro constraints and the equations of motion take the following form:

T
£ == E (GOO - Gll + 2B01) 5 (31)

Goo+Gu =0, Go=0,
JLK [(88 — (9%) XK + FJ\K4N (80XM80XN — 81XM81XN)} = HLMNGOXM&XN.

Now, let us suppose that there exist some number of commuting Killing vector fields along
part of XM coordinates and split X into two parts

XM= (x* X,

where X* are the isometric coordinates, while X* are the non-isometric ones. The existence
of isometric coordinates leads to the following conditions on the background fields:

8ugMN = 0, 8MbMN =0. (32)

Then from the string action, we can compute the conserved charges

oL

Qu = dam (3.3)

under the above conditions.
Next, we introduce the following ansatz for the string embedding
XH(r,0) = A7+ XH(ao + A1),  X%1,0) = X% a0 + B7), (3.4)

where A¥, o, B are arbitrary parameters. Further on, we will use the notation £ = ao + 7.
Applying this ansatz, one can find that the equalities (3.1), (3.3) become

T dXM dxXN dXN ,
E = 5 — (042 — B2)gMNd—§d—§ + 2A‘u (Bg,uN + OébuN) d—g + AMA guy], (35)
dXM dxXN dXN ,
Go + Gy = (062 + ﬁ2)gMNd—§d—§ -+ 25A”g“]vd—€ + A*A Juv = 0, (36)
dXM dXN dXN
G()l = aﬂgMNd—fd—f + aAug#Nd—f = 0, (37)
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PXK XM axN dxN
_(a2 _ ﬂQ) [gLKd—é'Q + FL’MNd—gd—é'] -+ QBAuFL’”Nd—f + A'L‘AVFL“UJ/
dXN
= QAHHLMNd—g’ (38)
T dxN
QM — E / df [(ﬁgu]\f + OébuN) d—g -+ Aygw, (39)

Our next task is to try to solve the equations of motion (3.8) for the isometric coordinates,
i.e. for L = A. Due to the conditions (3.2) imposed on the background fields, we obtain that

1

1
Iyap = 5 (Oagbr + Op9ar) s Tapa = 58(19”)\ Iy =0,

H)\ab = aabb)\ + abb)\aa H)\ua = 8ab/\;u H)\/u/ = 0.
By using this, one can find the following first integrals for X*:

dX” 1 dX'a
= g _ AP A,U« . 124
df o2 — ﬁ2 [Q (OV o bl’P) + 5 ] 9" Gva df s

(3.10)

where C, are arbitrary integration constants. Therefore, according to our ansatz (3.4), the
solutions for the string coordinates X* can be written as

XH(r,0) = A'1 + /df [g"" (C, — a\Pb,,) + BAF] — /g“”gyaan(f). (3.11)

052—52

Now, let us turn to the remaining equations of motion corresponding to L = a, where

1 1
I‘a,,ub = _é(aagb,u, - aany), Fa,;w = _éaag,ul/;

Ha/uz = aabum Haub = _aabbu + abba;r

Taking this into account and replacing the first integrals for X* already found, one can write
these equations in the form (prime is used for d/d¢)

(® = %) [hap X*" + Tl XV X ] = 20,4y X" — 8,0, (3.12)
where
hab = Gab = Gaud" Guby  Thape = % (Ophea + Ochia — Ouhie) (3.13)
Ao = gapg" (C) — al’b,,) + aAFb,,, (3.14)
U= a21£252 [(C — ab,,) g (C) — A byn) + P A A g,,] - (3.15)
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One can show that the above equations for X can be derived from the effective Lagrangian

1

L9718 = 5(oﬂ — B hap XU XY + A XY —U.

The corresponding effective Hamiltonian is
1 indigy e N
HII(€) = 5 (0 = B)ha X" X" + T,
or in terms of the momenta p, conjugated to X

AT () = (07— BV (pu — Au) (py — A) + U

The Virasoro constraints (3.6), (3.7) become:

1
2(a — B X XY +U =0, aA'C, =0. (3.16)

Finally, let us write down the expressions for the conserved charges (3.9)

T
Qu = == 2 / dg EO“ + aN g + b g”? (Cp) — al b))

+ (0% = B%) (bua — buwg”’ gpa) X ] . (3.17)

3.1.1 Rotating strings in type ITA reduction of M-theory
on (G, manifold and their semiclassical limits

The type ITA background, in which we will search for rotating string solutions, has the form
[52]

ds?y = ry2C{—(da°)? + dydatdz’ + A* [(g ) +(6%)?]
+ B [(93)2 + (g% ] + D*(yg } +r 1/2 ., (I,J=1,2,3), ro= const,
e = rdCP By = sinfydgy A d91 — sinOadpy A dby. (3.18)

Here, g',...,¢g° are given by

g = —sinfyd¢p, — cos 1y sin Oydpy + sin 1p1dbs,
g% = df; — sin ¢, sin ady — cos 1 dbs,

g — sin 01dgy + cos i sin Oadpy — sin Y1dbs,
g = df, + sin )y sin Oadps + cos P1dbs,

¢° = dipy + cos O1doy + cos Oydps,
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and the functions A, B, C' and D depend on the radial coordinate r only:

1 1
A = E\/(T—3T0/2)(T+970/2)7 B = E\/(T+3TO/2)(T—9TO/2),

B (r —9r¢/2)(r + 91 /2) B
C = \/(r—3r0/2)(r+3r0/2)’ D=r/3. (3.19)

In (3.18), ® and F; are the Type IIA dilaton and the field strength of the Ramond-Ramond
one-form gauge field respectively.

The above ten dimensional background arises as dimensional reduction of M-theory on a
(G5 manifold with field theory dual four dimensional N' =1 SYM.

The type ITA solution (3.18) describes a D6-brane wrapping the S* in the deformed
conifold geometry. For r — oo, the metric becomes that of a singular conifold, the dilaton is
constant, and the flux is through the S? surrounding the wrapped D6-brane. For r —9rq/2 =
€ — 0, the string coupling e® goes to zero like €/4, whereas the curvature blows up as €3/
just like in the near horizon region of a flat D6-brane. This means that classical supergravity
is valid for sufficiently large radius. However, the singularity in the interior is the same as the
one of flat D6 branes, as expected. On the other hand, the dilaton continuously decreases
from a finite value at infinity to zero, so that for small 7y classical string theory is valid
everywhere. As explained in [53], the global geometry is that of a warped product of flat
Minkowski space and a non-compact space, Y, which for large radius is simply the conifold
since the backreaction of the wrapped D6 brane becomes less and less important. However,
in the interior, the backreaction induces changes on Yg away from the conifold geometry. For
r — 9ry/2, the S? shrinks to zero size, whereas an S* of finite size remains. This behavior is
similar to that of the deformed conifold but the two metrics are different.

Three types of rotating string solutions have been found in [10].

The first one is given by (Ar =r — 3, Ary =1 — 3l)

1N 8 [Ar 1/2
§(r)= (A2 +A%)1/2 {(3[ — Tz)Arl} X (3.20)

Ar  Ar Ar Ar Ar
FO (1/2:-1/2.-1/2.1/2.1/2.1/2:3/2: —— —— _— = =,
D (/, /7 /7 /7 /7 /7 /7 217 4[7 61’ 3Z—T2’A7"1

Now, we can compute the conserved momenta on the obtained solution. They are:

E P 2TIA 1/2 Arp \ V2
LA —, [Ar 14 21 (3.21)
A8 AO (Ai + A%) <3l - TQ) 3l — T2
1
xFpy’ (1/2;1/2;3/2;—_T ) ,
[+ %=
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Py, = (A — A cos ) In + (A + Ag cosyY) I, (3.22)
Py, = (Ag2 — A% cos ) La + (AS? + A§' cos W)) Ip,

2715 Ary 1/2 Ar; Ar; Ar; -1/
Ia = T[(A1+A2)(3l—r2)] (”7) (HF) (”m_m) (3:23)

X F ]_ 2, 1, 1, ]_ 2, 3 2, 3 9 9

where

Ip =

1/2 _
T 29 (ZAT1)3 A?"l A?"l 1/2
- 1+ 27 (4 24
9 | A2+ AD) (Bl = 1) ( Ly )( +3l—r2) (3:24)

) 1 1
><F1g>(1/2;—1,1/2;5/2;Hi,H?’l_m :

Arqy Ary

Our next task is to find the relation between the energy E and the other conserved
quantities Py, Py, , Py,, in the semiclassical limit (large conserved charges), which corresponds
to r;1 — oo. In this limit,

E P T (28)"? ;oo (20)% 2

O N T o A=1Ip=T——"""—7375,

Ay AL (A2 A2 (A2 + A2)%?
which leads to the following energy-charge relation

1/2

E? =P? 4 21T (6r0)"* (P2 + P2)"", P?=41,PPy. (3.25)

The second type of rotating string solution can be written as

L 8 iar M
e (A2 + A2 4442 /3)"? [<3l - rz)An] ) (3.26)

Ar Ar Ar Ar  Ar
21 4[7 6l’ 31—7’2’A7’1 ’

Fo (1/2; 12, ~1/2,1/2,1/2,1/2:3/2 — 2T
For F and P; we have

Py

_— = — — T
A T8

1/2
2ZAT1 / A’f’l -1/2
o : 1+ (3.27)
2+ A2 +4A%/3) (3l —ry) 31—y

1
xFY) (1/2; 1/2:3/2; W) .

Ary
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For the conserved angular momenta Py and P, one finds

Py = <A8 — A sin ¥ sin 93) Ja+ (Ag + AJ sin ¥ sin 93) Jg, (3.28)
P, = (Ag sin 09 — Af sin 1/1?) sin69.J 4 + (Ag sin 09 4 A sin Mf) sin 6y .J
+AS cos? 63T,
where
205Ar 2 Ar Ar
Ji = — - 14+ =) (1+=+ 3.29
A (A2 + A2 + 472, /3) (3l—7‘2)] ( MY ) ( 6 ) (3:29)
Ary N7 s 1 1 1
1 F 1/2;-1,-1,1/2;3/2;
X(+3l—7”2) D /7 ) 7/73/71+A2_7{171+A6_7{1a1+32_7:2 )
1/2 1
3
Jy = Sp | 204n) (1 + %) (1+ A )
0" | (A2 +AZ +4A2/3) (31 — 1) i 31— 1,
1 1
xFY) (1/2;—1,1/2; 5/2; : — ) : (3.30)
14 An 14 20
2Z5AT’1 2 A?"l A’I“l —1/2
Jp = = 1+ — 1+
(A2 + A2 + 472 /3) (31 — o) < 30 )( 3l—7‘2>

) 1 1
xF (1/2; ~2,1/2:3/% T gl_m) . (3.31)
Ary Ary

In the semiclassical limit r; — 0o, one gets the following dependence of the energy on the
charges Pr, Py and P,

2 3P£ 1/2

The third solution and the conserved charges can be computed in the same way. These
computations lead to the following energy-charge relation after taking the semiclassical limit

) ) 67"0 1/2

[(3 — cos? 93) qul + (3 — cos® 0?) qu? — 4Py, P,, cos 0Y cos 98} 2 ;
where

A =3 —cos® ) — cos® 0 — cos® 0 cos? 6.
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3.1.2 Strings in AdSs; x S°, integrable systems and
finite-size effects for single spikes

We use the reduction of the string dynamics on R, x S® subspace of AdSs x S° to the
Neumann-Rosochatius (NR) integrable system to map all string solutions described by this
dynamical system onto solutions of the complex sine-Gordon (CSG) integrable model. This
mapping relates the parameters in the solutions on both sides of the correspondence. Then,
we find finite-size string solutions, their images in the (complex) sine-Gordon (SG) system,
and the leading finite-size effects of the single spike “E — A¢” relation for both R, x S? and
Ry x 53 cases [14].

Strings on R; x S® and the NR integrable system

We choose to work in conformal gauge in which the string Lagrangian and the Virasoro
constraints take the form (3.1) (in AdSs x S° the 2-form B-field is zero)

T
Es = 5 (GOO — GH) (334)
Goo + G11 =0, Gor = 0. (3.35)

We embed the string in R, x S subspace of AdSs x S® as follows

2
Zy = Re"") W; = Rrj(r,0)e® 7 N "W, = R,

j=1

where R is the common radius of AdSs and S°, and t is the AdS time. For this embedding,
the metric induced on the string worldsheet is given by

2
—0utOyt + Y (OarjOprj + 120200005

J=1

2
Gap = —a(aZ()@b)Zo + Z 6(aM/j6b)Wj = R?

Jj=1

The corresponding string Lagrangian becomes

2
L=Lo+ A, (Zr§—1>,

Jj=1

where Ay is a Lagrange multiplier. In the case at hand, the background metric does not
depend on t and ¢;. Therefore, the conserved quantities are the string energy E; and two
angular momenta J;, given by

L, B L,
Es = —/dgm, Jj = /daa(é)o@]) (336)

It is known that restricting ourselves to the case

t(r,o0) =kt, rj(1,0)="1;(&), @;(1,0)=w;T+ f;(§), (3.37)
§E=ao+ 01, K,wj, a0 = constants,
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reduces the problem to solving the NR integrable system [56]. For the case under consider-
ation, the NR Lagrangian reads (prime is used for d/d¢)

- 1 2 2
Lygr = (a® — (%) Z {r;? o ( — 52)2 ( + 0‘2%2@2)} + A (Z TJ2' - 1) ;o (3:38)
j=1 Jj=1

where the parameters C; are integration constants after single time integration of the equa-
tions of motion for f;(&):

fi=~ 152 (C +6wj) (3.39)

The constraints (3.35) give the conserved Hamiltonian Hyp and a relation between the
embedding parameters and the arbitrary constants Cj:

2 2
Hyg = (a* — %) Z [rj + 52) (C——l—agwfrf)] _ ¢ +§Z . (3.40)

7=1
2
> Ciw; + Br* = 0. (3.41)
j=1

For closed strings, r; and f; satisfy the following periodicity conditions

ri(§+2ra) = r;(€), fi(€+2ma) = f;(&) + 2mn,, (3.42)

where n,, are integer winding numbers. On the ansatz (3.37), £, and J; introduced in (3.36)
take the form

1
s 27‘(‘ a/ f, Jj = goﬂ BQ /df (gCJ + Oéwj?"?) s (343)

where we have used that the string tension and the 't Hooft coupling constant A are related
by TR? =

In order to identically satisfy the embedding condition

2

d ri—1=0,

j=1
we introduce a new variable 6(§) by
ri(§) =sinb(S),  7r2(§) = cosb(E). (3.44)
Then, Eq.(3.40) leads to
, 1 e e BT, b
o' = im (a4 B7)K" — SZd cozg (wisin® @ + w3 cos®0) | (3.45)
= iﬁ o(0),
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which can be integrated to give

£0) = +(a = ) [ g (3.46)

From Egs.(3.39) and (3.44), we can obtain

P df

h=m—p*a / 0”0 0(0)’ (3-47)
S df

J2 = a? — (32 £ / cos?6 O(6) (348)

Let us also point out that the solutions for £(6) and f; must satisfy the conditions (3.41)
and (3.42). All these solve formally the NR system for the present case.

Relationship between the NR and CSG integrable systems

Due to Pohlmeyer [57], we know that the string dynamics on R; x S? can be described by
the CSG equation. Here, we derive the relation between the solutions of the two integrable

systems - NR and CSG.

The CSG system is defined by the Lagrangian

abaa _a B
L(p) = —771 _%f + M)
which give the equation of motion
O 00"
0,0 + DL — M1 = ) = 0

If we represent ¢ in the form

Y = sin(¢/2) exp(ix/2),

the Lagrangian can be expressed as

£06.0) = § [0:60°6 + tan?(9/2)0,x0"x + (2M)? sn(9/2)]

along with the equations of motion

ag  18I(O/2) o e

0,0 2cos3(q§/2)aaxa X — M*sin¢ =0, (3.49)
a 2 a., __

8a8 X + m@aQSa X = 0. (350)

The SG system corresponds to a particular case of y = 0.
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To relate the NR system with the CSG integrable system, we consider the case
¢ =0¢(§), x=Ac+Br+x($),

where ¢ and y depend on only one variable £ = ao + 7 in the same way as in our NR
ansatz (3.37). Then the equations of motion (3.49), (3.50) reduce to

" 1 si ¢2 ~1 A _Bﬁw A - B? M?si (b

a 5% { 2 20402— —B2X + 2 — 32| a2 EIZQ =0 (3:51)
~1I 2(25/ ~/ A _Bﬁ
X sin ¢ (X * %52) =0 (3:52)

We further restrict ourselves to the case of Ao = Bf. A trivial solution of Eq.(3.52) is
X = constant, which corresponds to the solutions of the CSG equations considered in [58, 59|
for a GM string on R; x S*. More nontrivial solution of (3.52) is

dg
x =C — . 3.53
=0 [ )
The replacement of the above into (3.51) gives

,  M?sing 1 cos(¢/2)  A? sin(¢/2)
o = 1 e~ e 350
Integrating once, we obtain
, 22 aM? A2/ cz 7'
o = 2|(00- 55 e - i~ e | 059
= +0(¢),
from which we get
d A d
== [ g5 o= =6 [ e

All these solve the CSG system for the considered particular case. It is clear from (3.55)
that the expression inside the square root must be positive.

Now we are ready to establish a correspondence between the NR and CSG integrable
systems described above. To this end, we make the following identification

sin?(¢/2) = \/[f

where G is the determinant of the induced metric G,, computed on the constraints (3.35)
and K? is a parameter which will be fixed later®. For our NR system, v/—G is given by

— _ R2C¥2

a2_ﬁ2

6For K2 = k2, this definition of the angle ¢ coincides with the one used in [58], which is based on the
Pohlmeyer’s reduction procedure [57].

(3.56)

[(K* = w]) + (w} — w}) cos® 0] . (3.57)
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We want the field ¢, defined in (3.56) through NR quantities, to identically satisfy (3.55)
derived from the CSG equations. This imposes relations between the parameters involved,
which are given in appendix A. In this way, we mapped all string solutions on R; x S? (in
particular on R; x S?) described by the NR integrable system onto solutions of the CSG (in
particular SG) equations. From (A.1) one can see that the parameters A and C), are nonzero
in general on R; x S? where wy = Cy = 0. This means that there exist string solutions on
R; x S? which correspond to solutions of the CSG system. Only when M? = k2, all string
solutions on R, x S? are represented by solutions of the SG equation.

For the GM and SS solutions, which we are interested in, the relations between the NR and
CSG parameters simplify a lot. Let us write them explicitly. The GM solutions correspond
to Cy = 0, k? = w?. This leads to

2 2 2 w% 2 2 72
C¢:&2_52 |:3M _2(601_% s K :RM, (358)
4 w2
A= — (M — i+ —— Cy = 0.
oﬂ/ﬁZ—l( w1+1_52/a2)7 X

Therefore, for all GM strings the field y is linear function at most. Since A = C, = 0
implies y = 0, it follows from here that there exist GM string solutions on R; x S®, which
are mapped not on CSG solutions but on SG solutions instead. This happens exactly when

2
)

2 _ 2
e e

In that case the nonzero parameters are

2 2
2 _ p2(, 2 ) 2 9 w3
ho=n (“’1_1—62/a2>’ Co= 1 <°"1_1—62/a2>’

and the corresponding solution of the SG equation can be found from (3.55) to be

1
cos |\ FEEE (o 4 27) = )

Replacing (3.59) in (3.56), (3.57), one obtains the GM solution (A.3) as it should be.

sin(¢/2) =

, 1o = const. (3.59)

For the SS solutions Cy = 0, k* = wia?/F%. This results in

2 2
o= s [2 (240015 + gt ) —oar]
2 _ 4 2/ 2 w3 2
A% = M1 —a2/p?) (wla /B = ) (—52/042 1 M ) , (3.60)
C, = 2uuna” K% = R*M?.

M2(ﬁ2 _ a?)ﬁ?’
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We want to point out that C, is always nonzero on S® contrary to the GM case, which
makes y also non-vanishing. To our knowledge, the CSG solutions corresponding to the SS
on R, x S3 are not given in the literature. To study this problem, we will consider the case
when A = 0. A can be zero when

2
Wy

3a? =1’

As is seen from (3. 61) we have two options, and we restrict ourselves to the first one
Replacing M? = wia?/4? in (3.60) and using the resulting expressions for C, and C, in
(3.55), one obtains the simplified equation

M? =r*> =wia?/B* or M?*= (3.61)

7

2
4 . wy
2

9" = 7o Y 52 cos®(¢/2) — Floz—1 cot™(¢/2)

-1

with solution

2
)

sin”(¢/2) = tanh” (C€) + wi (1= a2/p?) cosh? (C¢)’

(3.62)

where

awiy/1 —a?/B2 — wl Jw?
p2 (1 —a?/5?) '

This agrees with Eqs. (3.56) and (3.57). By inserting (3.62) into (3.53) one can find

C:

X = X = 2arctan [%\/1 —a?/B? — wi/w? tanh(C{)}

Hence, the CSG field 1 for the case at hand is given by

= aln 2 W%
Vo \/t MO T U= o232 cosl?® (C8) (3.63)

X exp {iarctan [:—;\/1 —a?/3? — w?/w?} tanh (C’{)] } :

Here we have set the integration constants ¢g, xo equal to zero. Several examples, which
illustrate the established NR - CSG correspondence, are considered in an Appendix.

Finite-size effects

Here, we will obtain finite-size string solutions, their images in the (complex) sine-Gordon
system, and the leading corrections to the SS “E — Ayp” relation: first for the R, x S? case,
then for the SS string with two angular momenta.

"It turns out that the second option does not allow real solutions.
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3.1.3 Finite-size effect of the dyonic giant magnons
in V' = 6 super Chern-Simons-matter theory

The AdS/CFT correspondence between type IIB string theory on AdSsx S® and N' = 4 SYM
theory led to many exciting developments and to understanding non-perturbative sturctures
of the string and gauge theories. Another exciting possibility is that the same type of duality
does exist. The promising candidate for the three-dimensional conformal field theory is
N = 6 super Chern-Simons (CS) theory with SU(N) x SU(N) gauge symmetry and level k
[66]. In the planar limit of N,k — oo with a fixed value of 't Hooft coupling A = N/k, the
N =6 CS is believed to be dual to type IIA superstring theory on AdS, x CP?.

In [17] we consider finite-size effects for the dyonic giant magnon of the type IIA string
theory on AdS; x CP? by applying Liischer p-term formula which is derived from a proposed
S-matrix for the N' = 6 super Chern-Simons theory. We compute explicitly the effect for
the case of a symmetric configuration where the two external bound states, each of A and B
particles, have the same momentum p and spin J,. We compare this with the classical string
theory result which we computed by reducing it to the Neumann-Rosochatius integrable
system. The two results match perfectly.

Classical string analysis

Let us consider a classical string moving in R, x CP?. Using the complex coordinates
z = yo —|—iy4, wy =at +ir?, wy =23 +ixt, wy =2+ w, ="+ iz8,
we embed the string as follows [67]

R . A
z=Z(t,0) = Ee”(”’), Wy = W,(T,0) = Rro(7,0)e#(™7),

Here t is the AdS time. These complex coordinates should satisfy

4 4
Z WaWa = R27 Z (WaamWa - V_VaamWa> == 0,
a=1 a=1
or
4 4
STr2=1, Y r20upa=0, m=0,1. (3.64)
a=1 a=1

NR reduction

In order to reduce the string dynamics on R; x CP? to the NR integrable system, we use
the ansatz

t<7_7 U) = KT, Ta(Ta U) = Ta(g)v Spa(Ta 0) = WeT + fa(g)a
E=ao+ BT, K,w,, a, = constants. (3.65)
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It can be shown [67] that after integration of the equations of motion for f,, which gives

1
f= (%a + ﬁwa) , O, = constants, (3.66)

A
one ends up with the following effective Lagrangian for the coordinates r,
gy 1 C?
Lyg = (®=5%)) {rj rERaE (ﬁ + a%grgﬂ (3.67)

a=1

- A(;rg—l).

This is the Lagrangian for the NR integrable system [56]. In addition, the CP* embedding
conditions in (3.64) lead to

4 4
dwal=0, > C,=0. (3.68)
a=1 a=1

The Virasoro constraints give the conserved Hamiltonian Hypr and a relation between the
embedding parameters and the arbitrary constants Cl:

, 1 C? a? + B2 Kk?
Hyg = (o? — %) Z {rf + —(&2 ~ ) (r_2 + 04%27"2)] = B2Z’ (3.69)
a=1 a

Y Cowa + B(K/2)* = 0. (3.70)

The conserved charges can be defined by

oL oL
a — d a/a . = ]-7 27 747
ooty =) ey TH?

where L is the Polyakov string Lagrangian taken in conformal gauge. Using the ansatz (3.65)
and (3.66), we can find

B KV 2\ /df, J, = 2v/2\ /d§ (gCa +Ozwar2) ) (3.71)

200 a? — (B2

E.=—— | do

In view of (3.68), one obtains

4
> Jo=0. (3.72)
a=1

Dyonic giant magnon solution
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We are interested in finding string configurations corresponding to the following particular
solution of (3.68)

ry=r3=—=sinfl, r9=ry;=—=cosl, w;=—w3, Wy = —wWwy.

V2 V2

The two frequencies wy,w, are independent and lead to strings moving in CP* with two
angular momenta. From the NR Hamiltonian (3.40) one finds

C:+C2 C2+Ch
sin? 6 cos? 6

1 K2
0/2 5 — o +ﬁ (
9 o= e [ (o +8%) —
— o (w% sin? @ + w3 cos? 9) ] .
We further restrict ourselves to Cy = Cy = 0 to search for GM string configurations. Egs.

(3.68) and (3.70) give

2
=~y = %

8W1 .

In this case, the above equation for 6’ can be rewritten in the form

(cosf) = F—L "2 w2 \/ — c0s?0)(cos? 0 — 22), (3.73)

where
1 w3 wy | w3
2 2 5| Wi
= ——— (= Nt 5 E (yl_y2)2_|:2(y1+y2_2y1y2)__}_ 7
. 2(1—%){ W \/ w?| Wi
/12 62
—1- —1—
Yy 4w?’ b2 a? 4w?’
The solution of (3.73) is given by
T2
cosf = z,dn (C¢m), C = FIV T Y m=1-22/2. (3.74)

— 32 )
To find the full string solution, we also need to obtain the explicit expressions for the

functions f, from (3.66)
1
o= s [ (S ).

Using the solution (3.74) for 6(§), we can find

_ i Bla [__mmw% ( e H
fr=—h= Z+W ¢ 1—2% @) 1-22 "))
fom—li= e
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As a consequence, the string solution can be written as

W, = \/_\/1—z+dn (CE|m) e+,

Wy = Eerdn(Cf\m) elw2rtf2) (3.75)

_ R 2 2 —i(wiT+f1)
Wg—ﬁ\/l—erdn (C¢m) e ,

Wy = %Z+dn (C¢m) el

The GM in infinite volume can be obtained by taking z_ — 0. In this limit, the solution
for 0 reduces to

in2
SlIl2

cosh(C¢)’

cosf =

where the constant z, = sinp/2 is given by

2 Y2 _WQ/W%

One spin solution corresponds ws = 0. Inserting this into (3.71), one can find the energy-
charge dispersion relation. For the single DGM, the energy and angular momentum J;
become infinite but their difference remains finite:

JZ
E,—J, = \/ZQ + 2\ sin? g. (3.76)

Finite-size effects

Using the most general solutions (3.75), we can calculate the finite-size corrections to the
energy-charge relation (3.76) in the limit when the string energy Es; — oo. Here we consider
the case of o > (32 only since it corresponds to the GM case. We obtain from (3.71) the
following expressions for the conserved string energy F, and the angular momenta J,

g= 2000 g2y,

w1244/ 1 —w2/
224 1 — %(k/2)?/aw}
e B e U | B
2
J2 = ME (1 - zz/zi) ;o Jz=—=T1, Ji=-Ds.

V1—wi/w?

As a result, the condition (3.72) is identically satisfied. Here, we introduced the notations

(3.78)



The computation of Ay, gives

mez f)
p=Ap; = 2/ f1 (3.79)
0

min

25/a [<m/z>2/w%H( 4 -2
e/I-wgfi | 1-22 -2

1—22 /z+) ~K(1- z2/zi)] .

Expanding the elliptic integrals, we obtain

J2
2\/ T+ sin? g (3.80)

32)\sin4§ 28in2§<J1+\/J22+8/\51 §>\/J2+8/\51 L
o JZ+ 8hsin’ 2

\/J3 + 8\sin?L

This also gives the finite-size effect for ordinary GM by taking Jy — 0

. D A gD Ji
E—J =2V2 — — 164/ = - —2]. .81
Jp =2V )\Sln2 6\/;sm exp[ \/_sm” ] (3.81)

Finite-size effects from the S-matrix

The N = 6 CS theory has two sets of excitations, namely A-particles and B-particles,
each of which form a four-dimensional representation of SU(2[2) [68, 69]. We propose an
S-matrix with the following structure:

SAA(]?17P2) = SBB(pnPQ) = SO(p17p2)§(p17p2)

SAB(pl,m) = SBA(phpz) = So(p1,p2)S(p1,p2),
where S is the matrix part determined by the SU (2|2) symmetry, and is essentially the same
as that found for N' = 4 SYM in [70, 71]. An important difference arises in the dressing
phases Sy, Sy due to the fact that the A- and B-particles are related by complex conjugation.

Liischer p-term formula

Here we want to generalize multi-particle Liischer formula [72, 73] to the case of the bound
states. Consider M4 number of A-type DGMs, |Q1,...Qum,), and Mp number of B-type
DGMs, [Q1,...Qu,). We use ay, for the SU(2[2) quantum numbers carried by the DGMs
and C} for A or B, the two types of particles. Then we propose the multi-particle Liischer
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formula for generic DGM states as follows:

5B, — i {fj(—l)ﬂ» (1- 220 e | pes st ) (3.52)

=1 =1 =

Ma+Mp X

X H SACkboc: q pk’)
kel

Mp € (pl) N Ma+Mp b

+ Z(‘l)Fb 1— 6}21—~* e” " | Res SBBbal(q N, H SE g (@, i)
€ (q*) =4
1=1 k#l
Here, the energy dispersion relation for the DGM is given by
2 P
\/— + 4¢? sin 5" (3.83)

The coupling constant g = h (A) is still unknown function of A which behaves as h(\) ~ A
for small A, and h(\) ~ \/A/2 for large A.

S-matrix elements for the dyonic GM

The S-matrix elements for the DGM are in general complicated. However, we can consider
a simplest case of the DGMs composed of only A-type ¢;’s which are the first bosonic particle
in the fundamental representation of SU(2|2). It is obvious that these bound states do exist
since the elementary S-matrix element SAAH does have a pole. The same holds for the
B-type DGMs. However, the hybrid type DGMs are not possible because the S48 S-matrix

does not have any bound-state pole.

The Liischer correction needs only those S-matrix elements which have the same incoming
and outgoing SU(2|2) quantum numbers after scattering with a virtual particle. In partic-
ular, we can easily compute the matrix elements between an elementary magnon and a the
bound-state made of only ¢1’s () of them) denoted by 1¢ [74]

1

SAAMQ HSA Zi (y, zk) H UBES(yaxk)@b<yaxk) ) (3.84)
where @, are given by [70, 71]
d1<y7$) = al(y,a:), &Q(y,lﬂ) =ai ( ) + (I2<y, )7 (385)
ag(y,x) = C~L4(y,$) = a6(y,x)
v =y a)n(y)
0 = T i)
(y.7) = (v~ —y" ) —a)(z” —y") n(z)n(y)
o (- — D)@y —aty") i(@)ily)
oyt M
%6y, 7) = y~ —ati(y)



As noticed in [74], ag/a; and ag/a; are negligible O(1/g) corrections in the classical limit
g >> 1. Therefore, the S-matrix with b = 1 is a most important factor for our computation
which can be written as

Q 1 ——— - o+
SMNE(y, XQ) = o—BEs(y,X@)H[ AR R W"“)n(y)] (3.86)

el o S Sl A COUIC)
Q
n(X9) (n(y)
= opes(y, X'9)Spps(y, X @)= - ;
) (X @) \7(y)
X@) (n(y)\“
SABIR L X)) = gpic(y, X@ 7( ( ) , 3.87
11Q( ) BE ( )T](X(Q)) n(y) ( )
where the BDS S-matrix is defined by
S S
g = ve T 7Y 3.88
BDS(ZU; I') 1 _ y71x+ .ZC+ _ y_ ( )
The spectral parameter X (@) for the DGM is defined by
:I:ip/2 P D) /2
X@F = Igome (Q + \/ Q? + 16¢2% sin” 5) = (0+in)/2, (3.89)
where we introduce 6 defined by
. Q
h- = . 3.90
YT dgsing (3.90)
The frame factors n and 7 are given by [71]
ntey) _ nes) (3.91)
n(z1)  (z2)
for the spin-chain frame and
fi(z1) xy fi(22) f '

for the string frame.
Symmetric DGM state

The classical two spins solution is a symmetric DGM configuration for both of S? sub-
spaces. Corresponding Liischer formula is given by Eq.(3.83) with M4 = Mp = 1, which
can be much simplified as

0E, = —ii(—l)Fbe_iq*L{<1— 6/?((5*))) [R S (g ,pl)} §AB A (q"p2)

€
b—1 1 q*=q*

(1 - E,Q%)) {Res $AL2(g" p2)} SN (g pl)} (3.93)

() ) o=

56



As mentioned earlier, only the two cases of b = 1,2 contributes equally in the sum of
Eq.(3.93) since these elements contain a;. Instead of the summation, we can multiply a
factor 2 for the case of b = 1. In that case, we can compute easily each term using the
S-matrix elements (3.86) and (3.87). Furthermore, we restrict ourselves for the case where
the two DGMs are symmetric in both spheres, namely, p; = py and Q) = Q. This leads to

- o)
ok, — =7 (1= S8 ) | Res VS ) SV (o
1

Explicit computations of each factor in (3.94) are exactly the same as those in [74]. There
are two types of poles of Spps(y, X@). The s-channel pole which describe (Q + 1)-DGM
arises at y~ = X(@7 while the t-channel pole for (Q — 1)-DGM (for Q > 2) at y™ = X@7
We consider the s-channel pole first. Using the location of the pole, we can find

7

F=—— 5 lhyexp L . (3.95)
29 sin (p—QZG) 2981H (p 19)

From Eq.(3.83), one can also obtain

o) sinbsinzt

R~ 3.96
A cosh (3.96)
Furthermore, one can notice from Eqs.(3.86) and (3.87)
Res S*110(a%,p)| 5471 (¢".p) = Res Ssnng(a,) (3.97)
q*:q* Q Q q*:q* Q

where Sgyy is the S-matrix of the NV = 4 SYM theory. Explicit evaluation of the residue
term becomes in the leading order

S —0/2 - 2 2
e | (O5@) () e

sin 257 sin 257 (X@)

Combining all these together, we get

8ge ™ sin® 2 2e9/2gin 2 L n(X@
(SEM = _9—92 exp | — . — 2 ( ) (TZ Y > (3 99)
cosh 5 sin 25~ 2g sin ( (X(@) (y)
32gsin® L ei® 2sin® 2 cosh” 1
= ————=exp |—
coshg sin? P+ sinh? g 2g sin £ cosh o
3297 sin’ 2 et 2sin® 2 (L + \/Q2 + 1692 sin® %’) \/Q2 + 16¢%sin” &
- _ exp | — 0% 1 164251 2
\/Q2 + 16¢2sin* g=sim g
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The phase factor e includes various phases arising in the computation as well as the frame
dependence of 7. As argued in [74], we will drop this phase assuming that this cancels out
with appropriate prescription for the Liischer formula.

The t-channel pole at y* = X @7 gives exactly the same contribution up to a phase
factor. Therefore, combining together, we finally obtain the finite-size effect of the two
symmetric DGM configuration as follows:

6492 sin? 2 2sin® 2 (L + \/Q2 + 16¢%sin” & \/Q2 + 16¢%sin” &
- : CXp | — 2 2 aind P
\/Qz 1 1642 sin2§ Q? + 16g*sin” £

SE,

This is exactly what we have derived in Eq.(3.80) if we identify J; = L, J, = @ and
g=/A/2.

3.1.4 Finite-size dyonic giant magnons in TsT-transformed AdS; x S°

Investigations on AdS/CFT duality for the cases with reduced or without supersymme-
try is of obvious interest and importance. An interesting example of such correspondence
between gauge and string theory models with reduced supersymmetry is provided by an
exactly marginal deformation of N' =4 SYM theory [75] and string theory on a S-deformed
AdSs x S5 background suggested in [76]. When 8 = ~ is real, the deformed background
can be obtained from AdSs x S® by the so-called TST transformation. It includes T-duality
on one angle variable, a shift of another isometry variable, then a second T-duality on the
first angle [76, 77]. Taking into account that the five-sphere has three isometric coordi-
nates, one can consider generalization of the above procedure, consisting of chain of three
TsT transformations. The result is a regular three-parameter deformation of AdSs; x S°
string background, dual to a non-supersymmetric deformation of N' =4 SYM [77], which is
conformal in the planar limit to any order of perturbation theory [78]. The action for this
vi-deformed (i = 1,2, 3) gauge theory can be obtained from the initial one after replacement
of the usual product with associative s-product [76, 77, 79].

An essential property of the TsT transformation is that it preserves the classical inte-
grability of string theory on AdSs x S® [77]. The ~-dependence enters only through the
twisted boundary conditions and the level-matching condition. The last one is modified since
a closed string in the deformed background corresponds to an open string on AdSs x S° in
general.

The finite-size correction to the GM energy-charge relation, in the y-deformed background,
has been found in [80], by using conformal gauge and the string sigma model reduced to
R, x S3. For the deformed case, this is the smallest consistent reduction due to the twisted
boundary conditions. It turns out that even for the three-parameter deformation, the reduced
model depends only on one of them - 73. As far as there are two isometry angles ¢, @5 on S3,
the solution can carry two non-vanishing angular momenta .J;, Jo. Then, the GM is an open
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string solution with only one charge J; # 0. The momentum p of the magnon excitation
in the corresponding spin chain is identified with the angular difference A¢; between the
end-points of the string. The other angle satisfies the following twisted boundary conditions
[30]

A¢y = 2m(ny — y3J1),

where ny is an integer winding number of the string in the second isometry direction of the
deformed sphere S?.

An interesting extension of this study is the dyonic giant magnon. This state corresponds
to bound states of the fundamental magnons and stable even in the deformed theory. Un-
derstanding its string theory analog in the strong coupling limit can be helpful to extend
the AdS/CFT duality to the deformed theories.

In [18] we investigated dyonic giant magnons propagating on vy-deformed AdSs x S° by
Neumann-Rosochatius reduction method with twisted boundary conditions. We compute
finite-size effect of the dispersion relations of dyonic giant magnons, which generalizes the
previously known case of the giant magnons with one angular momentum found by Bykov
and Frolov.

The bosonic part of the Green-Schwarz action for strings on the ~-deformed AdSy x Sg
reduced to R; x S can be written as (the common radius R of AdSs and S? is set to 1) [81]

T
S = —E /deO {1 /_’Y’}/ab [—@até?bt + &ﬂ’ﬁbri + Gr?aasoiab@i (3100)

+ Grirsr; (%0ap:) (7;050;)]
—2G € (4571150201002 + 1737302020003 + V2157100030501 }

where ¢; are the three isometry angles of the deformed Si, and

3
Z r? =1, Gl=1+ %r%r% + %r%r% + %T%T%. (3.101)
i=1
The deformation parameters #; are related to +; which appear in the dual gauge theory as
follows

Vi =2nTy; = \/X%-

When 4; = 4 this becomes the supersymmetric background of [76], and the deformation
parameter v enters the AV =1 SYM superpotential in the following way

W o tr (€i7r’yq)1q)gq)3 — 6_1'7W(I)1(I)3q)2) .

By using the TsT transformations which map the string theory on AdSs x S° to the
~vi-deformed theory, one can relate the angle variables ¢; on S° to the angles ¢; of the
vi-deformed geometry [77]:

bi = T, T2¢/ = T'Q (QO; - 27T€1]k’yjpk:) ) L= 17 27 37 (3102)

17T K3
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where p;, m; are the momenta conjugated to ¢;, ¢; respectively, and the summation is over
J, k. The equality p; = m; implies that the charges

JZ' = /dapl

are invariant under the TsT transformation.
If none of the variables r; is vanishing on a given string solution, from (3.102) one gets
$; = @5 — 2TE1YjPr-

Integrating the above equations and taking into account that for a closed string in the
~v-deformed background

Ap; = pi(r) — pi(=r) =2mn;, n; €Z,
one finds the twisted boundary conditions for the angles ¢; on the original S° space

A = ¢i(r) — ¢i(—r) =2m (ni —vi),  vi = eV

It is obvious that if the twists v; are not integer, then a closed string on the deformed
background is mapped to an open string on AdSs x S°.

As we already explained, instead of considering strings on the ~-deformed background
AdS5x S3, we can consider strings on the original AdS5x S space, but with twisted boundary
conditions. Actually, here we are interested in string configurations living in the R, x S®
subspace, which can be described by the NR integrable system. Afer the NR reduction one
obtains the following expressions for the conserved charges

g B E /7" d€ B (1 _ ,U2>w Xmax dX
@ Jr \% 1 —u? Xmin \/(Xmaac - X)(X - szn)(X - Xn)’
1 Xmazx 1 Y 2 .25
R ——— [1 —v* (w? —u’j) — x| dx | (3.103)
\% l—u Xmin \/(Xmaa: - X)(X - szn)(X - Xn)
u s (x — v%j) dx
Jo =

V1—u? Jyin \/(Xma:c = X)(X = Xmin) (X — Xn)’

and for the angular differences

p=2A¢ = ¢1(r) — d1(=7), 0 =A¢py = pa(r) — pa(—71) = 27w (ng — 13J1) -

T r 2 2,
p=/_ dff{z%/ﬂ (1—wr—;]) d¢ (3.104)

w* — Uu”j dx

m /: (—X 1) vV Xmaz — X) (X = Xmin) (X — Xn)
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5_/_rd§f5_%/_r <1_%) dg (3.105)

dx

\/% /xjﬂ <i N 1) vV maz — X)X = Xomin) (X = Xn)

By using that

Xmaz
/ X 2 K-,

xomin V (Xmaz — X) (X — Xmin) (X — Xn) ~ Xomaz — Xn

/ Xom xdx
xmin V (Xmaz — X) (X — Xmin) (X — Xn)

2Xn
= —————K(1 — €) + 2v/Xmaz — XoE(1 —€),
V Xmax - Xn

/Xm dX _ 2 H(l— Xmm’l_e)
Xmin X\/(Xmaz - X) (X - Xmin)(X - Xn) XmazV/ Xmaz — Xn Xmaz

[ 3
Xmin (1 - X) \/(Xmax - X) (X - Xmm)(X - Xn)

— 2 H(_Xmam_Xmin‘1_6)7
(1 - Xmaz) V Xmaz — Xn 1— Xmaz

where
€ = Xmin Xn
Xmaz = Xn’
from (3.103), (3.104) and (3.105) one finds
4K
&= K(1—e¢),
V(L= xa) (1 - %) e
4k v?
= w(l—x,) ——(1+vAy) | K(1—¢
7 (1 =02/ (1= xa)(1 = 0?) K Gox) =gl )) 4o
— w1 =) (1 - B - )]
Jo = ik [(v*As +vxn)) K(1 —€) (3.106)

(1=v2)/(1 = xn)(1 — 02)
+v(l—x2)(1=0*)E(1—¢)],

) L
p= l [ 1+VA2~2H(U 1(1—e)|1—e> —wK(l—e)],
w v

(1— 02/ —x) (@~ ) [l = xn) 7
_ 2Ry [ L n( L= (1—e)|1—e>
(1=1)/(1=x)(1=7%) [(1=0%) (L4 xn1)  \1+Xorim
+vK(1 — e,
I
oV
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In the above equalities we introduced the new parameters

~9 1_Xmax o Xmin — Xn
v =, E= —7"—"

1 - Xn Xmax - Xn

instead of Xnee and Xoin-

In order to obtain the finite-size correction to the energy-charge relation, we have to
consider the limit € — 0 in (3.106). For the parameters in (3.106), we make the following
ansatz

v = vy + vi€ + vaelog(e), 0 = Ty + V1€ + Daelog(e), w =1+ we,

v =1y +vie+ nelog(e), Ay = A€,  Xn = XnlE (3.107)

We insert all these expansions into (3.106) and impose the conditions:

1. p - finite
2. jQ - finite

_ Vv (v wg)??
3. - = T ) cos(P)e

From the first two conditions, we obtain the relations

2 1 —v2—12 ) 1 — 02 — 2
p:arcsm<”0 ] ”0>, o= e Jy = 0 D (3.108)

11— V1-12 1—u

as well as six more equations. The third condition gives another two equations for the
coefficients in (3.107). Thus, we have a system of eight equations, from which we can find
all remaining coefficients in (3.107), except Ay;. A can be found from the equation for &
to be

(1 — g —v3)*?

’Uo(l — 1/3)

Ay = —A sin(®),

where A is constant with respect to ® (actually, A can be fixed to 1). The equations (3.108)
are solved by

oo = sin(p) _ Jo
VIZE+ 4sin®(p/2)’ VIZE+ 4sin®(p/2)

Replacing (3.109) into the solutions for the other coefficients, one can obtain the expressions
for the remaining parameters in terms of physical quantities.

0o = cos(p/2), 1y (3.109)

To the leading order, the equation for [J; gives

2 (7 + VT + 452 (p2)) /T3 + s (p2) sin®(p/2)
T3+ 4sin'(p/2)

e=16exp | —
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Accordingly, to the leading order again, the equation for § reads

VA T+ T2+ 4sin®(pf2) .
27 (nz — 73%‘71) + 7 72+ L5 (p)2) sin(p) = AD. (3.110)

Finally, the dispersion relation, including the leading finite-size correction, takes the form

16 sin*(p/2)
VI3 + 4sin’(p/2)
2 (jl +T? + 4sin2(p/2)> VI3 + 4sin®(p/2) sin?(p/2)

J3 + 4sin(p/2)

E-T = \/j22 + 4sin®(p/2) —

cos(P) (3.111)

exp
For Jo = 0, (3.111) reduces to the result found in [80]®.

3.1.5 Finite-size giant magnons on AdS; x C’P73

In [21] we investigated finite-size giant magnons propagating on y-deformed AdS, x C'P? type
ITA string theory background, dual to one parameter deformation of the N' = 6 super Chern-
Simoms-matter theory (ABJM theory) [66]. The resulting theory has N' = 2 supersymmetry
and the modified superpotential is [82]

W, o< Tr (e ™2 A1 By Ay By — €™/? A1 By Ay By) . (3.112)

Here the chiral superfields A;, B;, (i = 1,2) represent the matter part of the theory. As
in the N/ = 4 SYM case, the marginality of the deformation translates into the fact that
AdSy part of the background is untouched. Taking into account that C'P3 has three iso-
metric coordinates, one can consider a chain of three TsT transformations. The result is
a regular three-parameter deformation of AdSy x C'P? string background, dual to a non-
supersymmetric deformation of ABJM theory, which reduces to the supersymmetric one by
putting 71 = 72 = 0 and v3 = v [82].

The dispersion relation for the GM in the y-deformed AdS, x (]P;3 background, carrying
two nonzero angular momenta, has been found in [83]. Here we are interested in obtaining
the finite-size correction to it. Analyzing the finite-size effect on the dispersion relation, we
found that it is modified compared to the undeformed case, acquiring v dependence.

8We want to point out that our result is different from [80] which has extra cos®(p/4) in the denominator
of the phase .

63



Let us first write down the deformed background. It is given by [82]°
1

dstra = R’ (stid& + dSchag) ’

2 2 .2 2 1 1 ’
dscpg = dip* 4+ G'sin” ¢ cos” ¢ 5 c0s 01dp; — 5 c08 Oodpo + dos

1 1
+Z_L cos? 1 (dﬁf + G'sin® Hldqﬁ) + 1 sin? 1) (d@% + G'sin? digbg)
+7G sin® ¢ cos* 1 sin® 0 sin® fyd g3,

By = —R*3G sin? ¢ cos® ¢

X

l\DI»— ||

1
cos® 1 sin 0; cos fades A diy + 3 sin” 1) sin® @, cos O1dps A de

1
+ 1 (sin2 6, sin? 0 + cos? 1) sin? 0, cos® Oy + sin® ¢ sin” B, cos? 81) dor ANdos |
where
Gl=1+ ?2 sin? Y cos? Y (Sin2 0 sin? 0 + cos? Y sin® 0y cos? 0 + sin® WY sin? 0y cos? «91) )

The deformation parameter 7 above is given by 7 = %27, where v appears in the dual field
theory superpotential (3.112).

Further on, we restrict our attention to the R; x RPj subspace of AdS; x C’Pj, where
91 = 92 = 7T/2, gbg = O, and

ds® = R* (_;ldtQ + dyp? + — G 7 €08 2pdg + — sm ¢d¢2> ,

R
BQ = b¢1¢2d¢1 A dgbg = —Z’S/G SiIl2 2/) COS2 ¢d¢1 A d¢2,
G =14 3%sin? 1) cos® 9.

To find the string solutions we are interested in, we use the ansatz (j = 1,2)
t(7-7 U) = KT, w(Tv 0) = ¢(€)a qu(Ta U) = Ww;T + fj(€)7 (3113)
§=ao+ BT, K,wj,q,B = constants.

It leads to reduction of the string dynamics to the one of the y-deformed NR system. The
string Lagrangian becomes (prime is used for d/d¢)

TR G LG 2
Ly=———(a® = 3) | + ] cos’ ¢ (f{ m} 52) R (fé - afi}zﬂ?>
GO[2 2

sin2 Y cos? 1)

!
w1f2_w2f1 (3 114)
042 _ 52 ’ ’
9There are also nontrivial dilaton and fluxes F», Fy, but since the fundamental string does not interact
with them at the classical level, we do not need to know the corresponding expressions.

2 2+ 2
_ —4(a2 — (wl cos” 1) + wj sin w> + 5
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while the Virasoro constraints acquire the form

G 2w w?
2 2 2 i
(g + o cos @D( 4 +a2—|—52f{+a2+ﬁ2
G ., ) 2Bws w3 K2 /4
+ZSH1 ¢( é +mfé+062+52 = Oé2+527 (3.115)
G w1 G . )
w'2+ZCOSQw ( {2—1—?]”{) +Zsm2w ( I ?fé) = 0.
The equations of motion for f;(§) following from (3.114) can be integrated once to give
g G + ¥ (aws + 7C4) sin® (3.116)
fl_oz2—62 cos2 ¢ w1 + 7 (awq +7C1) sin“ 9| :
1 Cy _ -
fo= o — 32 [sinzw + Bwy — 7 (awr — 5Cs) cos’ 1/)] )

where C; are constants. Replacing (3.116) into (3.115), one can rewrite the Virasoro con-
straints as

2 _ 1 2 92y,.2 % _ a3
Ve = 4(a? — [2)2 (0" + 5)m cos2v)  sin® ) (8:117)
— (awy — 7Cy)” cos” ¥ — (awy +5C1)” sin’ 14 )
wlCl -+ CL)QCQ —+ BKZZ =0. (3118)

Let us point out that (3.117) is the first integral of the equation of motion for ¢. Integrating
(3.116) and (3.117), one can find string solutions with very different properties. Particular
examples are (dyonic) giant magnons and single-spike strings.

In the case at hand, the background metric does not depend on ¢ and ¢;. The corre-

sponding conserved quantities are the string energy F, and two angular momenta J;, given
by

TR? k
o= a/dg, (3.119)

2

2
J2 = %ﬁ/df |:§CQ + (Oé(x)g + ’701) sin2 77[):| .

Let us remind that the relation between the string tension 7" and the t’Hooft coupling
constant A\ for the N' = 6 super Chern-Simoms-matter theory is given by

TR? = 2V2)\.
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If we introduce the variable
X = cos” 1,

and use (3.118), the first integral (3.117) can be rewritten as

Q2 (1 —u?)
2 _ S B _ B
T (- U2)2<Xp X) (X = Xm) (X = Xn),
where
2—(1+vH)W —u?
XP+Xm+Xn: 12 )
1—(1+02)W + (oW —uK)? — K?
XpXm + XpXn + XmXn = ( ) 1 _( 02 ) s (3120)
K2
XpXmXn = 12
and
B O K 2 4
v o u 927 QQ s 0492,
C C
Ql:wl(l_ﬁ/—Q>a 92:w2(1—|—’~7—1).
awn QWo

We are interested in the case
0<xm<X<Xxp<1l xn<0,
which corresponds to the finite-size giant magnons.

In terms of the newly introduced variables, the conserved quantities (3.119) and the
angular differences

p1 = A1 = ¢1(1) — @1(—=7), P2 = Ay = da(r) — Pa(—7), (3.121)
transform to

E (1—v)VW K(1 —¢)

E= = , 3.122
TR VI—u? VXp = Xn ( )
Jp 1 ux, — VK

= — K(1 — “E1-9ol|, (3123
A= g5 = s | K (= G~ B0 -] (312

Jo 1 L= Xpn—v (W —uK)
= = K(1— 3.124
S = g m[ VXp = Xn h=d 3429

~VX = E(L - 9],
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4
P11 = N

K Xm - -
x{mﬂ (1—X—p|1—e> — [uv +5v (VW —uK) — 5 (1 — x3)]

vV Xp — XnE(1 — 6)},

(3.125)

K(1—¢)
vV Xp — Xn

4
D2 = —*1 v

x{( oW —uK H(_MH—G)—[U(l_ﬁ/K)_'—’?uX”]%

1_Xp)\/Xp_Xn 1_Xp
—Yur/Xp — XnE(l - 6) )

where € is given by

¢ = Xm X, (3.127)

Xp — Xn

From (3.122)-(3.124) one can see that the conserved charges are not affected by the ~-
deformation as it should be. Only the angular differences are shifted.

Further on, we will consider the case when &, J, and p; are large, while £ — J5, J; and
po are finite. To this end, we will introduce appropriate expansions.

Expansions

In order to find the leading finite-size correction to the energy-charge relation, we have
to consider the limit € — 0 in (3.120), (3.122)-(3.127)). We will use the following ansatz for
the parameters (Xp, Xm, Xn, U, u, W, K)

Xp = Xpo T (Xp1 + Xp2log(€)) €,

Xm = Xm0 + (Xm1 + Xm2 10g(€)) €,

Xn = Xno + (Xn1 + Xn2log(€)) €,

v =1y + (v1 + v log(e)) e, (3.128)
u = ug + (u1 + uglog(e)) e,

W =Wy + (W7 + Walog(e)) e,

K = Ko+ (K7 + Kylog(e)) e.

A few comments are in order. To be able to reproduce the dispersion relation for the infinite-
size giant magnons, we set

Xmo = Xno = Ko =0, Wy=1 (3.129)
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Also to reproduce the undeformed case [67] in the 4 — 0 limit, we need to fix

Xm2 = Xn2 = Wo = Ky = 0. (3.130)

Replacing (3.128) into (3.120) and (3.127), one finds six equations for the coefficients in

the expansions of X, Xm, X» and W. They are solved by
2
Yo

XpO =1- 1 — U,(Z),

(3.131)

Yo
R T T e L G A Y

+2 (1 — ) (1 —vf — ud) [Kiuo(1 + v]) — (1 — vg)vi]

(1 — v — 2ud) /(1 — 0 — uB) — AKF(1 — )2(1 - — )},

Vs + (Voug — Ug2)Ug
(1—u)’
up — 2ug(1 —vg) + (1 = v3)* + /(1 — ug — vg)* — 4K7(1 — ug)*(1 — ug — vg)
2(1 = u)(1 — vf — uf) ’
R e ) et {1 e
" 2(1 = ug)(1 — vf — uf) 7
 2Kqugp(1 — ug) + V(1= w2 —02)t — 4K (1 — ud)2(1 — ud — )

W= -2 '

Xp2 = —2v

Xml1 =

As a next step, we impose the conditions for [Ji, ps to be independent of €. By expanding
r.hs. of (3.123), (3.255) in €, one gets

1— 2,2
A A (3.132)

1—ul ’
. 200y/1 — 03 —ud /1= —ud
=2 —dyug—7—"-—5— 3.133
D2 arcsin < 1_ ug Yo 1 u% ) ( )

along with four more equations from the coefficients of € and eloge. The equalities (3.132),
(3.133) lead to

sin W T
Vg = 9 Uy = Y
Yo/ sin2(0)2) /TP +sin(V)2)
where the angle U is defined as

2 /1_ 2,2
\I/:arcsin< il Y% u0>.

2
1 —ug

p=2(V—237), (3.134)
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After the replacement of (3.131) into the remaining four equations, they can be solved with
respect to vy, v, U1, ug, leading to the following form of the dispersion relation in the
considered approximation

£ T = /11— U(% — ug . 1\/(1 — U(Q) — u(%>3 B 4K12(1 B U%)QG' (3135)

1 —ud 4 1 —ud

To the leading order, the expansion for 7, gives

2 2
€:16exp[—1 2<1— Dt 1—v8—u3)]. (3.136)

2
0 1 —ug

By using (3.134) and (3.136), (3.135) can be rewritten as

_ 2 | win? _ sint’(¥/2)
E—To= \/»71 +sin”(¥/2) 4\/j12 + sin?(¥/2)

2 (jg T+ SmQ(\y/z)) JTZ T s (0)2) sin?(¥/2)
J2 + sin*(¥/2)

— K2 (3.137)

exp |—

The parameter K in (3.137) can be related to the angular difference p;. To see that, let
us consider the leading order in the e-expansion for it:

4K, arctan /X% — 1
Xm1l

b= \/(1 - u%)XpOXml (Xp() - Xml)
—;2 [uovo log(16) + 7 (2xp0 — (1 — v5) log(16))] (3.138)
(1 — ug)xpo0
2 ~ 2
+(1_—u(2))xpo [UO’UO — ’}/(1 — UO)] IOg(E)

So, it is natural to introduce the angle ¢ as

)
— = arctan A0 1. (3.139)
2 Xm1

On the solution for the other parameters this gives

(1—vf —ug)®?
2(1 —ud)

sin(W/2)

K = _
' 2/ T2 1 sin2(V/2)

sin(®) sin(®). (3.140)

As a result, the relation (3.138) between the angles p; and ® becomes

D1 ( . sin &

sin W/ J2 + sin?(¥/2)
JZ+sint(v/2)

O =—=—(29—-T

2 VT2 +sint(1)2) (3.141)

)%4—.71
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where due to the periodicity condition we should set

P1 = 27m1, ny € 7.

Finally, in view of (3.140), the dispersion relation (3.137) for the dyonic giant magnons
acquires the form

4sin*(V/2)
VJI? +sin?(0/2)
2 (7 + /T + snl(0/2)) \/T7 + 5in?(0]2) sin*(¥2)
JE + sin?(V/2)

cos (3.142)

€~ o=\ T7 +sin?(0/2) -

exp |—

Based on the Liischer p-term formula for the undeformed case [17], we propose to identify
the angle ¥ (: B 4 2’y.71) with the momentum p of the magnon exitations in the dual spin
chain.

Let us point out that (3.142) has the same form as the dispersion relation for dyonic giant
magnons on R; X Sf’/ subspace of the y-deformed AdSs x S° [17]. Actually, the two energy-
charge relations coincide after appropriate normalization of the charges and after exchange
of the indices 1 and 2. The only remaining difference is in the first terms in the expressions
for the angle ®:

Rox RPY: 0 =g

RtXS,?:(I):pg—i—....

All of the above results simplify a lot when one consider giant magnons with one angular
momentum, i.e. J; = 0. In particular, the energy-charge relation (3.142) reduces to

E-—T= S.in%9 [1 — 4sin® g cos (mny — 2775) e 2225 | (3.143)

3.1.6 String solutions in AdS; x S® x T* with NS-NS B-field

In [27] we developed an approach for solving the string equations of motion and Virasoro
constraints in any background which has some (unfixed) number of commuting Killing vector
fields (see the beginning of Section 3.1). It is based on a specific ansatz for the string
embedding, which is the one given in (3.4).

Here, we apply the above mentioned approach for strings moving in AdSs x S3 x T* with
2-form NS-NS B-field. We succeeded to find solutions for a large class of string configurations
on this background. In particular, we derive dyonic giant magnon solutions in the R; x S®
subspace, and obtain the leading finite-size correction to the dispersion relation.
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Strings in AdS; x S? x T* with NS-NS B-field

The background geometry of this target space can be written in the following form

clsids3 = —(1+7r3)dt* + (1 +r*) " 'dr® + r?dg®, by = qr?,
ds%s = dO® + sin® 0d@T + cos® 0dgs, by, = —qcos® b,
dsis = (d¢")?, i=1,2,34.

According to our notations

X = (t7¢7¢1a¢27¢i)7 X“z(r,@),

Guv = (gtt> 9o g¢1¢17g¢2¢27gij) ’ Gab = (gTT7 g99) ) Gap = OJ hab = Yab,
= (bt¢v b¢1¢2)a bau = O,
=0

by
A, =0, (3.144)

where

g = (9")" = —(1+71?), o = (9¢¢)_1 =r? g1 = (g“b“z’l)_1 = sin® 6,

a2 = (g¢2¢2)_1 = cos” 0, 9ij = (gw) = 61']'7
g =(9") =1+ gee =1,
bip = qr?, by sy = —qcos®b. (3.145)

Since g, = 0, the solutions (3.11) for the coordinates X* are simplified to

XH(r,0) = A7+ XH(€) = A7 + / ¢ [¢" (C, — aAPb,,) + BAP],  (3.146)

a2 — 32
where ¢g"” and b,, must be replaced from above.

Now, we want to find the solutions for the non-isometric string coordinates X*. To this
end we have to solve the equations (3.12), which in the case at hand reduce to

(02 = ) g X" + T XV X | +0, 3" U =0, (3.147)

b=r,0

where the scalar potential U in (3.15) is represented as a sum of two parts: U, = U,(r) for
the AdS3 subspace and Uy = Uy(6) for the S* subspace of the background.

Taking into account that the metric g4, is diagonal, one can find the following two first
integrals of (3.147)

~ C, —2U,
X == e
(Q/Q - 52)9(1(1

0The common radius R of the three subspaces is set to 1, and ¢ is the parameter used in [84].

(3.148)
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It follows from here that

ge— (3.149)

Co—2U,
(a2 *62).9&&

So, we have two different expressions for d¢, which obviously must coincide. This is a
condition for self-consistency. It leads to

dr do
[Co—2U, [Co—2U,
grr geo
which actually gives implicitly the “orbit” r(€), i.e. how the radial coordinate r on AdSs3
depends on the angle 6 in S3.

(3.150)

Now, we have to check if the first integrals for X (&) are compatible with the Virasoro
constraints (3.16). Replacing X in the first of them, one finds

C,+ Cyp=0.

Thus, we found all first integrals of the string equations of motion, compatible with the
Virasoro constraints, which reduce to algebraic relations between the embedding parameters
and the integration constants.

Now, let us give the expressions for the conserved charges (3.17), corresponding to the
isometric coordinates.

~Q=b= o (- Za g6 [derat- @[] sy

Qp=5=— T 2 (gaﬁ +qCy + q2a/\¢> /d§ +(1- q2)041\¢/d€7“2

— (qCy + ¢*ah?) / . ifrz , (3.152)
Q¢1 = Jl = 042%52 (§C¢1 + aA¢1 - qC¢2) /df (3153)

Y

—(1 = ¢*)aA® /C082 0dg

T
Q@EJz:m

(§C¢2 —q <C¢1 + qu¢2)> /df

1 — cos20

+(1 — ¢*)aA? /cos2 0d¢ + q (C¢1 + q&A‘”) / L] ,
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T g ,
_ T _
Here we used the following notations: Fj is the string energy, S is the spin in AdS3, J; and
Jo are the two angular momenta in S®, while J! are the four angular momenta on 7.

The explicit expressions for the string coordinates, the “orbit” r(6), and the conserved
charges in this background are given in Appendix C.

Giant magnon solutions

The giant magnon string solution was found in [60]. It is a specific string configuration,
living in the R, x S? subspace of AdSsx S® with an angular momentum J; which goes to co. A
similar configuration, dyonic giant magnon, has been obtained in [58] which moves in R; x S3
subspace with two angular momenta J;, Jo with J; — oo. These classical configurations
have played an important role in understanding exact, quantum aspects of the AdS/CFT
correspondence. In particular, corrections due to a large but finite J; obtained in [64] and
[65] can provide a nontrivial check for the exact worldsheet S-matrix.

Here we provide similar string solutions in AdSs x 83 x T* with NS-NS B-field for a large
but finite J;. Dyonic giant magnon solution with infinite angular momentum .J; has been
constructed in [84] with the following dispersion relation !

A
Es — J1 = \/(JQ - qTA¢1)2 + 4T2(1 — q2) SiIl2 % (3155)

This relation is already quite different from those for the ordinary (dyonic) giant magnons.
We will show that there exist even bigger differences for the finite-size corrections.

Exact results

In order to consider dyonic giant magnon solutions, we restrict our general ansatz (3.4)
in the following way:

Xt=t=rr, ie A=k X' =0,
X¢=¢=0, ie. A®=0, X% =0
X'=r=X"(¢) =0,
X¢1E¢1:w17+)~(¢1(§), ie. A% =w,
X% = ¢y =wor + X®2(6), ie. A =uwy,
X'=0=X%), X“=¢ =0

As a result, we can claim that

Ct = Bﬂv

1 The terms proportional to ¢ are due to the nonzero B-field on S3.
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Tt
aX =0

which comes from i

Now, we can rewrite the first integrals for X* on S as

dxX 1 1

& a2 p? {(Casl + gaws) —v Pwr — qaw2} ; (3.156)
dX 1 &

dg :M—w<x*5”‘wm)

where y = cos? 6.

The first Virasoro constraint, which in the case under consideration is the first integral of
the equation of motion for #, reduces to

dy\’ 4 s oo (Cg 4 qawsy)?
— = —x(1 - — ! 3.157
(%) (= gt 70| T—x (3.157)
o _ 2
a2 090 a(g ity - |
X
Also, the second Virasoro constraint becomes
w1Cy, + w2Cly, + Br* = 0. (3.158)
Taking (3.158) into account, we can rewrite (3.157) as
dx\’ o wr 1 —u?
X)) 41— T — )= ) (X — ), 3.159
() =140 -2 = = 00— )= v (3.159)

where

— (V*W + (W +u? — 2+ ¢%)) + 2q (wW + K(1 — u?)))
Xp + Xm + Xn = (1 _ q2)(1 _ u2) ’ (3160)
N N ()W K2 — (oW —uK)® — 142K
XpXm T XpXn T XmXn = (1 _ q2)(1 _ UQ) ’
KQ
XpXmXn = — (1 — qz)(l — u2)7

and we introduced the notations

2
U:—é, :ﬂ’ W:(i) , K_C¢2
o w1 w1 QWi
This leads to
a 1—2? dx

de (3.161)

T 2/ 1= (1 —2) v — 00— X)X — xn).
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Integrating (3.161) and inverting () to x(&) = cos?[0(£)], one finds the following explicit
solution

V=) =) — xn) wr(o — vr), X X

ne (3.162

X = (Xp — Xn) dn’ [

Next, we integrate (3.156), and according to our ansatz, obtain that the solutions for the
isometric angles on S® are given by

2
¢1=wiT + (3.163)

VI =) (1 —u?)(xp — Xn)
W_K - - Am - Xm
v U+qUH arcsin . | X2 X7_Xp X ’Xp X
Xp_Xm 1_Xp Xp_Xn

—(v+ qu)F' | arcsin Xp — X , Xp — Xm
Xp — Xm Xp — Xn

2
P2 = waT + (3.164)

V=) (1= u?)(xp — Xn)

K - m - Am
11| arcsin MJ_X_,M
Xp Xp — Xm Xp Xp— Xn

—(uv + q)F' | arcsin Xp 7 X Xp = Xm |
Xp — Xm Xp— Xn

By using (3.161), one can find also the conserved quantities, namely, the string energy FE
and the two angular momenta Jy, Js :

(1—v)VW
V=) (1= u?)(xp — xn)

B, =2T K(1-—e), (3.165)

oT
1= —v? K(uv — K(l—¢
H = Ty L e ] K-
~(1=¢) [0 K(1 =€) + (xp = xa) E(1 = €)] }, (3.166)
oT - . ) »
~ VA=A —u?)(x, — xn){(l = ¢ )ulin K1 =€) + (6 = xn) E(1 = ¢)]
— [Kv+ q (W — Ku) + ¢*u] K(1—¢) (3.167)
oW — Ku+ qu Xp — Xn
+q T, H(—l_—xp(l—e),l—e) }



where € is defined as

Xm — Xn

3.168
Xp — Xn ( )

€ =

We will need also the expression for the angular difference A¢,. It can be found to be

9
Ap, = |
SR G s e ey (3.169)
UWIf(;Lp-l-qU II (_le_X”(l—e),l—e) —(v+qu) K(1—¢)

Xp

The expressions (3.165), (3.166), (3.167), (3.169) are for the finite-size dyonic strings
living in the R, x S? subspace of AdSs; x S3 x T,

Leading finite-size effect on the dispersion relation

In order to find the leading finite-size effect on the dispersion relation, we have to consider
the limit ¢ — 0, since € = 0 corresponds to the infinite-size case. In this subsection we restrict
ourselves to the particular case when y,, = K = 0'2. Then the third equation in (3.160) is
satisfied identically, while the other two simplify to

2—(1+ )W —u® = 2q(uwwW + %)

m — R 3.170
(1—W)(1—v*W)
prm = 2 a2 )
(1—-¢*)(1 —u?)
and € becomes
Xm
€= "—. 3.171
" (3.171)
The relevant expansions of the parameters are
Xp = Xpo + (Xp1 + Xp2log(e)) e, W =1+ Wie,
v =19+ (v1 +valog(e))e, u=rwug+ (us+ uzlog(e))e. (3.172)

12 As we will see later on, this choice allow us to reproduce the dispersion relation in the infinite volume
limit [84].
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Replacing (3.171), (3.172) into (3.170), one finds the following solutions in the small € limit
1 — v — ug — 2q(uovo + §)
I AW
_ Vo + qUo
WA PR - @2

[(1 — 2 — ul — 2q(uguo + g)) (vg’ + quo(1 + 30v3) — vo(1 — 2u — 2q2)>

2= ) (1 =) (L= wd)or + (v + q)un) |

Yoz = _2(1)0 + quo) (1 = ug)vg + (ugvo + q)us)
' (1—¢*)(1 —ug)?

1— v —ud — 2q(uovo + %))2
(1—¢*)(1 —ug)(1—vj)

(3.173)

=

The coefficients in the expansions of v and u, will be obtained by imposing the conditions
that Jo and A¢; do not depend on ¢, as in the cases without B-field (AdSs; x S° and
AdS, x CP3) and their T'sT-deformations, where the B-field is nonzero, but its contribution
is different.

Expanding (3.167) and (3.169) to the leading order in € (now x,, = K = 0), one finds that
on the solutions (3.173)

uo\/l —u? — v} — 2q(ugvo + )

Jo =2T 3.174
2 1—ud ( )
N _ 1 —uf —v§ — 2q(uovo + 2)
g arcsin ,
(1—¢*)(1 —up)
1 —u? — v —2q(ugvo + %)
Adr — 2 arcs 0~ Y 2 3.175
o1 arcsm\/ =& ) , ( )
1 —u§ — v§ — 2q(uovo + £)
= 3.176
TP @) 470
X [uo (1 —log 16 — v3(1 + log 16)) — 2qug log 16)} ,
1 — 2 — 02— 2 e
gy = L= U = 2ot + ) (3.177)

4(1 = @) (1 = ug)(1 = vg)
x [vo ((1 — 4¢%)(1 — log 16) — ug(5 — log 4096))
—vg (1 —log 16 — ug(1 +log 16)) — 4qug (1 — log4 + v§(1 — log64))]
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(uo(1 + v3) + 2qup) (1 —ut — v2 — 2q(uguo + %))
41— ¢*)(1 —v}) ’

U =

(3.178)

1 —ud — v§ — 2q(uovy + %)
Vg =
4(1 = ¢*)(1 = ug)(1 — v5)
x [vo (1 —v§ —ug(3+v5)) — 2¢ (uo(1 + 3v5) + 2quo) ] -

(3.179)

Now, let us turn to the energy-charge relation. Expanding (3.165) and (3.166) in € and
taking into account the solutions (3.173), (3.176) -(3.179), we obtain

E,— J, =2T

/18— a0t +9) 1 - 0~ 1 — 2q(unto + 3
41— ¢

The expression for € can be found from the expansion of J;. To the leading order, it is given
by

e) . (3.180)

2

Ji \/1_U3_Ug_2€I(UOUO+%) 1 —u§ — v§ — 2q(uguo + %)
e=16exp | —— 5 -2 5 5 . (3.181)
T L =g (1 —vg)(1 — ug)

Next, we would like to express the right hand side of (3.180) in terms of J, and A¢;. To
this end, we solve (3.174), (3.175) with respect to ug, vg. The result is

‘]2 - qTA¢1
\/(JQ — qTAG1)? + 4(1 — ¢2)T?sin® A;zn
T(1 - ¢%)sin Apy — q(J — ¢TA¢y)
\/(JZ - qTA¢1)2 + 4(1 _ q2)T2 Sin2 %

Ug =

: (3.182)

Vo =

(3.183)

Replacing (3.182), (3.183) into (3.180), (3.181), one finds

ES — Jl = \/<J2 — QTA¢1)2 -+ 4(1 — q2)T2 sin2 % (3184)

- (1 —¢*)T?sin* Ag’l )
(Jy — qTAG)? + 4(1 — ¢2)T? sin? &2 ’

2

where

2<J1+\/(J2—qTA¢>1)2+4(1—q2)T2 sin2 Ag’l>\/(JQ—qTA¢1)2+4(1—q2)T2sin2 21 gin2 221

e=16¢ (Jg—qT A¢p1)2+4T2 sind Afl +2¢T sin Agy ((Jo—qTA¢1)+3 T sin Agq) ) (3.185)
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Our result '* matches with that of [84] in (3.155) when we take € — 0 limit by sending
J1 — oo. This dispersion relation is different from the ordinary giant magnon’s one.

The dispersion relation for the ordinary giant magnon with one nonzero angular momen-
tum cam be obtained by setting Jo = 1 and taking the limit 7" — oco. To take into account
the leading finite-size effect only, we restrict ourselves to the case when % >> 1. The result
is the following:

. (1—¢*)sin*Z
E, —Jy =Ty 2@ +4(1 — @2)sin? 2 (1 — 2 3.186
1 \/p q + ( q )Sln 2 < p2q2 + 4(1 . q2> Sin2 % € Y ( )

where

! qg*(p — n 2¢2 +4(1 — ¢? 20
€ e [ 2( Sinp)2+4si 45 <T F\/ q ( q )Sln )

\/p2q2 + 4(1 — ¢?) sin? g sin? 2} .

2

Our results on the leading finite-size correction to the dispersion relation can provide an
important check for the exact integrability conjecture and S-matrix elements based on it.

3.1.7 Finite-size giant magnons on 7-deformed AdSs; x S°

A new integrable deformation of the type IIB AdSs x S° superstring action, depending on
one real parameter 7, has been found recently in [86]. The bosonic part of the superstring
sigma model Lagrangian on this n-deformed background was determined in [87]. Then the
authors of [87] used it to compute the perturbative S-matrix of bosonic particles in the
model.

Interesting new developments were made in [88]. There the spectrum of a string moving on
n-deformed AdSs x S is considered. This is done by treating the corresponding worldsheet
theory as integrable field theory. In particular, it was found that the dispersion relation
for the infinite-size giant magnons [60] on this background, in the large string tension limit
g — o0 is given by

29 /T 772
B =9V csinh (7sim2). (3.187)
7

where 7) is related to the deformation parameter n according to

2n
H = . 3.188

13Eqs.(3.184) and (3.185) have been confirmed by an independent analysis based on algebraic curve method
[85] after our result has been appeared in the arXiv.

79



Here, we are going to extend the result (3.187) to the case of finite-size giant magnons [28].
String Lagrangian and background fields

The bosonic part of the string Lagrangian £ on the n-deformed AdSs x S° found in [87]
is given by a sum of the Lagrangians £, and L, for the AdS and sphere subspaces. Since
there is nonzero B-field on both subspaces, which leads to the appearance of Wess-Zumino
terms, these Lagrangians can be further decomposed as

Lo=L+L"V Lo=L9+LY" (3.189)

[ APy

where the superscript “g” is related to the dependence on the background metric. The
explicit expressions for the Lagrangians in (3.189) are as follows [87]

Lo = —Loes (L4 p?)0at0st Oapsp P20, 05¢
’ 2 L= (L ) (I =7Pp%) L+ ifp'sin® ¢

2 2
pecos®C Oah10sth1 | 5 .
+ + D205 |
T+ Pptsintc TP S 6 Gatalstn

(3.190)

T . ptsin2¢
IWZ = e "0 9 a0 3.191
a 2 77 € 1 + ﬁ2p4 sin2C 1/11 ,BC? ( )

9 = _Z af (1_T2)aa¢86¢ aaraﬁr r28a§85§
R e (e [ I R A

5 2
+ 7% sin? £ 0n20302 | ,

(3.192)

+r2 cos? € Du10501
1+ 72rtsin® &

W7 _ T r*sin 2¢

_PAES g 6104€ 3.193
2 I ¥ iPrtsin?e 91058 (3.193)

where we introduced the notation

T = gy/1+ 2. (3.194)

Comparing (3.190)-(3.193) with the Polyakov string Lagrangian, one can extract the
components of the background fields. They are given by

1+ p? 1 0>
__Fr _ S - (3195
“ETT e T Ar - T Tappaie 1)
p*cos® ¢ 5 . o _ ptsin2¢
Gprypy = Gparpy = P S ¢ b%{ =1

14 72ptsin? ¢’ 14+ 2pisin® ¢
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I el _ 1 _ - (3.196)
Joo =177 n?r?’ Irm = (1 —7r2)(147?r2)’ Ty 7214 sin” & '
r? cos? € rdsin 26

2 .2 ~
G191 = Gpapo = TSI 57 b¢1§ =0

1+ 72risin® ¢ 1+ 2rtsin? ¢’

GM solutions

Since we are going to consider giant magnon solutions, we restrict ourselves to the R; x S;;’
subspace, which corresponds to the following choice in AdS,,

p:()a CZO, w1:w2:oz>b’¢1C:O'

On S;;’ we first introduce the angle 6 in the following way

r =siné,
which leads to
dsg's‘ = C?S2.9 2N ? ?92 2N + ~ Si.nze" 92 ?
K 1+ 7%2sin” 6 14+ 72sin”0 1+ 7?sin” 0sin”¢
S22
sin” 6 cos” £ ~
~ do? + sin? @ sin® € d¢?,
1 + 72 sin? fsin? & “ o3
b . — sin 0 sin 2¢
o T st fsin2 e
Now, to go to Sg, we can safely set ¢ = 0, 6 = 5 (we also exchange ¢; and ¢, and replace

¢ with #). Thus, the background seen by the string moving in the R; X S;;’ subspace can be
written as

— 1 — sin20 _ st
Gt = ) o161 = ) Gpapo = 1+ 772 sin2 9’
1 sin 260
= by =-—TN——5—. 3.197
90 = Tiente 0T 1 2ein’g (8.197)

Working in conformal wordsheet gauge, we impose the following ansatz for the string
embedding

t(r,0) =kr, @i(1,0) =wiT+ Fi(€), 0O(1,0)=0(&), &=ao+pr, i=1,2,(3.198)

where 7 and o are the string world-sheet coordinates, F;(§), 6(&) are arbitrary functions of
&, and K, w;, a, B are parameters.
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Then one can find the following solutions of the equations of motion for ¢;(7,0) (we
introduced the notation y = cos®#)

o1 (1,0) =wiT + = 1 5 /d§ ( le + ﬂw1> : (3.199)

1 1+ 7%)C _
Go(T,0) = waT + ﬁ/df {ﬁ + Bwy — 77202] , (3.200)
o= f X
where (', (5 are integration constants.

By using (3.199), (3.200), one can show that the Virasoro constraints take the form

d\* _ (- [+R - c? 1+ (1 —
(d_)g) _ 4 (X022[_ 5727)2( X)) [(az + AR — - _1X _c? 7 X)(3_201)
- ol - bt .
w1Cy + weCy + BK* = 0. (3.202)

Next, we solve (3.202) with respect to C; and replace the solution into (3.201). The result
is

dx\” 4 2-2 2
(d_g) =g wi O = X) (0 = X) (X = Xm) (X = Xn), (3.203)
where
062 U)2 _ Cx.)2 4 7”7'2 /€2 - 3w2 4 ﬁ2ﬂ2/€2 + 7’7402
X+ Xp + Xm + Xn = — wy —wi BT — ;” 2, (3.204)
2wy
XpXn + (Xp + Xn)Xn + Xm(Xp + X + Xn) = (3.205)
1 5 N
2a2w] {62“2 [772(“2 - 2W%) - Wﬂ + 2025772"02002
+ a?w? [(2—1—317 )wl —wi — (1—1—217 ) }
+ O3 (w3 — (24 37%) wi) }
XanXp + XmXnXn T XmXpXn T XnXpXn = (3.206)
1+7n 5
m [02(1 + 37w} — 205 Bk wy — Caws — (K* — wi)(B*K* — 04%1%)} ,
02 1 +77,2 2
XmXnXpXn = _2(—2)- (3207)

Polwy
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The solution £(x) of (3.203) is
a2 _ 62

0= nawry/ (Xn — Xm) (Xp — Xn)

7 (arcsm \/ (X = Xm) (Xp = X) (Xp = Xom) (X — Xn)> |

(Xp = Xm) Xy = %) (X = Xm) (Xp — Xn)

X

where

Xn = Xp > X = Xm > Xn-

Inverting £(x) to x(&), one finds

X = Xn) d0®(z]m) + (xy = Xp)Xn
X&) = (Xp = Xn) dnz(x|m) + Xn — Xp

where

T = nawi \/(Xn — Xm)(Xp — Xn)
o — 2
(Xp - Xm>(X77 - Xn)
(Xn = Xm) (Xp — Xn)

57

m =

(3.208)

(3.209)

By using (3.203) we can find the explicit solutions for the isometric angles ¢1, ¢o. They

are given by

1
o) = wiT +
7o) =t nawt(xy — 1)v/(xy — Xm) (Xp — Xn) :

{ [6 (/{2 + w%(xn — 1) + C’sz) ] F (arcsin \/(Xn - Xm)(Xp - X) ’ m)

(Xp = Xm) (X — X)

O = X)) (B + Cows) (arcsin \/ OXn = xm) 0 = X) Ot = D0 —

1—xp

1
Go(T,0) = woT + — X
naw Xy \/(Xn — Xm)(Xp — Xn)

(Xp = Xm) Oy = X)) (1= xp) (X — Xm)

i O = xm) (X — X)
{ [C’g (1-7*(xn— 1) + ngxn] F (arcsm \/(X

p = Xm)(Xn — X)

+C2(1 + ﬁQ)(X’U - Xp) %
Xp

IT | arcsin OXn = Xm) 00 = X) Xa(Xp — Xm) m
(o = Xm) O = X) " (Xp = Xom)Xp '
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Now, let us go to the computations of the conserved charges ), i.e. the string energy Fj

and the two angular momenta J;, Js. Starting with

oL
Qu:/dam> Xt = (t,¢1,¢2),

and applying the ansatz (3.4), one finds

I 5_2 K[ dx
by = 7 (1 oﬂ) Wi Sy VO — )0 — )= X)X — Xn) (3.212)

D[, BB+ Can)\ [ dx
h U <1 awi ) o VOt = X) 0 = X)X = Xim) (X — Xn (3:213)
B Xp XdX ]
v VO =)0 — X)X = Xm) (X — Xn) |
T 1\ wy [XP 5%
J2 - ~—3 1 + ~—2 —
1 ( 1 )“’1 /Xm (Hﬁ%—x) V0t =006 = X)X = Xm) (X = Xn)

Xp dX

_ (w2 _ B0
<°~’1 ! a2w1> o V00 = )06 = X)X = xm) (X — xn)] ' (321)

We will need also the expression for the angular difference A¢;. The computations give

the following result

! [ﬁ v dx (3.215)

S P Y ey copey e ey

- @7 ’ %) / (1= 000 — ><><><pdf VX — ) (x = m]'

Solving the integrals in (3.212)-(3.215) and introducing the notations

2 _ _
v oo o 5Ky = G (OXn = Xp) Om X"), (3.216)
« w1 h Qwq (Xn = Xm) (Xp = Xn)
we finally obtain
2T 1 — %)V
B, = L—vIVIV g, (3.217)
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21 2 uv — — € .
J = ) [ (1—0*W + K> xy) K(1—¢) (3.218)

+(xn—xp)H<M 1—6)],

Xn_Xm’
L+ 2
Jy = — 21 { ( ’7>u X (3.219)
v/ (X = Xim) (Xp = Xn) (1 +2 - Xn)
— p - Xm 1+~L2_ n
[K(l—e)— an X»_n b — X )< ! X>,1—e ]
TE o \ G (14— 0)
—(u—i—f]Qng) K(l—e)},
Agn ’ X (3.220)

T i — ) Ot — X)

oW — Kyu B _ (Xn - 1)(Xp - Xm) e
{wﬁma—mJ“"X”H(<m—mmva1 )

—(1—xp) K(1— 6)] —v K(1 —e)}.

Small e-expansions and dispersion relation

In this section we restrict ourselves to the simpler case of giant magnons with one nonzero
angular momentum. To this end, we set the second isometric angle ¢ = 0. From the solution
(3.211) it is clear that ¢ is zero when

W = CQ = 07
or equivalently (see (3.216))
u = KQ = 0.

Then it follows from (3.207) that x,, = 0 because x;, > xp, > Xm > 0 for the finite-size case.
In addition, we express x,, through the other parameters

XnXp
Xm = €.
Xy — (1= €)xp
As a consequence (3.204)-(3.206) take the form
1—é€)x2 — 2 — X2 1
1= 9% — 2001 — X, +3—(1+v)W + = =0, (3.221)
Xn — (1 —e)xp n
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XpXnOp X)) 2= (1 +0)W (B = (2+0°2-W))W)7?

XpXn + — — =0, 3.222
P Xy = (1= xp 7? (3.222)
G (AP W)(I W) (3.223)

Xn — (1= €)xp U

In order to obtain the leading finite-size effect on the dispersion relation, we consider the
limit ¢ — 0 in (3.221)-(3.223) first. We will use the following small e-expansions for the
remaining parameters

Xn = Xno + (X1 + X2 log €)e (3.224)
Xp = Xpo T (Xp1 + Xp2 l0g €)e,

v =g+ (v1 + v log €)e,

W =14 Wie.

Replacing (3.224) into (3.221)-(3.223) and expanding in € one finds the following solution of
the resulting equations

Xp2 = —21)07]2, (3225)

Next, we expand A¢; in € and impose the condition that the resulting expression does
not depend on €. After using (3.225) this gives

1472
A¢, = 2 arccot (vo i ?72> (3.226)
and two equations with solution
vo(1 —v3) [1 —log 16 + 7 (2 — v3(1 + log 16))] 1 )

= = —v(l —vg). 3.227
. (1 + 7203) o =gl —w). (3:227)

Solving (3.226) with respect to vy one finds

cot 22
vy = 2 : (3.228)
712 + csc? 82
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Now let us go to the e-expansion of the difference F; — J;. Taking into account the
solutions for the parameters, it can be written as

1 1 +77)sin® §
B, — J = 2g\/1+ i | Zarcsinh <ﬁsin§) /L N (3.229)
7

44/1 + 7 sin® &

where the expression for € can be found from the expansion of J;. To the leading order, the

result is
A 1+ 2sin?2
e=16 exp [_ <? + T&I‘CSlnh (T] Sin 5) W . (3230)

2

In writing (3.229), (3.230), we used (3.194) and identified the angular difference A¢; with
the magnon momentum p in the dual spin chain.

For ¢ = 0, (3.229) reduces to the dispersion relation for the infinite-size giant magnon
obtained in [88] for the large g case. In the limit 7 — 0, (3.229) gives the correct result for
the undeformed case found in [64].

3.2 Membrane results
3.2.1 MZ2-brane solutions in AdS; x S*

In [7] different M2-brane configurations in the M-theory AdS; x S* background with field
theory dual Ay_1(2,0) SCFT have been considered. New membrane solutions are found
and compared with the known ones. Here we will give an example of such solution chosen
among the ones obtained there.

We use the following coordinates for the AdS; x S* metric

1 2ds% s, wss = AR {—cosh® pdt® + dp® + sinh?® p (dip] + cos® ihydip + sin® 1hyd€23)

+4[

dQ3 = dii + cos® hsdip; + cos® b3 cos® Pudipz,

and embed the membrane according to the ansatz

1
— [do® + cos® adf? + sin® o (d* + cos® Bdv?)] } , (3.231)

XO(1,6,0) =t(r,0,0) = A% + Ao + Y(7),

Xl(Tu o, U) - Yl( ) = p(T),

X%(1,0,0) = a(7,0,0) = AI§ + Ajo + Y?(7), (3.232)
X3(1,6,0) = 5(7,6,0) = A6 + Ao + Y3 (1),

X4(r.0,0) =Y*(r) = a(7),

X%(1,0,0) = 0(7,0,0) = A}§ + ASo + Y?(7),

L v0,235 ya _ yld
X# = X0235 xo — x4,
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Then the background seen by the membrane is (1, = 7/4)
1 1
ds® = (21,R)? [— cosh? pdt? + dp? + B sinh? p (dy3 + dvz2) + 2 (do® + cos® adb?) | (3.233)
and in our notations X* = X235 X = X4,

Performing the necessary computations, one finds the following two first integrals of the
equations of motion for p(7) and «a(7)

- 0 _E
(2m)* | cosh? p sinh” p

x [2 (A% + Ads) cosh? p — A3y sinh? p] sinh® p — 4d = Fy(p) > 0,
(2X\%p5)?

(2m)% cos? «

+ (21,R)® (\°Ty)* (3.234)

(91ac0)> = d + (1,R)® (4X°TpA¢5)” cos® ov — = Fy(e) > 0. (3.235)

The general solutions of the above two equations are
d
T o) = R [ 2
F1 F4(Oé)

One can also find the orbit p = p(«):

7(p) = (21, R)?

(3.236)

dp _ / da
Vv Fi(p) Vi)

The solutions for the M2-brane coordinates X* are given by

X(p,a;0,0) = t(p,;8,0) =AY [\'7(p) + 0] + A) [)\2T(p) + 0]

2\E dp

+(27T /cosh o/ Fi(p pra)l

X2(p,;0,0) = a(p,;6,0) = A7 [N'7(p) + 0] —i—Ag [)\2 (p )+a}
4Xpy dp

+( /smh o/ Fi(p Pl

Xg(p,a;é,a)E@D5(p,a;5,a)—A? [)\1 (p )—1—5} +A§ [)\2 (p )—I—a}

4\0pq dp 3
T (W / T+ 10,0

X5(p,a;8,0) =0(p,a;0,0) = — {(AOE Aips — Aps) (N7 () + 0]
(AgE — A3ps — Ajps) [N7(a) + 0]}

2)\%ps do 5 N
* (27)2 /COSQCI\/F4(O[) AR

where f#[C(p, «)] are arbitrary functions of C(p, ). In turn, C(p, «) is the first integral of
the equation (3.236).
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3.2.2 MZ2-brane solutions in AdS, x S7

The metric and the three-form gauge field are given by
ds%as,xs7 = i1 [~ cosh? pdt* + dp® + sinh? p (do® + sin® adB®) + Bds?] |

k
by = —3 sinh® psinadt A da AdB, k= const,

where B is the relative radius of AdS,; with respect to the seven-sphere. We choose to
parameterize S7 as

ds? = 4d€® + cos®¢ (d6’2 + d¢* + dip® 4 2 cos Hdgbdw)
+ sin’& (d6} + do? + dy; + 2 cos O dgrdipy ) .

Now, consider the following membrane embedding [8]

X(1,0,0) =t(r,0,0) = AJT,

X1<T> d,0) = Zl<0) = p(0),

X2(1,6,0) = Z*(0) = alo),

X3(1,6,0) = B(1,6,0) = Ao7 + A}6 + ASo,
X4(1,0,0) = ¢(1,0,0) = Ag7 + A1d + Ao,
Xo(1,0,0) =(r,0,0) = AjT + A5 + Ao

where in our notations p = 0,3,4,5, a = 1,2. The relevant background seen by the mem-
brane is

ds* = [ [— cosh? pdt® 4+ dp? + sinh? p (da2 + sin? adﬁQ)
+  B*(d¢® + dy* + 2dgdy)]

k
boas = —3 sinh?® psin a.

For simplicity, we choose to work in diagonal worldvolume gauge A\’ = 0 in which we must
have Go; = 0. There exist four types of solutions for these constraints, for the membrane
embedding used:

A} =0, A =—A} (3.237)
AP =0, Aj=—Ag, (3.238)
Ay =0, A’ =—A}
Ag=0, Aj=-A.

Let us note that in the first two cases, which will be considered here, the induced B-field is
zero, while for the last two, it is not.

89



Working in the framework of ansatz (3.237), one obtains that det G,,,, = G =0, i.e. this
case corresponds to tensionless membrane. Then one finds that the membrane trajectory

p = p(a) is given by

1/2
(B/AY)® (A +A3)° —1

1 — (A3/A9)*sin?

sinh p(a) =

In the case under consideration the conserved charges are connected with each other by the
equality
20
0 _ A3 2
where E, S and J are the membrane energy, spin and angular momentum respectively.

In the framework of ansatz (3.238), one obtains that the conserved quantities read

l2
E = 2L>\10A8/d2§ cosh? p,

2
S = %Ag/d% sinh? psin? o,
J=0.

Taking o = 0, we find the solution

AT+ A

p(o) =Intan (0/24,), A, =2\"Th,B N
0

For a = oy # 0, 7, there exist two different solutions:
1. 1+sn(c/A,)
= " p———"77 P
plo) =5 sn(o/A,)’
1 “n V14 k?
V1 + k2 A

B =1-— (Ag/Ag)zsin2 ap € (0,1);

tanh p(o) = O') , k= (/\3//\8)gsin2 a—1€(0,1),

p

Fixing p = py # 0, one obtains

a(o) = arcsin [sn (0/A,)], «a € (—7/2,7/2),
Ay = Ay tanhpy,  k? = (A3/A9)” tanh? py € (0, 1).

Now, let us turn to the general case, when none of the coordinates p and « are kept fixed.
In order to be able to give explicit solution, we set A3 = 0 and find

A
cn(Co)’

cosh p(o) =
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1 20 \? 1, A0 o 2]
A= |= |1 1 — Moy
> +\/ * <l11A8K> S <l11A8K> ] /

and d is an arbitrary constant. The solution for the membrane trajectory is the following

alp) = m [A?H (go, —ﬁ, k:) (1) P k:)] ,

—1/4
1, AIK 2 ILASK

The condition A3 = 0 leads to S = 0, and the membrane energy E remains the only
nontrivial conserved quantity. On the obtained solution, it is given by

where

(o)
(p = arccos , k=
cosh p

B — A2E 4 TCK? {sn(QﬁC)dn(QwC)
= 0

2)\0A9 cn(27C) a E(k)] B0 = Epo.

3.2.3 Exact rotating membrane solutions on a (G, manifold
and their semiclassical limits

We obtain exact rotating membrane solutions and explicit expressions for the conserved
charges on a manifold with exactly known metric of G5 holonomy in M-theory, with four
dimensional N' = 1 gauge theory dual. After that, we investigate their semiclassical limits
and derive different relations between the energy and the other conserved quantities, which
is a step towards M-theory lift of the semiclassical string/gauge theory correspondence for
N =1 field theories [9].

To our knowledge, the only paper devoted to rotating membranes on (G manifolds at that
time is [52], where various membrane configurations on different G5 holonomy backgrounds
have been studied systematically, but not exactly. In the semiclassical limit (large conserved
charges), the following relations between the energy and the corresponding conserved charge
K have been obtained: £~ K'/? E~ K*3 E—K~ K'Y E—K~IK.

Here, our approach will be different. Taking into account that only a small number of G,
holonomy metrics are known ezactly, we choose to search for rotating membrane solutions
on one of these metrics. Namely, the one discovered in [53]. First, we describe the G
holonomy background of [53]. Second, we obtain a number of exact rotating membrane
solutions and the explicit expressions for the corresponding conserved charges. Then, we
take the semiclassical limit and derive different energy-charge relations. They reproduce
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and generalize part of the results obtained in [52], for the case of more than two conserved
quantities.

The background we are interested in is a one-parameter family of G5 holonomy metrics
(parameterized by rg), which play an important role as supergravity dual of the large N limit
of four dimensional N” = 1 SYM. These metrics describe the M theory lift of the supergravity
solution corresponding to a collection of D6-branes wrapping the supersymmetric three-cycle
of the deformed conifold geometry for any value of the string coupling constant. The explicit
expression for the metric with SU(2) x SU(2) x U(1) x Zy symmetry is given by [53]

7
dsi =) e" @, (3.239)
a=1

with the following vielbeins

el = A(r)(or —%1), € =A(r)(or— ),
¢ = D(r)(os—%s), ¢'=B(r)(o1+%),
e = B(r)(oa+3s), € =rC(r)(os+2s),
e’ = dr/C(r), (3.240)
where
1 1
A = SV =3n/20+90/2), B= o /(r+3n/2)( - 90/2)
_ (r —9r¢/2)(r + 91 /2) B
¢ - \/(7" —3ro/2)(r + 3r9/2)’ D=r/3 24
and

o1 = sin sin 0d¢ + cospdl, Ly = sin 1 sin Od¢ + cos d,
0y = cos Y sin Bdp — sinhdh, Ty = cossin Odg — sin Ppdb,
o3 = cos Od¢ + dip, S5 = cos 0d + di. (3.242)

This metric is Ricci flat and complete for r > 9r¢/2. It has a Gy-structure given by the
following covariantly constant three-form

3
9rg

o = 1 Cate (Ca NOp NOoe —Xg ANy A L)
r 27r? T 81r2
+ d|:1—8(r2_ 40)(01/\21"‘0—2/\22)"‘30(7“2— 80)03/\23],

which guarantees the existence of a unique covariantly constant spinor [53].

The M-theory background for our case can be written as

li2ds, = —dt* + §pyda’ da’ + dsz, (3.243)

92



where [11 is the eleven dimensional Planck length, (I,J=1,2,3) and ds2 is given in (3.239)-(3.242).
In other words, the background is direct product of flat, four dimensional space-time, and a seven
dimensional GGo manifold.

We will search for solutions, for which the background felt by the membrane depends on only
one coordinate. This will be the radial coordinate r, i.e. the rotating membrane embedding
along this coordinate has the form r = r(o). Then, the remaining membrane coordinates, which
are not fixed, will depend linearly on the worldvolume coordinates 7, 6 and o¢. The membrane
configurations considered below are all for which, we were able to obtain ezact solutions under the
described conditions.

First type of membrane embedding [9]

Let us consider the following membrane configuration:
1
AS
Xt=r(0), XS=0=Ar, X°=0=A01; (Ao.Ay) =01 AN/ (3.244)

X0O=t=A0r+ —[(Ao.A1) 0+ (Ag.A2) o], XTI =Alr+ A5+ Alg,

It corresponds to membrane extended in the radial direction 7, and rotating in the planes given by
the angles 6 and 0. In addition, it is nontrivially spanned along X% and X’. The relations between
the parameters in X° and X! guarantee that the constraints are identically satisfied. At the same
time, the membrane moves along t-coordinate with constant energy F, and along X! with constant
momenta P;. In this case, the target space metric seen by the membrane becomes
_ 2 2 - I

goo = g1t = —li1, 915 = U101,  gaa = Grr = ()’

go6 = gop = 111 [A%(r) + B*(r)],  goo = g5 = 1 [A%(r) + B*(r)]

969 = Yyi = —13 [AQ(T) — Bz(r)} : (3.245)

Therefore, in our notations, we have p = (0,1,6,9) = (¢, 1,6, 5), a = 4 = r. The metric induced on
the membrane worldvolume is

Goo = —13; [(AD)” — A — (Ag)?A% — (A9)*B?]

Gu =1, My, Gu=105 M, Gp=105 [M22 + gz} ;
where
My = (AA) — Bo) (féo'Aa‘)7 AE = AS+ AD. (3.246)
(A9)
The constants of the motion 733, introduced in [8], are given by
P; = _2)\0132%%1 [(Ao-A1) Mz — (Ag.A2) M, (3.247)
0

P2 =2\1211, (A{Mm - AéMll) , Ps=P§=0
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The membrane Lagrangian takes the form

1 Mll
LA(0) = 0 (Kwr? =V), Kp= —(2/\0T2l%1)2ﬁ,

V = (2AOTyiR, ) det My + B, [(AD)? — A3 — (A7 242 — (A7)

Let us first consider the particular case when Ay =0, i.e. 0 = 6. From the first integral of the
equation of motion for r(o)

Knr?+U =0, U=V+4\"AP2,

one obtains the turning points of the effective one-dimensional periodic motion by solving the
equation ' = 0. In the case under consideration, the result is

Trin = 9l T =r1=124/1+ 3u3 +1] >3l

min — 3 mar — 'l — ZQ(AS_)Q )
/ 3u(2)

T‘2:—l <2 1+l2(A8_)2—1> <0, l:3T0/2,

where we have introduced the notation

ug = (2A°Tyly)? det My; + (AD)® — Af + 4\ AEP2 /15, (3.248)
= (A9)? — A2 — (2\°Tuly1)? det M;;.

Now, we can write down the following expression for the membrane solution (Ar = r — 31)

O'( _ /r |:_ Km«(t):| 1/2 dt — 16)\0T2l11 MnlA’l“ 1/2
5 | U®) AF LG =31 (31 —r2)
Ar _g _Ar Ar Ar

207 4l 617 3l—ry 7 — 3l

FY <1/2; —1/2,-1/2,1/2,1/2,1/2;3/2; — > /(3.249)

where the following normalization condition must be satisfied (Ar; = r; — 31) [9]

2 = 2/“ [_ Krr(t)] V2 3Tl (M)
3

! U(t) AL (3l —r9)/?

Ari Ar A A
FY <1/2;—1/2,—1/2,1/2,1/2,1/2;3/2;— e S n >:

— 1
207 4l 6l 3l—ry’

167T)\0T2l11 (M11Z)1/2 Arq _AT1 _AT’1 _ Ary
Aa— (3Z—T2)1/2 21’ 41’ 6l ’ 3l—T2

. 12 1/2 1/2 ~1/2 —1/2
_ 167 A°Toly1 (My1l) <1 + ATl) (1 + Am) (1 + ATl) (1 + ATy >
Aa_ (3l _ 7’2)1/2 2] 41 61 3l — 1o

(4) 1 1 1 1
< F§ (1/2; —1/2,-1/2,1/2,1/2,; 1; — . | - (3.250)
1+A7'1 1+Ar1 1+Ar1 1+T:2
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Now, we can compute the conserved charges on the obtained solution. They are:
7T2l%1 71'2[%1
A0 A0
P, = P = i%lA+ " _Krr(t) 1/2 32 Ddt — 4772T2l%1 (M11l3)
0=46= 0 0 i (t)dt = 12

3l (t) 3 (3l — T‘Q)
A’I“l _ATl _ ATl A’I"l )

207 47 6l 3l—r
A2 Tl (M1 1/2 A 1/2 A 3/2 A -1/2 A -1/2
R () () () )
3(3l _ 7.2) / 21 41 6! 3l — T2

(4) 1 1 1 1
X FY (1/2; ~1/2,-3/2,1/2,1/2,32 —5, —— s s | - (3.252)
1+ Ary 1+ Ary 1+ Ary 1+ Arzz

E=—-P = Ay, P= Ao, (3.251)

1/2

Ar FY <3/2; —1/2,-3/2,1/2,1/2,;2; —

Our next task is to find the relation between the energy F and the other conserved quantities P,
Py = Pj in the semiclassical limit (large conserved charges). This corresponds to 71 — oo, which
in the present case leads to 3uZ/[I2(AJ)?] — oo. In this limit, the condition (3.250) reduces to

AF = 2v3ATyly, M2,

while the expression (3.252) for the momentum Py, takes the form

2
_p _ 273 arl/2 Yo
Pg = Pé - \/§7T T2l11M11 W
Combining these results with (3.21), one obtains
2 (2 2 2173 12 2 2 2112
{E (B2 — P?) — (2n°Tyi3)) {(A1 x A2)2 B2 — [(Ay x Ag) x P] }} (3.253)

—(4V3r2 Tyl )2 B2 [A%EQ - (AI.P)Q} P2=0, (A;xAs), =eryhi AL

This is fourth order algebraic equation for E?. Its positive solutions give the explicit dependence
of the energy on P and Py: E? = E?(P, ).

Let us consider a few particular cases. In the simplest case, when Aé =0, ie. P =0, and
AL = cAl which corresponds to the membrane embedding (see (3.244))

X0=t=A0r, X'=A(5+co), X*=r(0), X=0=Ar=X"=0=A)r,
(3.253) simplifies to
E? = 43013, | Ay | P (3.254)

This is the relation E ~ K'/2 obtained for Gy-manifolds in [27]. If we impose only the conditions
A} =0, and A! remain independent, (3.253) gives

E? = (2m°Tl3))? (A1 x Ao)* + 431 Dol | Ay | Py (3.255)
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Now, let us take A} # 0, Al = cAl. Then, (3.253) reduces to
E? [(EQ -~ P2’ (4\/§w2T2z{>1)2A§Pﬂ + (V312 Ti3,)? (A1 P)? P2 = 0,

which is third order algebraic equation for E2. If the three-dimensional vectors A; and P are
orthogonal to each other, i.e. (A1.P) =0, the above relation simplifies to

E? = P2 + 4V3r2Tol3, | Ay | Py. (3.256)

The obvious conclusion is that in the framework of a given embedding, one can obtain different
relations between the energy and the other conserved charges, depending on the choice of the

embedding parameters.

Now, we will consider the general case, when Ay # 0, i.e. 0 # 6. The turning points are given
by

Tmin = 3l7 Tmaz = T1 = |

T R (8
k243 3u?
=t [2\/ T TRy "

Now the solution for o(r) is

KLY 163l MulAr V2
/3 [ u) ] " [(AD)? + (A5)2]Y? [(ﬁ—i’»l) (3l—r2)} %

(5) Ar  Ar Ar Ar Ar
F 1/2,-1/2,—-1/2,1/2,1/2,1/2;3/2; ——, —, —, ——— (3.2
D (/’ /2,=1/2,1/2,1/2,1/2;3/2; 207 417 617 3l—ry’ 1 —3l (3.257)

k2 +3 3u?
2\/++ ug Tk

o(r)=
l

The normalization condition reads
80Tyl (Myql)Y? y
(A2 + (A7)2] % (31 = 12)"/?

Ar1 Arp Ar Arq > _

4) S _ T _ _ —
<1/2, 1/2,-1/2,1/2,1/2,;1; 5T 4 6 3—n

)\OTglu (Mnl)
[(A ]1/2 oy 1/2

1/2 1/2 ~1/2 ~1/2
1+ =1t Aﬁ 1 + 1+ A 1+ Ar %
6l 3l — 9

2 (1/2;—/ C12,1/2,1/2,: 1 ! ! L

T4+ 2 14 a5 14 2514 30

) = 1. (3.258)

Computing the conserved momenta, one obtains the same expressions for ¥ and P as in (3.21)

14 Actually, these expressions for E and P are always valid for the background we use.
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and
A2 Tyl3 A (M 13)?

n _o11/2 1/2 x
3[(/\0)2"‘(1\0 )2] (3l —12)
Ar Ar Ar Ar
ArFW (3/2:-1/2,-3/2,1/2,1/2,;2, - =L 21 20 271
Ly <3/7 /7 3/a /) /77 » 21’ 4l 6l 31— 1y

(Po + P5) =

N

A2 Tol3 G (M) ?
X
3[(AD)2 + (A5)2]"% (31— 1a) /2

AT’l 1/2 AT’l 3/2 ATl —1/2 ATl —1/2
Arp (14 20) 0 (14 20) (1420 1
“<+ 2z> LY 6 T3, X

1 1 1 1
rW (1/2'—1/2 —3/2,1/2,1/2,;2; ) (3.259)
D ) ) ) ) 2 ) 2l 7 4l ) 6l ) 3l_ )
1+Ar1 1+Ar1 1+Ar1 1+ =

872 Tol3 Ay (Miyl5)'?

(A2 + (452 (81 = r2)'"?
(4) . _ - 1. Arl B AT’l . ATl _ AT‘l
Fy (1/2, 3/2,—1/2,—-1/2,1/2,;1; 5T W6 3

(Po — Fy) =

N |

SﬂzTgl?lAa (M11l5) 1/2
(A2 + (A5)2] Y (31— r2)/2

AT‘l 3/2 AT‘l 1/2 ATl 1/2 AT‘l —1/2
(”zz) (”y) <1+61> <1+3z_r2> X
1 1 1 1
). (3.260)

Fy <1/2- ~3/2,-1/2,-1/2,1/2,;1; — -
) ) ) ) ) i ) ) 6l ) 3[_
1+Ar1 1+Ar1 1+A77‘1 1+ Ar?

Now, we go to the semiclassical limit r; — oco. The normalization condition gives
[(AD)? + (A" = 2B\ Tt A,
whereas (3.259) and (3.260) take the form

Pt P — \/§7T2T2l“;’1A(:)tM111/2u%
( b=+ 67) - 19 —\213/2 "
[(Ag)?+ (Ag)?]

N | —

The above expressions, together with (3.21), lead to the following connection between the energy

and the conserved momenta
2 (12 2 27 73 \2 2 -2 2112
{E (E2 — P2) — (2n*Tyi3)) {(A1 x A2)2 B2 — [(A1 x Ay) x P] }} (3.261)

—6(2m2 513, )2 E? [A%EQ - (Al.P)Q} (Pg + Pg) = 0.
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Obviously, (3.261) is the generalization of (3.253) for the case Py # FP; and for Py = P coincides
with it, as it should be. The particular cases (3.254), (3.255) and (3.256) now generalize to

1/2
E? = 2V6r2Thi3, | Ay | (pg + Pg) ,

1/2
B2 = (2m2T513))? (A1 x As)? + 2V6m2Tol3, | Ay | (Pg n Pg) ,

1/2
B2 = P24 2V6r2Thl3, | A, | (P@2 + Pg) . (3.262)

Finally, let us give the semiclassical limit of the membrane solution (3.257), which is

1/4
. 32(472 T3, ) [A%E2 - (Al.P)2] (IAF)1/? (3.263)
Oscl\T - ' .
2752 (P} + P2)

® (1 /9. _1/9 _ g/, AT _Ar _Ar

x F§ (1/2, 1/2,-1/2,1/2%38/% -5, — T 6l>
51y 1/4

32472113, )? [A§E2 — (AL.P) ]

= S— (1Ar)'/?
2
278 (P} + P2)
Ar\ 2 Ar\ Y2 Ar\ V2

1 1 1
D ’ ’ ) ] ) 2 4l 6l
1+ A7 1+ + 8

r

Second type of membrane embedding [9]

Let us consider membrane, which is extended along the radial direction r and rotates in the
planes defined by the angles 6 and 6, with angular momenta Py and P;. Now we want to have
nontrivial wrapping along X% and X°. The embedding parameters in X% and X have to be chosen
in such a way that the constraints are satisfied identically. It turns out that the angular momenta
Py and P must be equal, and the constants of the motion 735 are identically zero for this case. In
addition, we want the membrane to move along X° and X! with constant energy E and constant
momenta P; respectively. All this leads to the following ansatz:

X0=t=AJr, X'=Alr, X'=r(0),
X0=0=Ar+ A5+ ASo, X% =0=A%r— (AS5 + ASo). (3.264)

The background felt by the membrane is the same as in (3.245), but the metric induced on the
membrane worldvolume is different and is given by

Goo = ~I [(A§)? = A — (AD)2B], G = 43 (A9)?A%,

7,/2

Gia = 412 ASASA?,  Gao =13 [02

+ 4(A§)2A2] .
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For the present case, the membrane Lagrangian reduces to
2
2 A

1
L40) = o (Kt = V). Ko = —(N Tl (AD)? 5,

V= U= [(AD)? - A3 — (A])?B?] .
The turning points of the effective one-dimensional periodic motion

K +V =0,

Fonin = 31, Tmaz =11 =12 1+73”2 +1| >3l

min — 9 max — 'l — ZZ(A) )

ro = —1{24/1+ il —-1] <0, vf=(AD)?*- A} (3.265)
2(AG)?

Now, the membrane solution reads:

are given by

"KM 320004, A BAr 1/2
o(r) = — dt = i
3 V(t) A (r1 —31) (3l — r9)
1) Ar Ar Ar Ar
1/2;,-1,-1/2,1/2,1/2;3/2; — —_— Y — ] . 2
</’ [20/21/23)% =50 = 3l—ry 1y — 3l (3.266)
The normalization condition leads to the following relation between the parameters
16A9To111 A8 3/2 A A A
6\ 2l11 l (1/2 1/271/2;1;_ 7‘17_ ’I”l’_ 1 )
A (31— )1/2 2l 4l 3l — 17y
1620 673/2 1/2 —-1/2
_ 6 TQlllAll <1 + A’I”1> (1 + A7“1> (1 i A’I”l )
AF (31— 1)1/ 21 4] 3l —roy
(3) 1 1 1
xFP [ 1/2,-1,-1/2,1/2,:1; , : =1. 3.267
D(/ 22 T T (3.267)

In the case under consideration, the conserved quantities are E/, P and Py = F;. We derive the
following result for Py = Py

2713 A6 5/2 A A A
By — p, = ST L An )

3(31 — 1) 1/? 207 4l 3l—ry

27 73 £ 675/2 3/2 —1/2
_ 8w T2l11Alf 5 Ary <1 + Arl) <1 + AT) <1 + ATy )
3 (31— ry) / 21 41 3l — 1o

Ar FY <3/2; ~1,-3/2,1/2;2; —

1 1 1
xFY(1/25-1,-3/2,1/2,32 — 5, ——, —a— ) . (3.268)
( L+ Ary L+ Ary I+ Ar?

In the semiclassical limit, (3.267) and (3.268) reduce to

8\/ 167 Tol3, AS

Ve [AD7 - Az,
0

(A5 = 2001, A [(AD? — A2]Y2, py= P =
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From here and (3.251), one obtains the relation
E? = P2 4 33 (2nTul3  AS)23 P2, (3.269)

In the particular case when P = 0, (3.269) coincides with the energy-charge relation E ~ K?2/3,
first obtained for Gia-manifolds in [27]. For the given embedding (3.264), the semiclassical limit of
the membrane solution (3.266) is as follows

2173 A6\ 2/3
ascz(r)=8ﬂ1/3<w> (Par) <1/2 1, —1y23/2 -2 —AT>

9Py 217 4l
9m2Ty13, AG\ /3 1 Ar Ar\ Y2
1/3 201140 3A- Y2 (1 1 2
87 ( 0P, ) (I°Ar) + < + (3.270)
@ (1. 379, 1 1
x F, <1,—1,—1/2,3/2,1 T >

Third type of membrane embedding [9]

Again, we want the membrane to move in the flat, four dimensional part of the eleven dimensional
background metric (3.243), with constant energy F and constant momenta P;. On the curved part
of the metric, the membrane is extended along the radial coordinate r, rotates in the plane given by
the angle ¥ = ¢ + ¥, and is wrapped along the angular coordinate ¥_ = 1) — ¢. This membrane
configuration is given by

X0=t=A3r, X'=Ar X'=1(0),
Yo =ATT, Y- =A[6+Ajo,  pr =1+ (3.271)
In this case, the target space metric seen by the membrane is

12
=gy =—1? =2 = 11
goo = Gtt l117 grj l11(51J7 Jad = Gorr CQ(T

~—

20\ ?
g++ =i <3> C*(r),  g-—— =11 D*(r). (3.272)
Hence, in our notations, we have y = (0,1,+,—), a = 4 = r. Now, the metric induced on the
membrane worldvolume is

AN
Goo = =131 [(AD)? — Af — (A)? <3> C?

/2
Gu = 1%1(/\1_)21727 G2 = l%1A1_A2_D27 Gag = l%l [(A ) ’D? + 02} :

The constraints are satisfied identically, and PEL = 0. The Lagrangian takes the form

1 D?
LA o) = U (Kt = V), Kpo= =2\l A7 )2@,
21\ 2
VS U= (A - A () (3> c?
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The turning points read

8
g
412(AT)?

Tmin = 3, Tmax = T1 = Z\J 1+ > 3,
1

_ 97)(2)
42(AF)?

r25J1+8 <0, v5=(A])?— AL
1

For the present embedding, we derive the following membrane solution

275 Ar

SO ATyl AT 1/2
o(r) 2/31 {— 0 } dt = [(AJ)Q (23[2);1_11}8} - [3(“ 3 (31—@)} X (3.273)
Ar _H _g _AT Ar Ar >

(6) 1 1 1/2.1/2: P — _ _
FD (1/2’ e R R TR TR TR 31 —ry 1 — 3l

The normalization condition leads to

ATyl Ay [ 270" ]1/2 x (3.274)
2 12 |33l —r '
e -] " PO
(5) A?“l A?“l ATl ATl ATl .
F 1/2;-1,-1,-1,1/2,1/2;1; — — — — — =
D ( / ) ) ) ? / ) / Y Y 2l ) 3[ ? 4[ ) 6l 9 3[ _ T2
ATl AT [ 2715 ]1/2 y
2 1/2 3 (3l — 2
(a2 (2)" -] P
Arl A’I"l Arl ATl —1/2 ATl —1/2
14+ — 14+ — 14— 14 —— 1
<+2l><+3l><+4l><+6l> LT x
1 1 1 1 1
FI(DS) (1/27_17_17_171/271/27717 2l 3] 4l 6l ° 3—r > =
The computation of the conserved momentum P, = P, gives
23 AT AT 9517 1/2
P, = 7T 211120 1 7 |:33 (31 ):| % (3.275)
—r
(A2 (3)° = o] ’

Arp A A
Ar FY) (3/2;—1,—1/2,1/2;2;— R n ):

307 6l 3l—r
9577 }1/2
)

m2Tyl3 ATAT
]1/2 33 (31 — 1y

(A2 (%) =3

ATl ATl 1/2 AT’l —1/2
A (14200 (1420 1
”<+3z><+61> LT .

1 1 1
r® (1/2'—1 ~1/2,1/2;2; > .
D ) ’ ) < 3] 6l 3l—
1+ Ary I+ Ary 1+ Ar?
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Let us note that for the embedding (3.271), the momentum Py_ is zero.

Going to the semiclassical limit r1 — oo, which in the case under consideration leads to
902 /[41%(A$)? — 1-, one obtains that (3.274) and (3.275) reduce to

252w Tyl AT 1P
91}3 3/2°
412(Af)2 }

+ 9vg i 0
Ag [1 — ] =2\"Thl11ATl, Py =
2(AT)2 I +
12(A)) o[-
These two equalities, together with (3.251), give the following relation between the energy and the
conserved momenta
9

_ 4/3
E? =P? 4 5 PE — (6r°Talfi A, )23 pif3, (3.276)

In the particular case when P = 0, (3.276) can be rewritten as

2/3
3 Pyl — <4ﬂW2T2l?1A1l3> / .

E=—
V21 9P,

Expanding the square root and neglecting the higher order terms, one derives energy-charge relation
of the type E — K ~ K'/3, first found for backgrounds of Ga-holonomy in [27].

Now, let us write down the semiclassical limit of our membrane solution (3.273):

2Tl3 AT 2715\ /2
Ooat(1) = QPil L <33> X (3.277)

207 310 476l

7r2T2l51)’1A1_ 2715 1/2 Ar Ar Ar Ar —1/2
A 1/2 1+ — 1+ — 1+ — 1+ —
Py <33> ' (+2l><+3l><+4l)(+6l> -

1 1 1 1
e (1‘—1 —1,-1,1/2;3/2; )
D I ’ ) ’ I ) 2l 3] 4] 6l
I+ ar I+ a0 T 1+ ar

Art/2 W <1/2;—1,—1,—1,1/2;3/2;—Ar _Ar _ar Ar)

Forth type of membrane embedding [9]

Let us consider membrane configuration given by the following ansatz:

1
X0=t=A0r+ 710 [(Ao-A1) 0 + (Ao Az) o], X = Abr + A5 + Ado,
0

Xt=r(0), y=A{T, _=AjT, thir=1 L. (3.278)

It is analogous to~(3.244), but now the rotations are in the planes defined by the angles ¥ = wjﬂ[}
instead of 0 and 6.
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The background felt by the membrane is as given in (3.272). However, the metric induced on
the membrane worldvolume is different and it is the following

21

2
Goo = i) [(A9)? — A§ — (A)? <3> C? - (Ay)*D?

)

70/2
Gi1 =13 My, Gia =10, Mya, Go=1% [MQQ + CQ} ;

where M;; are defined in (3.246). The constraints are identically satisfied, and the constants of the
motion 733 are given by (3.247). The membrane Lagrangian now takes the form

1 My
£A(U) = N (K»,-TT'/Q - V) 5 KTT = —(2)\0T21%1)2ﬁ,

A _
V = (2\Ty13,)? det My; + 13, [ (AD)? — Ad — (A])? <3> C? — (A )2D2] :

Let us first consider the particular case when Ay =0, i.e. ¥ = . The turning points now are

8 8
W>31’ TQZ—Z 1—’—7
1 0

BRI !

Tmin = 3l,  Tmaz=11=10 |1+

Caz(A)?

where 132 is introduced in (3.248). Now one arrives at the following membrane solution

B 2701y, My Ar 1Y
o) = 2 |3 —30) (3= r2) (3.279)
(A2 (3)” - u]
(5) Ar  Ar Ar Ar Ar
FO (1/2:-1,-1,1/2,1/2,1/2;3/2; —— = =" _ .
*Ip (/’ e Ty Tl R T b
The normalization condition gives
ATl TBMy, 1Y
o2 U2 |3(31—ry) (3.280)
[(A(T)Q (5) —u(ﬂ

Y <1/2;—1,—1,1/2,1/2;1;—”1 _An An o An ):

207 4l 6l 3l—ry
ATyl [ 2713 M, ]1/2

2 1/2 3 3l—7’2

(052 (2)? -] " PG
!

ATl AT’l ATl —1/2 Arl —1/2
1+ — 1+ — 14+ —— 1
<+2)<+4l><+61> R 8

1 1 1 !
Fy <1/2;—1,—1,1/2,1/2,;1; 20y My 6L 8 >:1.
1+Ar1 1—i_ATl 1+AT1 1+TZ2
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We derive for the conserved momentum P, = Py, the following expression (P- = P;_ =0 as a
consequence of Ay = 0):

P, = Tl AL { 2°1° My, }1/2
2 1/2 33 3l*7“
(a2 () —ug] "
2) L o AT Ar
AriFG (3/2, 1/2,1/%% -, 31_T2>_

2m 73 A+ 575 1/2 1/2 -1/2
- TzllzlAO iz [332 (ézM11 )] An <1+A67;1> <1+ 3zA - > x

—r —r

(A7 (%) -] ’ i

1 1
FY (1/2; —1/2,1/2:2; T ) . (3.281)
1+ Arq I+ ATZQ

In the semiclassical limit, (3.280) and (3.281) simplify to

92 27/ 2 5 Ty13,12 M
7TA3> 1_% :23/23>\0T2l]_]_M111/2, P+: TL2011 . 11 .
42(A7) 3[1- o |
a2 (A)

Taking also into account (3.251), we obtain the following fourth order algebraic equation for E? as
a function of P and Py

[B* [B* P2~ (3/17°P3] — (2xTot$1)* { (A1 x Ao)® B — (A1 x As) x P]2}}2
— 2T (373, )2 B? [A%E2 - (AI.P)Q} P2 =0. (3.282)
Let us consider a few simple cases. When Af =0 and Al = cAl, (3.282) reduces to
E? = (3/1)*P2 +2723¢ T3, | Ay | Py, (3.283)

or

7/2 3 72
JEU P PO U Al
l 3P,

Expanding the square root and neglecting the higher order terms, one derives energy-charge relation
of the type E — K ~ const. If we impose only the conditions A} = 0, (3.282) gives

E? = (27°Tol3,)? (A1 x A2)? + (3/1)*P2 + 27237 Tul3, | Ay | Py (3.284)
If we take A} # 0, AL = cAl, (3.282) simplifies to
2
E? {[E2 — P2 (3/1)2P2)7 - 27(377T21§1)2A%P3} +27(3rTu13))? (AL P)? P2 =0,

which is third order algebraic equation for E%. Suppose that A; and P are orthogonal to each
other, i.e. (A;.P) = 0. Then, the above relation becomes

E? =P 4 (3/1)2P2 + 27231y}, | Ay | Py. (3.285)
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Finally, we give the semiclassical limit of the membrane solution (3.279)

a2 | V2 A2
O-SCZ(T) = 27T2T2l:131 <3> |:A% — ﬁ (AlP)2:| P7+
Ar  Ar  Ar
FO(1/2;-1,-1,1/2:3/2; - = - = - =
XD(/7 9 7/73/7 2[7 4l7 6l>

41\ %/? 1 1/2 Ap1/2 Ar Ar
_ 2 3 2 2

(3) 1 1 1 )
xF 1;,-1,-1,1/2;3/2; .
D ) 3 ) ) 3 2 TR 61

( I+ & I+ar T+ 40

r

Now, we turn to the case A; # 0, when the solutions of the equation r’ = 0 are

l 4(u? — 9A2)
Tmin:?’ly Tmar =T1 = —F= 1+UQA2J1+\/1(1+UZA2)2,

V2

G (14 u2 — A2)2’

2 _ QA2
T l\/1+u2A2¢1\/1 A — 9%

2 2

V2 1+u?—A2)2

l A(u2 — 9A2)
S Y Sy Ry U I & C ka0
mETRY T \/ (1+u? =A%)

2 2
u2:<3“3) , A2:<2A§) |
IA, Ay

Correspondingly, we obtain the following solution for o(r):

(T’) AOTQle |: 293Z3M11AT' :|1/2 %
0' =
AO_ (7"1 — 3[) <3l — T'Q) (3[ — 7'3) (3l — 7“4)
FY)(1/2-1,-1,1/2,1/2,1/2,1/2,1/2;3/2;
_H_H_H_AT_AT‘_AT Ar
207 417 617 3l—ry 3l—r3 3l—ry v —3l)
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For the normalization condition, we derive the result
ATy 27313 M 12
et [ 1 ] x (3.287)
A (3l —72) (Bl —73) (3l — 14)

FO(1/2;-1,-1,1/2,1/2,1/2,1/2; 1;
Arq _Ah _ATl Ary Ary Ary )—

207 4l 6l 3l—ry 3l—ry 3l—ry

0 7273 1/2 -1/2
o 1) (1) ()
A (3l —r9) (3l — r3) (3l — 1y) 21 41 6l

14 Ar —1/2 14 Ar —1/2 14 Ar —1/2
X
3l—ry 3Z—T3 3l —ry

FO (1/2;-1,-1,1/2,1/2,1/2,1/2 1;

1 1 1 1 1 1 ) _,
2 > al > 6l 3l—ry’ 3l—r3’ 31— -
1+ Arq I+ Arq I+ Arq 1+ Ar? 1+ ATZB 1+ ATT14

The computation of the conserved quantities Py and P_ gives

AT 2515 M1y 2
o AL A 3.288
T BB r2) (81— r3) (B —7a) " o
(4) Ary Ary Ary Ary
Fo)(3/2-1/2,1/2,1/2,1/2;2; - =+, — - - -
D </7 /2,1/2,1/2,1/2;2; 6/ 3l—ry’ 3l—r3 3l—ry
1/2
7T2T2151)’1A8r[ 25015 M1y } / X
Ag [3Bl—=r2) Bl —73) (3l —r4)

Arq 1/2 Arq —1/2 Arq —1/2 Arq —1/2
AT‘1<1+6l> (1+3l—r2> <1+3l—r3> <1+3l—7“4> X

Fy) (1/2;—1/2,1/2,1/2,1/2;2; L L 1 1 )

6l 3l—ry’ 3l—r3’ 3l—ry
1+A7’1 1+ Ary 1+Ar1 1+ Ary
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27317 My, 1/2 y
(3l — 7“2) (3l — 7“3) (3l — 7“4)
F (1/2-1,-2,-1,1/2,1/2,1/2,1/2 1;
B Ary _Arl _Arl Ary Ary Arg Ary > B

P =13, [ (3.289)

207 317 4l 6l 3l—ry 3l—r3 3l—ry4
927317 My, 1/2X
1 (3l—r)(3l—r3)(3l—7"4)

Arq Arq Arq Arq —1/2

Arl 71/2 ATl 71/2 AT‘l 71/2
<1+3l—r2) <1+3l—r3) <1+3l—r4> x

F[()7) (1/27 _17 _27 _17 1/27 1/27 1/27 1/25 la
1 1 1 1 1 1 1 )

1+A27{171+ 3l ’1+ 4l 71+££171+3l T 1+3l 7“3 1+3ZA:‘:4

T2 Tyl3

Let us now take the semiclassical limit 71 — oo. In this limit, (3.287), (3.288) and (3.289) reduce
correspondingly to

1/2A

1
Ay =3)\Tul M{?, Py = g7 Tl M)
0

2 2
po= Lo a2 | (3 - oA
6 1 Ay Ay
These equalities, together with (3.251), lead to the following relation between the energy E and
the conserved charges P, P, and P_:

[B° [B* P2 — (3/20 P — (2n°Tol$y)* { (A1 % Ao)® B — [(A1 x As) x P]2}}2

—(672T3, )2 E? [A§E2 ~ (Al.P)Z} P2 =0. (3.290)

Let us point out that the above relation is only valid for P_ # 0, whereas we can always set P or
P4 equal to zero. Below, we give a few simple solutions of (3.290).

Choosing A} = 0 and AL = cAf, one obtains
E? = (3/20)?PF + 6m°Tul}, | A1 | P, (3.291)

which can be rewritten as

2 3 72
5o 3p. 1o ST AP
21 3P2
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Expanding the square root and neglecting the higher order terms, one arrives at

3 P_
E=_Pp+ 22 Thl3,1 | Ay | P

If only the conditions A} = 0 are imposed, (3.290) gives
E? = (21 Tul3))? (A1 x Ao)® + (3/20)*P% 4+ 6m°Tul3, | Ay | P-. (3.292)
If we choose Ad # 0, AL = cAl, then (3.290) simplifies to a third order algebraic equation for £?
E? { (B2 - P? — (3/21)°P2]* - (6772T2l§1)2A%P3} + (672T513,)2 (A1.P)? P2 = 0.
If (A1.P) =0, the above relation reduces to
2

E? =P? + (3/20)°P] + 6m°Tul}, | A1 | P-. (3.293)

Finally, let us write down the semiclassical limit of the membrane solution (3.286):

28727503, 1\ /2 1 14
O'Sd(?“) = <34Pz_11> {A% — ﬁ (A1.P)2:| Arl/z

Ar Ar _Ar Ar)

207 317 4’ 6l

3 ) MomMP)

Ar Ar\ ! Ar Ar —1/2
1/2 =0 =0 =0 =0
< Ar <1+ 2l>(1+ 3Z) (1+ 4l>(1+ 6Z)

(4) 1 1 1 1
<Fp) { 1,-1,1,-1,1/2;3/2; : : , .
P ( / T+ 21+ 28 1+ 21+ 2

4
x ) <1/2; —1,1,-1,1/2;3/2; —

Ar Ar

More rotating membrane solutions in this eleven dimensional supergravity background can be
found in Appendix B of [9].

Some mathematical results

It is known that the Lauricella hypergeometric functions of n variables F gL)
are defined as [51]

an)(a;bl,---,bn;C;Zl,...,Zn): (3294)
S @npsha O e Ttk
(©)r kil ky T YT T
kl,---7kn:0 1+---+kn 1 n
and have the following integral representation [51]
an)(a7b17"'7bn;c;z17-'-7zn): (3295)

I'(c) 1 o L . B
e

Re(a) >0, Re(c—a)>0.
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However, in order to perform our calculations, we need to know more about the properties of
these functions. That is why, we proved in [9] that the following equalities hold

1. Fén)(a;bl,...,bi,...,bj,...,bn;c;zl,...,zi,...,zj,...,zn):
Fgl)(a;bl,...,bj,...,bl-,...,bn;c;zl,...,zj,...,zi,...,zn).
2. Fg”)(a;bl,...,bn;c;zl,...,zn):
n
H(l—zi)_biFén)<c—a;b1,...,bn;c; &l e “n )
p 221—1 Zn—].
1=1
3. Fén)(a;bla"'7bifl7bi;bi+17"'7bn;c;zlv"'7zi7171azi+17"'azn):

F(C)F(C —a— bl) F(nfl)

Tlc—a)T{c—b) D (@;b1,- . bic1, big1s oo bpye = bis 21,5 Zim1, Zi 1, -, Z0).

4. Fl()n)(a; biy.osbic1,0i,bi1, - b 21,000 221, 0, Zig1, -, 20) =
Fj(jn_l)(a; b1y Uity bty b G20, Zim s Zi 1 2)-

5. Fén)(a; by bim1,0,0i0105 00, b3 €21,y 2im1, 245 Zig 1y - Z0) =
Fén_l)(a; bi, ..oy bic1,big1, -y boi G 21, Zic1, Zig - ).

6. Fg”)(a;bl,...,bi,...,bj,...,bn;c;zl,...,zi,...,zi,...,zn) =
Fglil)(a;bl,...,bi+bj,...,bn;c;zl,...,zi,...,zn).
7. F[()2n+1)(a;a —Cc+ 1ab27b27 .. '7b2nab2n;c; _17227_22 ... 722717_2271) =
I'(a/2)I'(c)
2l (a)T'(c — a/2)

8. anﬂ) (c—asa—c+1,ba,b, ..., ban, bop; c;

FO(a/2iba, . bonsc — a)2 23, .., 22).

1/2a_L7272a"'7_ “n ) “on =
1—22 1+22 I—ZQn 1+Z2n
I'(a/2)T(c) (n) 22 22
F —ajbe, ..., bop;c—a)f2; ——=— ... ——— ).
el (a)l(c—aj2) D \¢7 @bz bmic=a/B =975, =

3.2.4 Rotating D2-branes in type IIA reduction of M-theory
on (G, manifold and their semiclassical limits

Here, we will consider D2-branes rotating in the background (3.18).

We begin with the following D2-brane embedding in the target space:
(Ao.A1)
Ag
r= r(§2), 0, = Aglﬁo, 0y = Ag2§0; (Ag.Ay) = 5[]A6Ai], ¢ = constant.

X0 = A0 + (€' +c€?), X' =AJ+ A (¢ +cg?), (3.296)

It corresponds to D2-brane extended in the radial direction r, and rotating in the planes given by
the angles 6; and 62 with constant angular momenta Py, and Fp,. It is nontrivially spanned along
2% and 2! and moves with constant energy E, and constant momenta P;.

109



The expression for the D2-brane solution found in [10] for this case is given by
1/2

& (r) = 19307, (2Ar)3/% x (3.297)

3

Ml
(A?F + A%) (3l — 7‘2) A’l“l

) (a1 oy AT Ar Ar Ar o Ar
P (3/4, LA A2/ 2T G e )

Now, we compute the conserved momenta on the obtained solution:

1/2
FE Py 9 Ml
— = —=81"T X 3.298
AT AL T TP (A1+A2)(3z—r2)] (3.298)
AT‘l 1/2 Arl 1/2 A’I“l —1/2 AT’l —1/2
1+ — 1+ — 1+ — 1
<+21> <+4z> <+6l> <+3l—7“2> X
(4) 1 1 1 1
FD <1/2’_1/23_1/271/2’1/2ﬂ1’ 2l 4l 6l ° 3l—r )
1+ Ary 1+ Ary 1+ Ary 1+ Ar12
Py, = (Agl - A82 cos w?) IZ + (Agl + Ag2 cos 10?) 15, (3.299)
Py, = (Ag2 — Agl coS z/;?) I+ <A82 + Agl coS w?> 15,
where
1/2
M
P = 8x°T X 3.300
Al D2 (A1+A%) (3l—r2)] ( )

Arq 3/2 Arq 1/2 Ary 1/2 Arq —1/2
14+ — 1+ — 1+ — 1
<+2z> <+4z> (+6l) (+3l—r2> 8

FY (1/2; -3/2,-1/2,-1/2,1/2;1;

1 1 1 )
20 7 4 6l 31— ’
L+ xn 1+ xs 1+ag L+52

1 M3 12
2 = %7 X 3.301
BT3NP AT A7) (3l—'r2)] (3:300)
Arq 1/2 Arq 3/2 Arq —1/2 Arq —1/2
A 14+ — 14— 1+ —— 1
T1<+2z> (+4z> (+6l> <+31—r2) X
" 1 1 1 1
FD (1/27 _1/27 _3/27 1/27 1/2; 2; 2l 4l 6l ° 3l—r .
1+ Arq 1+ Ary I+ Ary 1+ AT12

In the semiclassical limit, (3.298) - (3.301) simplify to

E _P_2,, M \Y?
AT AL 3T PP \AZ AT
V3T Tpa MY?

P91 = 2A811£)1 P62 = 2A82L?1 Igl = Igl = 3 vo-
) ’ /2
(A2 +A2%)
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From here, one obtains the following relation between the energy and the conserved charges

2 23
E? (B? = P?)° — 2= (nTpy)* [ATE? — (ALPY| (P} + P}) =0, (3.302)

which is third order algebraic equation for E?.

For (A1.P) =0, (3.302) reduces to

23/2 1/2
F?2=P% ¢ WWQTDZ | Av | (B, + Fj,) o

This is the same type energy-charge relation as the one obtained for the string in (3.25).

Let us now consider the other possible D2-brane embedding for the same background metric. It
is given by
X0 =A% XT =458 r=r(&), (3.303)
b1 = AGE" + ATE +ASEE, 0 = AED — ATE! — AL,
This ansatz describes D2-brane, which is extended along the radial direction r and rotates in the
planes defined by the angles 6; and 63, with equal angular momenta Py, = P, = Py. Now we

have nontrivial wrapping along 6; and 6,. In addition, the D2-brane moves along z° and z! with
constant energy FE and constant momenta P respectively.

Now, one finds the following D2-brane solution [10]:

(r) = 2/\0 g l (Aj+ j; A%j)2(3l —vy)(3l —v-) v (208r)%/*
(A+ + A_) (3l — 7’2) Arq
FD (3/4;—1/4, —1/4,1/4, ~1/2,—1/2,1/2,1/2; 7/4; (3.304)
CAr Ar Ar A Ar Ar Ar)
207 417 617 3l—wvy 3l—wv_’ 3l—ry’ Ary )’
where vy are the zeros of the polynomial
2 2
— 2lmt — 3 =(t—vy)(t—v_).

In the case under consideration, the conserved quantities are E, Pr and Py. We derive the
following result for them [10]

1/2
E_ Py o L(AZ, +A3.) (31— vy)(3 —v)] .

A AL 3 (A2 +A2) (31— 1)
A?"l 1/2 A’I"l 1/2 ATl —1/2

A7’1 1/2 A7’1 1/2 AT’l —1/2
1 1 1
< +3l—v+> < +3l—v_> ( +3l—r2 .

FO (1/2,-1/2,-1/2,1/2,-1/2, -1/2,1/2; 1;

(3.305)

1 1 1 1 1 1 )
21 7 41 6l 3l—v+? 3l—v— 31— )
I+ x5 14+ a7 1+a; L+557 1+ 1+°52
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Py = Ag [(1 — cosq/;(l]) If472 + (1 +cos¢)(1)) 1}3?2} ,

where

I, = 4n®Tp,

(A, + A2 ) (31— )3l —v)]"”
3 ([\3_ + AQ_) (3l —r9)

ATl 3/2 ATl 1/2 ATl 1/2

Arq 1/2 Arq 1/2 Arq —1/2
1 1 1
< +31—v+) < +3l—v_) ( M7 8

FY (1/2-3/2,-1/2,-1/2,-1/2,-1/2,1/2;1;

1 1 1 1 1 1 >
20 4] 6l 3l—v+? 3l—v— 31— )
1+ Ary 1+ Ary 1+ Arqy 1+ A;}l 1+ A'r?)l I+ ATZQ

I, = 2n%Tpy

1/2
B (Af, +AT) (Bl —vy)(3l—vo) y
33 ([v\i + A%) (3l — 7”2)

ATl 1/2 Arl 3/2 A?“l —1/2
A’f‘1<1+2l> <1+4l 1+W X

Arp \ M2 Arp M2 Ary \ "2
<1+3l—v+> <1+3l—v_> <1+3l—r2) 8

FO (1/2,-1/2,-3/2,1/2,-1/2, -1/2,1/2;%;

1 1 1 1 1 1 )
20 41 6l ° 3l—v+’ 3l—v— 31— :
1+ 5, 1+ a7 1+ 5, 1+2550 1+ 25 1+ 252

Taking the semiclassical limit in the above expressions'®, we obtain the following dependence of
the energy on P; and Fy:

E? = P2 + 393 (27 Tpon))?3 P}, (3.306)

Now, we turn to the case of D2-brane embedded in the following way

X0 =A% + (A(j)xéh) (&' +c€?), X' =AJ + AL (& +c€?), (3.307)
0

r=r(?), 6 =A% 6y = A5

(3.307) is analogous to (3.296), but now the rotations are in the planes defined by the angles 6;
and ¢ instead of #; and 6.

The solution £2(r) can be obtained from (3.297) by the replacement

A2+ A% = A%+ A% +4A3/3. (3.308)

15Tn this limit vy remain finite.
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The explicit expressions for F and P; can be obtained in the same way from (3.298). The compu-
tation of the conserved angular momenta Fy and Py gives

Py = (Ag - Ag sin ¢ sin 98) IR+ (Ag + Ag sin Y sin 98) JE,
Py, = (Ag sin 69 — AY sin @D?) sin 0975, + (Ag sin 09 + A sin 1/)?) sin 095,
+A§ cos? 0995,
where one obtains J¥;, JE, from (3.300), (3.301) by the replacement (3.308), and

1/2
MIP / y
(A2 + A% +4A2)/3) (31 — 1o)

A’m 1/2 A’l“l 2 Arl 1/2 AT‘l —1/2 A’l‘l —1/2
(”zz) <1+3z> (1+41> <1+ﬁz> (Hsz—rz) X

FO (1/2,-1/2,-2,-1/2,1/2,1/2; 1;

1 1 1 1 1 )
20 3 41 6l 31— :
I+ Arq 1+ Arq I+ Ary I+ Ary 1+ Ar?

JE, = 87°Tp

Taking r; — oo in the above expressions, one obtains that in the semiclassical limit the following
energy-charge relation holds

2 2
E? (E2 — P2> _ 273(72TD2)2 P2y 3P¢
A2E? — (A P)? 3P o3 cos26Y )

Obviously, this is a generalization of the relation (3.302) and for 6 = 7/2 has the same form.
Another possible ansatz for the D2-brane embedding is
X0= AR, XT=AGE" r=r(€), 6i=AE AP, g =A% (3309)

i.e., we have D2-brane extended in the radial direction r, wrapped along the angular coordinate 6;
and rotating in the plane given by the angle ¢s.

Then one obtains the solution:

1/2
8 I3l —w4)(3l —w-)
2 _ 210 0 + 3/4
= —A"TpoA 2A
&) E (3A2 + 2A2)) (31 — ra) Ary (2Ar)77x
FY (3/4;—1/4,~1/4,1/4,-1/2,-1/2,1/2,1/2;7/4; (3.310)
Ar  Ar Ar Ar Ar Ar Ar
= = =2 — — = +v3l.
207 47 617 3l —wy 3l —w_’ SZ—TQ’An)’ . V3
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The computation of the conserved quantities E, P; and Py, = Py, gives

13— w )3l —w) |7
(BAZ 1 2A2) (3 — 1)

A’l“l 1/2 ATl 1/2 A?"l —1/2
1+ 21 1420 1421
< Ty > ( T 6 .
Arq 1/2 Arq 1/2 Arq —1/2
| 1 1
( +3l—w+> ( M. RET— 8

FO (172, -1/2,-1/2,1/2,-1/2, ~1/2,1/2; 1;

1 1 1 1 1 1 )
4l ? 6l ? 3l + ? 3l—w— 3l— ?
1 wh? 4 Bw= 7y Bor

Py = sin® 63 (JEQ + Jl%) + cos? 09.J5,,

where

Iy = 4m*Tpa AGAS

(3A2 +2A%)) (31 — 1)
A’l“l 3/2 A’l“l 1/2 A?“l 1/2
Arl 1/2 AT’l 1/2 A7’1 _1/2
1 1 1
< +3l—w+> ( +3l—w_ +3l—7“2 X

FO (1/2,-3/2,-1/2,-1/2,-1/2,-1/2,1/2;1;

5031 — w. ) (31— w_) ] 2 .

1 1 1 1 1 1 )
21 ’ 4l ’ 6[ ’ 3l + ’ 3l — 31— ?
1+ x5 1+ a7 1+a; L+Ho55F 1+ 25— 1+ 252

2
JB, = gﬁQTDQAgAf

BEl— w3l —w ) ]
(A2 +202) (3l — o) |

Arq 1/2 Arq 3/2 Arq —1/2
A 1+ — 1+ —— 1+ —
”<+2z> <+4z> <+61> .
ATl 1/2 A’l“l 1/2 AT‘l -1/2
<1+3l—w+) (1+3l—w> <1+3l—r2> x

FO (1/2,-1/2,-3/2,1/2,-1/2, -1/2,1/2;%;

1 1 1 1 1 1 )
20 4l ’ 6l 3l —w+? 3l—w— 31— ’
L+ A5 L+ o5 1+ 55 14+ 552
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D _ g2 oA
T2 = AT T2 Mo A e oA ) (31— o)

Arq 1/2 Arq 2 Arq 1/2 Arq —1/2
1421 142 (1421 1421
<+2l> (+3z><+41> <+6Z) X

ATl 1/2 A’I“l 1/2 A’l“l _1/2
1 1 1
< +3l—w+> < +3l—w, +3l—r2 x
F(1)2-1/2,-2,1/2,1/2,—1/2,—1/2,1/2; 1;
1 1 1 1 1 1 1 )

20 7 37 41 6l 3l—w+ "’ 3l—w— 3l—ro
1+Ar1 1+Ar1 1+Ar1 1+Ar1 1+ Ary L+ Ary 1+ Arqi

531 — wy ) (31 — w_) ] V2 )

Going to the semiclassical limit r; — oo in the above expressions for the conserved quantities,
one obtains the following relation between them

37/3 7T\’ 2/3 V3
E? = P? 1 pPi3, 3.312
+21/3 (3—c05298> ¢ ( )

This is a generalization of the energy-charge relation received in (3.306).
Another admissible embedding is

(Ap.A1)
AO (

0
r=r(),  o1=APE 6= AP

X0 = AQ¢% + ehtee?),  XT=AJ +A] (¢h +c€?), (3.313)

It is analogous to (3.296) and (3.307), but now the rotations are in the planes given by the angles
(;51 and qf)g.

The solution ¢2(r), and the expressions for E, Py, may be obtained from the corresponding
quantities for the embedding (3.307) by the replacements A?F — A%, AQD — A%. For the conserved
angular momenta Py, and Py, one finds

Py, = (Agl sin 69 + Agz cos 1Y sin 98) sin VK%, (3.314)
+ (Agl sin 09 — A§2 cos 1Y sin 69 ) sin YKL,
+ (Agl cos 69 + AgQ cos 98) cos VKB,

Py, = <Ag2 sin 69 + Agl cos 1Y sin 9?) sin 09K L, (3.315)
+ (Ag’2 sin 09 — Agl cos 1Y sin 9?) sin 09K E,
+ (Agl cos 09 + Ag2 cos 93) cos 9K 5,

where K El, K gl and K Bl can be obtained from .J El, ng and J 51 through the above mentioned
replacements.
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The calculations show that in the semiclassical limit, the dependence of the energy on the
conserved charges, for the present case, is given by the equality:

E2 (EQ _ P2)2
5 = (3.316)
A2E? — (A1.P)
25@211 2 (3 — cos? 69) Pgl + (3 — cos? 67) PgQ — 4Py, Py, cos 09 cos 63
b2 3 — cos2 09 — cos? 09 — cos? 09 cos? 69 '

35

Finally, let us consider the following possible D2-brane embedding
X0 = A5, X' =A,  r=r(&?), (3.317)
1= AGE" + ATE + AJE, gp = AGE® — ATEN — AGER.

It describes D2-brane configuration, which is analogous to the one in (3.303), but now the rotations
are in the planes defined by the angles ¢ and ¢- instead of #; and 6s.

For this embedding, one obtains
1/2

8

) = S0, l (A§+ + A%_) (31 — us) (31 — u_)
3

3 (Ai + A2 4472 /3) (31 — r9) Ay

FO (3/4,-1/4,—1/4,1/4,—1/2, —1/2,1/2,1/2,7/4;
_ﬁ _H _H B Ar B Ar B Ar Ar
207 417 617 3l—wuy’ 3l—wu_’ 3l—ry Ar )’

(2Ar)3/* x

where

~ ~ ~ ~ 2
ot [ (i)
Az, A7 Az, A7

The computation of the conserved charges results in
1/2

(A2, +A2_) (31 —uy)(3l — u_)
E :&:47T2TD2 ( o ! )

A A 3 (Ai + A2 4472 /3) (31 — 1)
Ary 1/2 Arq 1/2 Arq —1/2

A?"l 1/2 A?"l 1/2 A?“l —1/2
<1+3l—u+> <1+3l—u> <1+3l—r2> x

FO (1/2,-1/2,-1/2,1/2,-1/2, -1/2,1/2; 1;

x (3.318)

1 1 1 1 1 1 )
20 7 41 7 6l 7 3l—u+’ 3l—u— 31— ’
I+ x5 L+a; L+a; 1+550 1+ 1+ 252
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Py=Py =Py, =
AG {sin2 0° [(1 4 cos9?) KBy + (1 — cos ) KBy] +2cos?8°K B, }
where
& (A%+ + A%f) (31— us ) (31 — u_)
3 ([\1 +A2 + 4]\%)/3) (31 — 12)

ATl 3/2 ATl 1/2 ATl 1/2
<1+2z> (1+4z r=r) =

Ary 1/2 Ary 1/2 Arq -1/
1 1 1
< +3l—u+) < +3l—u_) < +3l—r2 8

FO (1/2,-3/2,-1/2,-1/2,-1/2,-1/2,1/2;1;

K%, = 4m®Tp,

1 1 1 1 1 1 >
20 4] 6l 3l—u+t? 3l—u— 3l— )
1+ Ary 1+ Ary 1+ Ary 1+ Arul L+ A';Ll I+ AT‘T]_2

B(A2, + A2 ) (31— 30 — V2
1. +A)( ug)( u_)
33 (Ai + A2 +4A2) /3) (31 — 12)

ATl 1/2 Arl 3/2 A’I“l 71/2

ATl 1/2 ATl 1/2 A?“l —1/2
1 1 1
( +3l—u+> +3l—u_ +3l—7“2 8

FO (1/2,-1/2,-3/2,1/2,-1/2, -1/2,1/2;2;

KE, =2n°Tps

1 1 1 1 1 1 )
21 4] 60 ’ 3l—u+ "’ 3l—u— 31— ’
I+ &n Itag Ltay 1+550 1550 1+ 5T

R . 1/2
B (A%+ + A%_) (31 — uy) (31 — u_)

3 ([\1 + A% 4442 /3) (31 — 1)
ATl 1/2 ATl 2 A'I“l 1/2 A'l“l _1/2
(%) (%) () ()

Arl 1/2 Arl 1/2 AT‘l —1/2
<1+3lu+> <1+3lu> <1+3l7“2> x

F(1/2;-1/2,-2,-1/2,1/2, —1/2, —1/2,1/2; 1;

KB, = 41T,

1 1 1 1 1 1 1 )
20 7 3 7 41 7 6l 7 3l—u+? 3l—u— 31— :
1+ Arqy 1+ Arqy 1+ Arqy 1+ Ary 1+ Arz 1+ A?zll 1+ ATZZ

Taking the semiclassical limit in the above expressions for E, P and Py, which in the case under
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consideration corresponds to

31)%
1”1’2—>:|:2 ~ ~ ~ — 00,
A2 +A2 +4A2)3

we receive that the energy depends on Py and P as follows

27T A¢ sin 09 2/3 /
E2—p2g7/3 20227 pi/3, 3.319
4 — sin? #0 ¢ ( )

This is another generalization of the energy-charge relation given in (3.306).

3.2.5 Integrable systems from membranes on AdS; x S7

It is known that large class of classical string solutions in the type IIB AdSs x S° background is
related to the Neumann and Neumann-Rosochatius integrable systems, including spiky strings and
giant magnons [54]. It is also interesting if these integrable systems can be associated with some
membrane configurations in M-theory. We explain here how this can be achieved by considering
membrane embedding in AdS; x S7 solution of M-theory, with the desired properties [11].

On the other hand, we will show the existence of membrane configurations in AdSy x S7 [12],
which correspond to the continuous limit of the SU(2) integrable spin chain, arising in N' = 4 SYM
in four dimensions, dual to strings in AdSs x S° [55].

Here we will work with the action (2.5) written for membranes (p = 2) in diagonal worldvolume
gauge \' = 0, in which the action and the constraints simplify to

1
Sy = / d3¢Ly = / d3¢ {4>\0 [GOO - (2A0T2)2det Gi]} + T20012}, (3.320)
Goo + (2)\0T2)2 det Gij =0, (3.321)
Goi = 0. (3.322)

Searching for membrane configurations in AdS; x S7, which correspond to the Neumann or
Neumann-Rosochatius integrable systems, we should first eliminate the membrane interaction with
the background 3-form field on AdSj, to ensure more close analogy with the strings on AdSs x S°.
To make our choice, let us write down the background. It can be parameterized as follows

ds® = (21,R)* [~ cosh® pdt* + dp* + sinh? p (do” + sin® ad?) + 4d)3] ,
dQ3 = dy} + cos® ¥1dpi
+sin® ¢y [dp3 + cos® Padp3 + sin® i (A3 + cos® Ysdipi + sin® Ysde?) ]
i) = (21,R)? sinh? psin adt A dav A d3.
Since we want the membrane to have nonzero conserved energy and spin on AdS, one possible

choice, for which the interaction with the c(3) field disappears, is to fix the angle a: a = ag = const.
The metric of the corresponding subspace of AdSy is

ds2,, = (2L,R)* [~ cosh? pdt? + dp® + sinh® pd(Bsin ag)?] .
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The appropriate membrane embedding into dszub and S7 is

Z, = 2L, Rr, (€M) &) =(0,1), ¢ = (0. $1) = (¢, Bsinap),
W, = 4l,Rra(€™)e ™) a = (1,2,3,4),

where r, and r, are real functions of ™, while ¢, and ¢, are the isometric coordinates on which
the background metric does not depend. The six complex coordinates Z,,, W, are restricted by the
two real embedding constraints

W 2,7, 4+ 2LR)? =0, 7 =(-1,1), W W} — (4,R)* =
or equivalently
", +1=0,  dgprery —1=0.

The coordinates r,, r, are connected to the initial coordinates, on which the background depends,
through the equalities

rg =coshp, 11 =sinhp,

r1 = Ccosi, To = sinihy cosa,

r3 = siny sing coss, 14 = sinty sin g sin .
For the embedding described above, the induced metric is given by

Gmn = Uuya(mZ Oy Zy + 0ab O WaOpy Wy = (3.323)

4
(21, R Z nt mruanry + ri@mqﬁ“(‘)nqﬁy) +4 Z (8mra8nra + rgamgoaangpa)
p,v=0 a=1

Correspondingly, the membrane Lagrangian becomes
L=Ly+Aa(m"rur, +1) + As(Oaprars — 1),
where A4 and Ag are Lagrange multipliers.
Neumann and Neumann-Rosochatius integrable systems from membranes
Let us consider the following particular case of the above membrane embedding

Zo = 2,Re™T, 21 =0, W, = dl,Rrg(€, n)elemHral&n], (3.324)
é—: Qo +/87—’77 = Y02 +5Ta

which implies
To = 11 ry = 07 ¢0 =1 =KT, Soa(‘gm) = 90(1(7—7 01702) = WaT + Ma(£7 77) (3325)

Here k, w,, o, (B, 7, 0 are parameters, whereas r4(£,n), pa(&,n) are arbitrary functions. As a
consequence, the embedding constraint n*r,r, +1 = 0 is satisfied identically. For this ansatz, the
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membrane Lagrangian takes the form (0¢ = 0/0¢, 0, = 9/0n)

A1, R)? !
L= —( Z/\O) {(8)\0T2lp7€ory)2 Z [(Ograanrb - ﬁnraﬁgrb)g
a<b=1

+ (Ogra Oy — 8nra8§ub)2r§ + (OcftaOyry — Onua8§rb)2rg
+ (OcptaOntto — Onptaepip)*rory]
4
+ Z [(SAOTzlpRa’y)2 (O¢raOntta — OnTaOita)? — (BOgtta + 00y 1a + wa)? | 12
a=1

4 4
— > (B¢ra + 60yra)? + (m/2)2} +Ag (Z r2 — 1) .
a=1 a=1
Now, we make the choice
r = Tl(&-)v T = 7’2(5), w3 = :l:w4 = w,
rs =13(n) = esin(bn + ¢), 14 = r4(n) = ecos(bn + c),
p = p1(§), pe=p2(8),  ps,pa = constants,

and receive (prime is used for d/d¢)
4L,R)? [ & Bwa \2 A2
=R {Z (42 = 22+ (2 = 002 (= ) =

4\0
2
ng - (1 - 62)] ’

a=1

a=1

+ (k/2)? — E(wW? + b2(52)} + Ag

where A? = (SAOT leRebom)Q. A single time integration of the equations of motion for pu, following
from the above Lagrangian gives

1 C
r a
ILL(I_AQ_BQ <7ﬂg+ﬁwa>7
where C, are arbitrary constants. Taking this into account, one obtains the following effective
Lagrangian for the coordinates r,(&)

4\0 p @ A2—p2 2 A2 p2ree
2
+Ag ng —(1- 62)]
a=1

This Lagrangian in full analogy with the string considerations corresponds to particular case of
the n-dimensional Neumann-Rosochatius integrable system. For C, = 0 one obtains Neumann
integrable system, which describes two-dimensional harmonic oscillator, constrained to remain on

a circle of radius v1 — €2.

Let us write down the three constraints (3.321), (3.322) for the present case. To achieve more
close correspondence with the string on AdSs x S°, we want the third one, Goa = 0, to be satisfied
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identically. To this end, since Goa ~ (ab)?y6, we set 6§ = 0, i.e. = voo. Then, the first two
constraints give

2 ) 1 2 A2 A2 2
Z |:(A2 - ﬁz)rf + A2 ,82 Tg + A2 ﬁgwgrc% = 1421_@2 [(&/2)2 - (6&))2] )
a=1 a
2
> waCa+ B [(5/2)* - (ew)?] = 0. (3.326)
a=1

Now, let us compute the energy and angular momenta for the membrane configuration we
are considering. Due to the background isometries, there exist global conserved charges. In our
case, the background does not depend on ¢9 = t and ¢,. Therefore, the corresponding conserved
quantities are the membrane energy E and four angular momenta J,, given as spatial integrals of
the conjugated to these coordinates momentum densities

oL oL
= — 2 = 2 _— =
b= /d 08(8075)7 Ja /d 08(8080(1)’ a=1,2,34.

E and J, can be computed by using the expression (3.323) for the induced metric and the ansats
(3.324), (3.325).

In order to reproduce the string case, we can set w = 0, and thus J3 = J4 = 0. The energy and
the other two angular momenta are given by

4 (L, R )2k 7(41,R)>2
E=-"—P7" o= p/ ” A2 “ 2 =1,2.
N /df, J Na(A2 — 57 d¢ (BCq + Awary), a=1,

From here, by using the constraints (3.326), one obtains the energy-charge relation
2

E Ja
i Do

a=1

2
A?(1-8)+5Z@

Waq

4
AZ 2

a=1

in full analogy with the string case. Namely, for strings on AdSs x S, the result in conformal
gauge is [H4]

1 Co\ E Ja

SU(2) spin chain from membrane

One of the predictions of AdS/CFT duality is that the string theory on AdSs x S° should be
dual to N' = 4 SYM theory in four dimensions. The spectrum of the string states and of the
operators in SYM should be the same. The first checks of this conjecture beyond the supergravity
approximation revealed that there exist string configurations, whose energies in the semiclassical
limit are related to the anomalous dimensions of certain gauge invariant operators in the planar
SYM. On the field theory side, it was found that the corresponding dilatation operator is connected
to the Hamiltonian of integrable Heisenberg spin chain. On the other hand, it was established that

121



there is agreement at the level of actions between the continuous limit of the SU(2) spin chain
arising in /' = 4 SYM theory and a certain limit of the string action in AdSs x S° background.
Shortly after, it was shown that such equivalence also holds for the SU(3) and SL(2) cases.

Here, we are interested in answering the question: is it possible to reproduce this type of
string/spin chain correspondence from membranes on eleven dimensional curved backgrounds? It
turns out that the answer is positive at least for the case of M2-branes on AdS; x S7, as we will
show below.

We will use our initial membrane embedding and fix
Zo = 2l,Re™T, 7y =0,

which implies rg = 1, r1 = 0, ¢g =t = k7. Let us now introduce new coordinates by setting
K K K K ~
(@178027()037@4) = <§T+a+gp,§7'+04—QO,§T+C(+¢7§T+Q_¢>

and take the limit kK — oo, dy — 0, K9y - finite. In this limit, we obtain the following expression
for the membrane Lagrangian

L = (21,R)” O : ) NOT2(41,R)* ; 01740 Oora017p)?
= o~ oo+ Y wibopr | — XTS5 (4,R) S D (O1radory, — aradiry)
k=1 a<b=1

4 3 3 3 2
+ Y uk(Orrabapr — Oaradipr)” =Y (317“a > wkbapr — ora Vkalpk>

a=1 k=1 a=1 k=1 k=1

3
+ Z 11 (01 p1O2pn — D2 prO1p)?
<n=1

3

3 3 2
- 7 (alpk Z VnOapn, — O2p Z Vnalpn> +Ag (Z re — 1) ;
k=1

n=1 n=1 a=1

e

where

(Mla/'LQ?,UB) - (T% +T%)T§7Ti)) (Vl)y27y3) - (T% - 7"577’:%,_7’2), (P15027P3) - ((;quba ¢)

Now, we are ready to face our main problem: how to reduce this Lagrangian to the one corre-
sponding to the thermodynamic limit of spin chain, without shrinking the membrane to string? We
propose the following solution of this task:

04204(7',01), 7“127“1(7',01), 7“227“2(7',01),
rg = r3(7,02) = esinfboy + ¢(7)],  r4 = r4(7,02) = €cos[bor + ¢(7)],

o =o¢(1,01), €b,d,é=constants, € < 1.

These restrictions lead to

2
L = (2%@25 [Doa + (7} — r3)do)] —Ao(eng)2(4lpR)4{Zl(@lra)2
2
b [ — 8 — ] G} + As [S0rE - (1 62>]
a=1
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If we introduce the parametrization
r=1-e)"cosv, ro=(1-e)"?sinvy,

the new variable @=a/(1 — €?), and take the limit €2 — 0 neglecting the terms of order higher than

€2, we will receive

1 _£ 2= (2%3)2& [O0d + cos(249) o] — A (ebTn)? (4l R)* [(814)? + sin?(240) (010)?] -

As for the membrane action corresponding to the above Lagrangian, it can be represented in the
form

_J - A 2 | . 9 2
Sy = 27r/dtda [0 + cos(2¢)) D] 47Tj/dtala [((%w) + sin“(2¢) (95 ) } ,
where J is the angular momentum conjugated to &, t = k7 and
A =28 (x2ebTy)2(1,R)S.

This action corresponds to the thermodynamic limit of SU(2) integrable spin chain [55].

3.2.6 Mz2-brane perspective on N = 6 super Chern-Simons-matter theory at
level k

In 2008, O. Aharony, O. Bergman, D. L. Jafferis and J. Maldacena (ABJM) proposed three-
dimensional super Chern-Simons-matter theory, which at level k is supposed to describe the low
energy limit of N M2-branes [66]. For large N and k, but fixed 't Hooft coupling A = N/k, it is
dual to type ITA string theory on AdS; x CP3. For large N but finite k, it is dual to M theory on
AdSy x S”/Z;,. Here, relying on the second duality, we find exact giant magnon and single spike
solutions of membrane configurations on AdSy x S”/Z; by reducing the system to the Neumann-
Rosochatius integrable model. We derive the dispersion relations and their finite-size corrections
with explicit dependence on the level & [16].

Let us introduce the following complex coordinates on the S” /Zy, subspace
01 i[g+1(o1+69)] in L ile-1(61-00)]
zlzcosdjcosEeZk 2\ 1T es)] zzzcoswsmgelk 2\P193)]

z3 = sin cos %ei[%+%(¢2_¢3)], 24 = sin) sin %é[f‘%wﬁ‘z’?)ﬂ.

Obviously, they satisfy the relation

Z ZaZa = 1.

a=1

Next, we compute the metric
. 1
- 2
ds?ﬂ/zk = E dz,dz, = = (de + kA1) + dsépg,
a=1
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where
1
A = 3 [cos2 1 cos 01ddy + sin® ¢ cos Oadds + (C052 ¢ — sin® z/]) d(b?’} ’
2 2 4 in2 2 1 ! 2
dsgps = dip* + sin® 1 cos” 9 5 cos Ohdpr — 5 o8 O2dgo + dos

1 1
+5 cos® ¢ (d63 + sin® 01d¢?) + i sin® ¢ (d03 + sin® 62d3) . (3.327)

The membrane embedding into R; x S7/Zy, appropriate for our purposes, is

XO = ?t(gm)a Wa = Rra(gm)eiwa(ém)7 a = (]‘7 27 3’4)7

where t is the AdS time, r, are real functions of £, while ¢, are the isometric coordinates on
which the background metric does not depend. The four complex coordinates W, are restricted by
the real embedding condition

4
ZWaWa = RQ, or ng =1.
a=1

The coordinates r, are connected to the initial coordinates, on which the background depends, in
an obvious way.

For the embedding described above, the metric induced on the M2-brane worldvolume is given
by

R2

Gmn =

4
~OmtOnt + 4> (OmraOnra + rgam%an%)] : (3.328)

a=1

Correspondingly, the membrane Lagrangian becomes

c=£M+A<Zr§—1>,

a=1

where A is a Lagrange multiplier.
NR integrable system for M2-branes on R; x S7/Z

Let us consider the following particular case of the above membrane embedding [11]

Xo= —k1, Wy=Rry&, n)ei[w“7+““(§’")], (3.329)
{=aor+ P71, 1n=702+0T,

which implies

E= kT, al€™) = a(T,01,09) = waT + pta(E, ). (3.330)
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Here k, w,, a, B, v, 0 are parameters. For this ansatz, the membrane Lagrangian takes the form

(0 = 0/0¢, 0y = 0/0n)

R? !
L= 0 {(ZAOTgRav) <Zb_1 [(357"@8777“13 — anraﬁfrb)z

+ (OeraOn, — OnraOein)’ri + (OgptaOyry — Oyialery)?ryy

+ (OgttaOntty, — OnftaOgip) T2rlg]

4
+ Z [(QAOTgRoryf (O¢raOntta — Onraﬁg,ua)Q — (BO¢pta + 60y e + wa)ﬂ 7“2
a=1
4

= (BO¢ra + 60yra)? + (1/2) } +A (ZT _ 1)

a=1

We have found a set of sufficient conditions, which reduce the above Lagrangian to the NR one.
First of all, two of the angles ¢, should be set to zero. The corresponding r, coordinates must
depend only on 7 in a specific way. The remaining variables r, and j, can depend only on ¢'6. In
principle, there are six such possibilities. How they are realized for the R; x S7/Z background, we
will discuss in the next section. Here, we will work out the following example

ri=r1(§), ra=r2), wm=m(§), p2=p2A(8),

rg =r3(n) =rosinng, r4=r4(n) =rgcosn, 1o <1, (3.331)
w3 =g =0.

For this choice, we receive (prime is used for d/d¢)

R2 2 _ ) ~ ) /Bwa 2 1212
L= 0 {E [(AQ _ ,82)7",12 + (A2 _ ﬁZ)T’?L </’La - Yo 52) _ Yo 62ng§]
ZT - 1_rO ] ’

where A% = (2)\0T 2Ra7r0)2. Now we can integrate once the equations of motion for pu, following
from the above Lagrangian to get

+ (k/2)* —156°} + A

Ha= o . > <C +5wa), (3.332)

where C, are arbitrary constants. By using (3.332) in the equations of motion for r,(£), one finds
that they can be obtained from the effective Lagrangian

2 12 2\,.12 1 C 2
LNR:Z[(A _IB)TCL_M<T2+A >:|+AM

a=1

2
2 2
Zra -1 —T‘O)] :
a=1

This Lagrangian, in full analogy with the string considerations, corresponds to particular case of

the NR integrable system. For C, = 0 one obtains the Neumann integrable model, which in the case
at hand describes two-dimensional harmonic oscillator, constrained to a circle of radius /1 — 7'8.

160f course, the roles of & and 7 can be interchanged in this context.
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Let us consider the three constraints (3.321), (3.322) for the present case. For more close
correspondence with the string case, we want the third one, Gga = 0, to be identically satisfied.
To this end, since Ggo ~ r%’yé, we set 0 = 0, i.e. 7 = yo9. Then, the first two constraints give the
conserved Hamiltonian Hypr and a relation between the parameters involved:

HNRzi{wﬁ?)rf e (G 2unt)] = S
a=1

2
> waCa+ B(r/2)* = 0. (3.333)

a=1

For closed membranes, r, and u, must satisfy the following periodicity conditions
ra(§ + 2ma,n +2my) = 10(§ M), pal€ + 2ma,n 4 271y) = pa(§,n) + 2mn4, (3.334)

where n, are integer winding numbers. In particular, v is a non-zero integer.

Since the background metric does not depend on t and ¢, the corresponding conserved quantities
are the membrane energy F and four angular momenta J,, defined by

oL oL
E=—|[d% , Ja:/d%, a=1,234.
/ d(0ot) 0(0opa)

For our ansatz (3.331) J3 = Jy = 0. The energy and the other two angular momenta are given by
TR? ~
e [ (BCu+ A%wur?), a=12. .
4)\0 / ag, J, )\Oa(Az—ﬁ?)/ | BC, + A w,ry a (3.335)

From here, by using the constraints (3.333), one obtains the energy-charge relation
g
K Wa

a=1

A(1 - () +5Z

52
As usual, it is linear with respect to E and J, before taking the semiclassical limit.

To identically satisfy the embedding condition

Zri—(l—r%)zo,

a=1

r1(€) = /1 —r2sinf(§), ra(€) =1/1—1r3cosb(E).

Then from the conservation of the NR Hamiltonian (3.333) one finds

we set

: a3 . .
(A2 4+ Y2 — — — —2- — A% (w}sin® 0 + wicos?0)| , (3.336)

sin?@ cos26

W2 G
1—r3’ ¢ (1—r2)?

2
D wiCa+ BR* =0, &=
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By replacing the solution for () received from (3.336) into (3.332), one obtains the solutions for
Ha:

1 . d¢ 1 e dg
B = T 52 (Cl / 2o + 50015) y M2 = m <C2 / 028 + 56025) . (3.337)

The above analysis shows that the NR integrable models for membranes on R; x S and R; x
S7/Zy, are the same [15]. Therefore, we can use the results obtained in [15] for the present case.
For convenience, the corresponding solutions and dispersion relations are given in Appendix.

M2-brane solutions on R; x S7 /Zi and dispersion relations

For our membrane embedding in R; x S”/Z;, the angular variables ¢, are related to the corre-
sponding background coordinates as follows

_e 1 _e L
901—k+2(¢1+¢3)7 P2 =7 2(¢1 ¢3),
_e L _e_ 1
903—k+2(<752 #3) , pa= 2(¢2+¢3)~
As a consequence, for the angular momenta we have
J, 1 J, 1
J¢1:f+§(J¢1+J¢3)7 szzf_i(‘]%_‘]%),
J, 1 J, 1
‘]<P3:f+§(‘]¢2_‘]¢3)7 J¢4:f_§(‘]¢2+J¢3)‘
@pq and J,, satisfy the equalities
4 4
4 4
Z@a:ES@7 ZJUL:EJQO'
a=1 a=1

One of the conditions for the existence of NR description of the M2-brane dynamics is that two
of the angles ¢, must be zero, which means that two of the four angular momenta J,, vanish. The
six possible cases are

¢ 2 $1 ¢ 2 $1
= —_— = — —_ — - = — — = — 0 — 0.
* 1 ¢3+2 Pt e ®3 5 — ¥ w=0 =0
2 2
0801=¢1=E<P+¢3, s03=¢2=%<ﬁ—¢3, w2 =0, 1=0;

2 2

°901=¢1=E<P+¢3, 904=—¢2=Es0—¢3, p2=0, ¢3=0; (3.338)
2 2

°¢2=—¢1=%¢+¢3, 903:¢2=E<p—¢3, 01=0, @1=0;
2 2

0902:—¢1:%<P+¢3, 804:—¢2:%80—¢3, 01 =0, 3=0;

2 2 ®2 ¢ 2 P2
'903:—¢3+?:%90+?7 <P4=—¢3—?:%<P—37 p1 =0, 2=0.

Here, ¢1 and ¢ are the isometry angles on the two two-spheres inside CP?, while ¢3 is isometry
angle on the U(1) fiber over S? x S2%, as can be seen from (3.327).
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From (3.338) it is clear that we have two alternative descriptions for ¢,. One is only in terms of
the isometry angles on CP?, and the other includes the eleventh coordinate ¢. This is a consequence
of our restriction to M2-brane configurations, which can be described by the NR integrable system.

The six cases above can be divided into two classes. The first one contains the first and last
possibilities, and the other one - the remaining ones. The cases belonging to the first class are
related to each other by the exchange of ¢; and ¢y. This corresponds to exchanging the two S?
inside CP3. Since these spheres enter symmetrically, the two cases are equivalent. In terms of
(p,p3), the four cases from the second class are actually identical. That is why, all of them can be
described simultaneously by choosing one representative from the class.

Let us first give the M2-brane solutions for cases in the first class. Since they correspond to our
example in the previous section, the membrane configuration reads

W1 = Rr1(€) exp {ip1(7,€)} = Ry/1 — r3sin0(£) exp {Z [z¢(77§> n ¢(T27 5)] } ’
W3 = Rry(§) exp {ipa(7,§)} = RMCOS 0(&) exp {z [i@(r,f) — gb(;,f)} } ’
W3 = Rrgsin(yo2), Wy = Rrqcos(yo2),

where ¢ is equal to ¢ or ¢o.

From the NR system viewpoint, the membrane solutions for the second class configurations
differ from the ones just given by the exchange of Wa, W3, and by the replacement ¢/2 — ¢3. In
other words, we have

Wi = Rri(€) exp {ig1(7,€)} = Ry/1 — r3sin (&) exp {z [290(7, &) + ¢3(r, 5)] } ,
Wo = Rrgsin(yos),

Wa = Rra(€)exp {igalr €0) = /1= g cos (@) exp { | 27, €) — en(r9)| |
Wy = Rrg cos(vyo2),

The explicit solutions for 0(¢) and ¢;23(7,§), of the M2-brane GM and SS, along with the
energy-charge relations for the infinite and finite sizes are given in the Appendix E (see [16]). Here,
we will present them in terms of ¢ and ¢ 2 3.

In accordance with (A.27), we have for the M2-brane GM with two angular momenta the fol-
lowing dispersion relation

1/2 1/2 2
\J1-13E - 3 <kJ¢ + J¢> = \/4 (kip - J¢> + 82 [ro(1 — r%)’yf sin? g, (3.339)

where Jy can be equal to Jy, /2, Jg,/2 or Jy,. In writing (3.339), we have used that

1/6 1
R=1,(27%kN)"°, T, = G
p
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and the 't Hooft coupling is defined by A = N/k.

If we introduce the notations
Jo 1

J
E=a\/1-12E, J,=a-%, JTy=a=2, a= , 3.340
0 v 2 ¢ 2 V2Xkro(1 — r3)y ( )
the above energy-charge relation takes the form
E— Tk \/jg ) + 4sin?
where
2 2
Ji(k) = 2T+ Ts - Tolk) = 7T = Ts. (3.341)

By using (3.340), (3.341) and (A.35), we can write down the dispersion relation for the dyonic
GM, including the leading finite-size correction as

16 sin %

\/j2 ) +4sin2

2Sin2%<j1(k)+\/J2 (k) 4 4 sin? p) \/.72 ) + 4sin? L
JE(k) + 4 sin? g

E—Ti(k) = \/jQQ(k +4sin?2?

exp | —

The reason to introduce &, J, and Js namely in this way is the following. For GM on the
R; x 83 subspace of AdSs x S°, in terms of

2 2 2T
E=—FE, Ji=—7J1, Jo=—7Jo,
RV Vs

VA
E—jlzw/j22+4sin2§.

The same result can be obtained for the GM on the R; x CP? subspace of AdS; x CP?, if we use
the identification [67]

we have

FE Ji Jo

527, = T
N>y

In the all three cases, the second term under the square root is the same. In this description it is
universal - for different backgrounds and for different extended objects.

Analogously, for the SS case one can find (see (A.37))

B (Apy +p)tan g
J2(k) csc? p + tan? g

E— Ay :p+881n2§tangexp

= \/jZQ(k:) + 4 sin? g
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Let us point out that for £ = 1 the above dispersion relations coincide with the ones obtained
earlier in [15]. We can also reproduce the energy-charge relations for dyonic GM and SS strings on
R; x CP? by taking an appropriate limit. To show this, let us consider the second case in (3.338),
for which
2
k

2

J¢1 = k

Jo+ Jgyn  Jgo = 7Jp — Jgy-

In accordance with our membrane embedding, the following identification should be made

J J
Jstr — ﬂ Jstr — ﬂ
1 9 2 9

Then in the limit £ — oo, rg — 0, such that kroy = 1, we obtain from (3.339)

E—J" = \/(ng")2 + 8Asin? g.

This is exactly what we have derived in [67] for dyonic GM strings on R; x CP®. Obviously, this
also applies for the leading finite-size correction. In the same way, the SS string dispersion relation
for R; x CP? background can be reproduced.
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4 Three-point correlation functions

The AdS/CFT conjecture [33] implies that the correlation functions in the dual (boundary) quan-
tum field theory can be computed alternatively in string theory, i.e., essentially by the methods
of a two - dimensional theory. The first computations however were mostly performed in the su-
pergravity approximation, representing the correlators in terms of integrals over the target (bulk)
coordinates [90, 91].

On the string side one may start with a semiclassical approach, when the string path integral for
the correlation functions is evaluated in the saddle-point approximation with large 't Hooft coupling
A >> 1. In this calculation one has to identify the correct vertex operators [92, 93] and to find the
corresponding classical solutions, which provide the appropriate saddle-point approximation.

It is known that the correlation functions of any conformal field theory can be determined in
principle in terms of the basic conformal data {A;, Cjji}, where A; are the conformal dimensions
defined by the two-point correlation functions

__ Ciadyj
21 — 22|28

(0l(@1)0;(x2))

and Cjj;, are the structure constants in the operator product expansion

Cijk
<Ol($1)oj(x2)0k(x3)> = ‘1,1 _ .’L‘2|A1+A2_A3’.’131 _ $3|A1+A3—A2|x2 _ xg‘AQ-i-Ag—Al :

Therefore, the determination of the initial conformal data for a given conformal field theory is the
most important step in the conformal bootstrap approach.

The three-point functions of two “heavy” operators and a “light” operator can be approximated
by a supergravity vertex operator evaluated at the “heavy” classical string configuration [99, 100]:

<VH(x1)VH(J;2)VL($3)> = VL(x3)Classical-
For |z1| = |x2| = 1, 23 = 0, the correlation function reduces to

Ci23

(Vi (21) Vi (22)VL(0)) = o1 — aaPBH

Then, the normalized structure constants

Ci23
C=—"
Ci2
can be found from
C= CAVL(())classicala (41)

were ca is the normalized constant of the corresponding “light” vertex operator.
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4.1 On the semiclassical three-point correlation function in AdS;

In [24] we reconsider the problem of determining the semiclassical 3-point function in the Euclidean
AdSs3 model. Exploiting the affine symmetry of the model we use solutions of the classical Knizhnik-
Zamolodchikov (KZ) equation to compute the saddle point of the action in the presence of three
vertex operators. This alternative derivation reproduces the "heavy charge” classical limit of the
quantum 3-point correlator. Our result is different from the proposed expression obtained by
generalised Pohlmeyer reduction in AdSs [94]. The latter is interpreted as the AdSy part of the
correlator of three heavy strings propagating in AdSs x S° model, and is assumed to be universal
for heavy (scalar) AdS,.1 operators. This motivated us to reconsider the problem and compute
directly the semiclassical constant, generalising the method in [95], which was proposed originally
as a semiclassical check of the quantum Liouville 3-point constant.

While the quantum AdS3 theory and its applications to the superstring on AdSs x S x M*
in the NS-NS background (see [96, 97] and references therein) is well studied, and, thus, this is
no more than a toy model in the semiclassical context under consideration, the elaboration of 2d
CF'T techniques is important for the analogous unsolved problems in more realistic and less known
cases.

Our derivation is based on the affine algebra symmetry of the model generated by a current and
(in the euclidean version) its complex conjugate. This leads to a chiral equation, a classical version
of the KZ equation [98]. The equation determines the classical fundamental vertex V of isospin
j = 1/2 as a function of the coordinates of the three vertex sources. The solution is then used,
analogously to [95], to evaluate the contribution of the sources to the saddle point of the action
and thus to compute the semiclassical 3-point function, confirming the direct classical limit of the
quantum correlator.

At the saddle point of S = §(c) [0,7,7], i.e., on a solution of the classical equations, one
obtains

;nﬁ(d) =-X;, i=1,23, (4.2)

where X; are the string coordinates on AdSs,
Sv(cl) _ S(cl) + S(src)’

and the terms
Slsre) = —/d22252(z — 2,2 — %) (27]@(*)(2, Z) +2n?log | z — 2 \2>

= Z ni X (4.3)

account for the three vertex insertions.
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The set of equations (4.2) integrates to

§lel)

DY (5;; log | zi; |* —jk log | |2) (4.4)
i) Ak
1
+ s [Flmas) + Z F(mas — 2n;) — ZF(Qm) —F(0)],

where

U . . L ;i
Oig = i + 0 = 01, 5@':_#2» ik = Ji+ Jk — Jus ]iz—b%,

I B
b—QF(n) = 1/2daclog’y(a:).

From the r.h.s. of (4.4) one obtains the 3-point function

_s(h | 21g |25 | 219 |202| mog |28
e v = C(d) (7717 72, 773) ‘25% ‘25? |25%3 :

(4.5)

| 213 3| z212 2! 223

Since F(x) = F(1 — z), the choice F'(0) = F(1) for the arbitrary integration constant ensures
that C'(°) =1 for > ;M = 1, a charge conservation condition, corresponding to absence of screening
charges in the quantum case.

4.2 Semiclassical three-point correlation functions in AdSs x S°

In [19] we computed holographic three-point correlation functions or structure constants of a zero-
momentum dilaton operator and two (dyonic) giant magnon string states with a finite-size length in
the semiclassical approximation. We show that the semiclassical structure constants match exactly
with the three-point functions between two su(2) magnon single trace operators with finite size
and the Lagrangian in the large 't Hooft coupling constant limit. A special limit J > v/ of our
result is compared with the relevant result based on the Liischer corrections.

[19] is the first paper where the finite-size effects on the semiclassical three-point correlation
functions have been taken into account.

In [22, 23, 25] we extended the results found in [19] to the following three cases:

1. Dilaton operator with non-zero momentum: Vy = de
2. Primary scalar operators: Vi = V}p "

3. Singlet scalar operators on higher string levels: Vi = V¢
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4.2.1 Two GM states and dilaton with zero momentum

Let us start with the case of two GM and the zero-momentum dilaton operator, namely the La-
grangian whose vertex operator is given by

Ve = (Yi+Ys) " [272(0s2m0-a™ + 04 20_2) + 04 X30- X , (4.6)
where
n:i(xmx —1—22—1) Y:i(xma: +z2+1)
2 m ) 5 25 m )
and z,,, z are coordinates on AdSs, while X}, are the coordinates on S°.
Giant magnons with finite size

The finite-size giant magnon solution can be represented as (it = 7¢)

1
Toe — tanh(m'e), €Tr; — 0, z = m,
V1 — v2K2
cosf = /1 —v2k? dn <11}2H(0 - m‘)’l - 6) , (4.7)
—v

T — Vo 1

#= 1 —v? +v\/1—v2m2 .
V1 — 0212 1 — 0212
H(am <M(a—v7)>,—m(l—e),‘1—e>,

1—2 v2K2

where

1— k2
€= ———.
1 — v2k2

To find the finite-size effect on the three-point correlator, we will use (4.1) and (4.6), which
computed on (4.7) gives

[e’e) dr L
cd_d/ / do [K% + 0, X,0_X} , 4.8
A oo cosh4(m'e) L U[H Ak k] (48)

where

8+Xk8_Xk 1 —i—’U

_(1—U2 ) sin? 0{2
— cos 9[ — (14 v?)k? — 2cos? 6]} .

Performing the integrations in (4.8), one finds

16 ;, /1 —0?
ct=—ck
3cA 1—e¢

[E(l—¢)—eK(1—¢)]. (4.9)
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Let us point out that the parameter L in (4.9) is given by

L— 1o K(1—¢)
= —€).

V1 — v2K2
This is our ezact result for the normalized coefficient C? in the semiclassical three-point correlation
function, corresponding to the case when the "heavy” vertex operators are finite-size giant magnons,
and the light vertex is taken to be the zero-momentum dilaton operator.

For the case of this dilaton operator, the three-point function of the SYM can be easily related
to the conformal dimension of the heavy operators. This corresponds to shift ‘t Hooft coupling
constant which is the overall coefficient of the Lagrangian [101]. This gives an important relation
between the structure constant and the conformal dimension as follows:

32m
cd = 7ch\anm. (4.10)
We want to show that this relation is correct for the case of the giant magnons with arbitrary finite
size.

In the context of the AdS/CFT correspondence, it is now well-established that the conformal
dimension of a single trace operator with one magnon state is the same as ¥ — J in the strong cou-
pling limit. For an exact relation from the gauge theory side, one should solve the thermodynamic
Bethe equations. It has been shown that finite-size corrections to the conformal dimensions of the
SYM (dyonic) giant magnon operators computed by the Liischer formula for J > VA match exactly
with EF — J of corresponding string state configurations. Based on these results, we can assume
that the conformal dimensions A of the SYM operators are the same as FF — J of corresponding
string states.

The ezact classical expression for finite-size giant magnon energy-charge relation is given by

VA 12

m V1—02e

E-J=A [E(l ) (1 /A1 e)) K(1— e)} . (4.11)

The corresponding expressions for J and p are

J:*f 11__;;26[1((1—6)—E(1—e)],

[1—2v2e [ 1 1

where J is the angular momentum of the string, and p is the magnon momentum. One can obtain
E — J in terms of J and p by eliminating v, € from these expressions.

To take A-derivative on A, we need know \ dependence of v and e. Our strategy is to find v'(\)
and € () from the conditions that J and p are independent variables of A\, namely,

dJ _dp
= =0 (4.12)

135



Solving these conditions, we find the derivatives of the functions v(\) and €(\)

dv v(1 —v2)e[B(1 —€) — K(1 — ¢)]?
D =B — )2 — K- )2 (4.13)
E € [E(l €) —K(1—¢)] [E(l —¢) — v?eK(1 — ¢)]
d\ AE(1 —€)2 —v2eK(1 — €)?] ’
Replacing (4.13) into the derivative of (4.11), one finds
AA = *2/5 11__'”: [E(1— ) — eK(1—e)]. (4.14)

Comparing (4.9) and (4.14), we conclude that the equality (4.10) holds.

Next, we would like to compare (4.9) with the known leading finite-size correction to the giant
magnon dispersion relation [64]. To this end, we have to consider the limit € — 0 in (4.9). Taking
into account the behavior of the elliptic integrals in the ¢ — 0 limit, we can use the ansatz

v(€) = vg + v1€ + voelog(e). (4.15)

Actually, all parameters in (4.15) are already known and are given by

vg = cos(p/2), v = isinQ(p/Q) cos(p/2)(1 —log(16)), (4.16)
vy = %sinz(p/Q) cos(p/2), €= 16exp <_\ﬂs217rr1t(]p/2) - 2).

Expanding (4.9) in € and using (4.15), (4.16), we obtain

cl = %6(:1 sin(p/2) [1 — 4sin(p/2) <sin(p/2) + 2\7/}]) exp <_\527TJ) - 2)] . (417

sin(p/2

On the other hand, from the giant magnon dispersion relation, including the leading finite-size
effect,

A= \f sin(p/2) [1 — 45in?(p/2) exp (—\A;ZE;/Q) - 2)} :

one finds

ADLA = ‘2/5 sin(p/2) [1 — 4sin(p/2) <sin(p/2) + 2\%) exp <_m - 2)] . (4.18)

This confirms explicitly that the relation (4.10) holds in the small € i.e. J > /X limit.

Dyonic giant magnons with finite size
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The dyonic finite-size giant magnon solution is given by

1
e — t h e/ i = i = PN
xo anh(k.), x; =0, =z cosh(rr)
V1 —u2
cosf = z;dn <1_;2Lz+(a - UT)’l — e) , (4.19)
T — Vo vW
b1

1o V1—u?zp(1—2%) -
H(am (1_16224_(0—1)7)), i(1—6), 1—6)

2 1 _ .2
1—w 1 2
T — V0o
¢2_u1—1)2,
where
Z% 2
6—72, W:H
ot

22 can be written as

1
Zi = m {QI +q2 — u? + \/(QI —@)* — [2(q1 + @2 — 2q1g2) — u?] u2} )

n=1-W, g=1-v"W.

Now, we have to replace into (4.8) the following expression obtained from the above solution

1
8+Xk8_Xk = —m{l—v2w2+(l—u2)2i€+2(l —Uz) COS49

—cos?0[2+ 21 (1+e€) —u® (1+25(1+¢)]}.
Computing the integrals in (4.8), we find

8 1
— (W= (1= )W+ (1 —u*)(1+e)xp) K(1—¢)]
—(1=0*W? = xp = (1= xp) (exp + (1 — exp))) X

H(-l"p 1—¢) 1—e> }

Xp =22, Xm=2%, =e=2m
Xp

c =

where we introduced the notations

This is our ezact result for the normalized coefficient C? in the three-point correlation function,
corresponding to the case when the "heavy” vertex operators are finite-size dyonic giant magnons.
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To check the relation (4.10), we need to know A. As GM case, we claim that this is given by
E — J;. The explicit results are given by [15]

Ji = \/2% |:1_X1;2WK(1—€)—E(1—6):|, (4.21)
JQZ%EQ_E)
pz\/%m [1‘_4/XPH<11<1"XP(16)16>K(le)], (4.22)
and
£= 2;? Tis = 27;;172.

In this case, we need to obtain v'(X), €/ (), v'(\) from the condition that Ji, Ja, p be independent
of A. It turns out that the exact calculations for these are too complicated. Instead, we will just
focus on the € — 0 limit of (4.20) and X derivative of A from the Liischer formula to check (4.10).
To this end, we will use the expansions

Xp = Xpo + (Xp1 + Xp2log(€)) €, Xm = Xm1€,
v =10+ (v1 +v2log(e))e, u=mup+ (u;+ uzlog(e))e, (4.23)
W =1+ Wie.

First note that x, and x,, satisfy the following relations

2 — (1+vH) W — u?

Xp + Xm = — (4.24)
1— (1+ )W —v?W?2
XpXm = 1 3 .
—u
Expanding (4.24) and using the definition of ¢, we arrive at
2
v
=1-—2 4.25
Xp0 1_ u(2)7 ( )
vy
Xp1 = 5 {vo [(1—v8)* = 3(1 — v )up + 2ug — 2(1 — v )uou]

(1 —vg) (1 —uj)
~2(1- ) (1-uwd)u .
v + (voua — ugu2)ug
(1-u})’
v
1-— u%’

(1 —ug —vg)*
(1 —ug)(1 —vg)

Xp2 = —2v9

Xmlzl_

Wy = —
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The coefficients in the expansions of v and u, we take from [102], where for the case under
consideration we have to set K; = xp1 = 0, or equivalently & = 0. This gives

sin(p) J2
0= o U0 =
\/ JZ + 4sin?(p/2) \/ J3 + 4sin’(p/2)

vo(l — v% — ug)

v (4.26)

U= T =y (1 o2y [ 0) (1~ 108(16)) — g (5 — (1 + log(16)) — log(4096))]
Vo = vo(l — U% - U(z)) [1 02— u2(3 _ngﬂ
2T A1 —ud) (1) 0 —up(3+p
ue(l — 2 — 2
up = O(i(l _ng) 0) [1 —log(16) — v§(1 + log(16))]
= up(1 — vg — u%) 1+ v%).

4(1 —v3)

We need also the expression for e. To the leading order, it can be written as [102]

2
2 — 20 + Jiy/1— 03 — g
e=16exp | — - [ . (4.27)

By using (4.25), (4.26) and (4.27) in the e-expansion of (4.20), we derive

i ?c‘i { J3 + 4sin’(p/2) — 16sin" (p/2) exp(f) (4.28)

2,/ 73 + 4sin®(p/2)

5 [32 exp(f) <2j22 \/ J$ +4sin?(p/2) — 37

1
! (J# + 4sin?(p/2)) (T3 + 4sin*(p/2))

+2 <.71 (2 + j22) + j22 \/.722 + 4sin2(p/2)> cos(p) — N cos(2p)> sinS(p/2)]

_ J3 _ 873sin’(p/2)
2\/322 + 4sin2(p/2) (j22 +4 Sinz(P/Q))

7 exp(f)},

where

2 <._71 + \/J22 + 4sin2(p/2)> \/._722 + 45in?(p/2) sin(p/2)

f== J$ + 4sint(p/2)

On the other hand, from the dyonic giant magnon dispersion relation, including the leading
finite-size correction,

16 sin(p/2)
\/j22 + 4sin?(p/2)

exp(f) |, (4.29)

VA :
Adycmic = g \/j22 + 4811’12(]?/2) —
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one obtains

VA

2 22 o .4
A\ Adyonic = {j2 +4sin"(p/2) — 16sin” (p/2) exp(f)

2,/ 73 + 4sin®(p/2)

[32 exp(f) (2J22 VT2 + 4sin?(p/2) - 37,

o (4.30)

1
" (j22 + 4sin2(p/2)) (j22 + 4sin4(p/2))2

+2 (.71 (24 J3) + T \/ J3+4 Sin2(p/2)> cos(p) — T cos(2p)> sing(p/Q)]

_ J3 _ 8FFsin'(p/2)
/77 +asinipf2) (77 -+ 4sinl(p/2))""

Comparing (4.28) and (4.30), we see that the relation (4.10) is also valid for finite-size dyonic giant
magnons, as it should be.

4.2.2 Two GM states and dilaton with non-zero momentum

For the dilaton vertex we have [99]
Ve = Yy + Ys) 2 (X1 +iXo) (272 (01 2m0—_a™ + 0420_2) + 04 X;,0_Xi] (4.31)

where the scaling dimension Ay = 4 + j to the leading order in the large v/A expansion. The
corresponding operator in the dual gauge theory is proportional to T'r (F 5V Z7+ .. .), or for j =0,
just to the SYM Lagrangian.

The normalized structure constant (4.1) can be computed by using (4.31), applied for the case
of giant magnons, to be [22]

cd = %3/20(3; (4?3 Xp (4.32)

A few comments are in order. The structure constant in (4.32) corresponds to finite-size dyonic
giant magnons, i.e. with two angular momenta. The case of finite-size giant magnons with one
angular momentum nonzero can be obtained by setting v = 0 (xp, Xm also depend on u according
to (4.24)). The infinite size case [100] is reproduced for W =1, x,, = 0. For j = 0, (4.32) reduces
to the result of [19].

Leading finite-size effect

Expanding (4.32) in € one finds [25]
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1
VT3 + 4sin?(p/2)
B 1

128 (72 + 4sin?(p/2))** (72 + 4sin’ (p/2))
—2 (744 4 70773 + 24475 + 7275 cos(p)
+4 (255 + 21875 + 6275 — 6J5) cos(2p) — (520 + 36775 + 2475') cos(3p)
+2 (92 4 4775 + 375') cos(4p) — (40 + 1173) cos(5p) + 4 cos(ﬁp))

3
Cl ~ ZTI‘QCg sin3(p/2){

; [(840 + 82672 + 25874 — 2478

+8.71 sin2(p/2)\/ J$ + 4sin? (p/2)< (8 + 1973 + 125" cos(p) + (8 — 1675 cos(2p)

— (8+37J5) cos(3p) — 2 (5+ 5T — 275 — cos(4p)) )] 6}’

Cd ~ 322850g sin4(p/2){ !
\/j22 44 sinQ(p/Q)
1
128 (72 + 4sin2(p/2))** (J2 + 4sin*(p/2))
—8 (63 + 8473 + 3875 + 16.75) cos(p)
+ (585 + 5765 + 17675 — 3275 ) cos(2p) — 4 (115 + 8475 + 473) cos(3p)

+2 (111 + 5672 + 474) cos(4p) — 4 (15 + 472) cos(5p) + 7cos(6p))

5|(210+ 872 (6 - 73) (7 +473)

—871 sin?(p/2) \/ J$ + 4sin?(p/2) (15 +8J5 — 87y —4(3+ 575 +475) cos(p)

— (12— 87%) cos(2p) + 4 (3 + J3) cos(3p) — 3cos(4p))} e},
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Cd~ %71'2667[ sin (p/Q){ !
\/j22 + 4sin?(p/2)
1
+ . 3/2 .
960 (J2 + 4sin®(p/2))”" (J# + 4sin*(p/2))
128872 (5 + 7cos(p)) sin®(p/2) + Ty (54 + 241 cos(p) + 10 cos(2p)
415 cos(3p)) sin?(p/2) + 107% cos(p) (5 + 3 cos(p)))

. [20 (256 (13 + 15 cos(p)) sin®(p/2)

+60.71 Sin2(p/2)\/ J$ + 4sin?(p/2) (20 + 675 — 127
— (16 + 2175 + 2073) cos(p) — 2 (8 — 575 ) cos(2p)

+ (16 + 575 ) cos(3p) — 4cos(4p)>} e},

211

1
Cf ~ 357, 768 sin®(p/2) {

\ T2 + 4sin®(p/2)

1

- 64(294 + 1475 — 60T, + 4879
8192 (72 + 4sin(p/2))*? (2 + 4sin(p/2))* 4( ’ ? ?

—4 (51 — 4973 — 5375 — 3675 ) cos(p)

— (435 + 873 (61 + 1973 — 6J5')) cos(2p) + 2 (305 + 20975 + 6.J3') cos(3p)

—2 (179 4 8375 + 65 ) cos(4p) + 2 (53 + 1375) cos(5p) — 13 cos(6p)>

+5127; sinQ(p/Q)\/ J$ + 4sin?(p/2) (25 + 4T3 — 1675 — (20 + 2275 + 2473 cos(p)
-4 (5 - 3]22) cos(2p) +2 (10 + 3j22) cos(3p) — 5cos(4p)>] e}.

In the four formulas above € is given by

2 (jl + \/j22 + 4sin2(p/2)> \/j22 + 4sin2(p/2) sinz(p/Q)
J$ + 4sint(p/2)

e =16exp (4.33)

Actually, we computed the normalized coefficients in the three-point correlators up to j = 10.
However, since the expressions for them are too complicated, we give here only the results for the
first two odd and two even values of j. Knowing these expressions, the conclusion is that they have
the same structure for any j in the small € limit'”. Namely

1"The only difference in that sense is that for j odd an additional overall factor of 72 appears, as can be
seen from the formulas above.
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4 1 py
C;-i A Ajc?+4 sin/ 2 (g) { + J

G rasn(3) (7 +asi? (5)7 (37 + 4sin' (5))°

P3(J2) + Jh sin® (g) \/ J2 + 4sin? (g) Q?(jf)} e}. (4.34)

where € is given in (4.33), A; and a; are numerical coefficients, while Pj?’(jf) and Q?(j;) are poly-
nomials of third and second order respectively, with coefficients depending on p in a trigonometric
way.

Now, let us restrict ourselves to the simpler case when J> = 0, i.e. giant magnon string states
with one (large) angular momentum J; # 0. Knowing the above results for 1 < j < 10, one can
conclude that the normalized structure constants in the three-point correlators for any j > 1 in the
small € limit look like!®

Aj G (PN [win (P
d  *“J d
Cjo =~ < Ci+a sin’ (5) {sm (§> (4.35)

3 — |
+ <Bj0 sin (g) + Cjosin (2p> + Djo (1 + cos(p)) j1> e smg] :

where

2.11 2332 53 2.73
Bio = (—2%3 11 = 233...) f =(1,...,8,...),
70 ( ’ 9y 3 ) 3 5 737 7 ) ) or J ( )

Cj0:1—|—3j, DjOIQ(j—i-l).

4.2.3 Two GM states and primary scalar operators

The primary scalar vertex is [103, 104, 99]
VP = (Ya + Ys) 2% (X1 +iXa) [272 (04mm0_a™ — 8;20_2) — 0, X,0- Xy ], (4.36)

where now the scaling dimension is A, = j. The corresponding operator in the dual gauge theory
is T'r (Zj )

For giant magnons we have [100]

_ . P
272 (04 20 x™ — 04 20_2) = K> <cosh2(m-e) _ 1> )

Then the light vertex operator becomes

70 2
v (2 ) ],
cosh? (k) cosh?(kTe)

18C§l0 is used for C]‘-l computed for J» = 0 case.
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where the infinite-size case was considered in [100], while for the finite-size giant magnons Efgf
should be taken from

1
Ly =-1— [2- (L+0HW —2(1—u?) x]. (4.37)
Let us also note that the first integral for x is given by
N 2Vl —u?
- \/x

1—2

)(X = Xm)- (4.38)

As a consequence, the normalized structure constant in the corresponding three-point function, for
the case under consideration, takes the form:

L

G = A [/O; dTecoshj(vi/ﬁTe) (COShZ(%/WTe) - 1> /L dUX% (4.39)
- /Z coshJC(Z\TEﬁTe)/_ dUX2£ } '

Performing the integrations in (4.39) one finally finds [22]

r(Z =
CfT:W?’/QJZF (E’Z*?) (1Xf2u2)W (4.40)

. L1 g
1— 1— 02 F — 211 —
|:( W+]( UW)) 2 1(2 2 97 6)

1 1 3
— 1+ (1-? Fil=,—=—2:1;1—€]].
(+j)( u)XpQ 1(2) 2 27 6):|

Leading finite-size effect

Let us start with the simpler case when Jo = 0, or equivalently u = 0. Expanding (4.40) in €
one finds [25]

Clpm0, i Tisin’(p/2) e (4.41)
Cho ~ &lajsin(p/2) T e, j=3,..,10,
where
€ = 16 exp[—2 — Ji csc(p/2)], (4.42)
for the case under consideration. The numerical coefficients a; are given by

" 12241227 352210 5.7 214
i '35°16" '32.5.7° 29 '3352 77 911" 325272 1]

A few comments are in order. From (4.41) one can conclude that the Cl and Chj cases are
exceptional, while C% have the same structure for j > 3. CJj &~ 0 means that the small € -
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contribution to the three point correlator is zero to the leading order in e. C4j is the only one
normalized structure constant of this type proportional to J;. It is still exponentially suppressed
by €. The common feature of C%; in (4.41) is that they all vanish in the infinite size case, i.e., for
e = 0. This property was established in [100]. Here, we obtained the leading finite-size corrections

to it.

Now, let us turn to the dyonic case, i.e. Jo # 0. Working in the same way, but with u # 0, we

derive
j=1
j=2

Cfr ~ cpr 772 \722 CSC(p/Q)

T U6 (77 1 4sin®(p/2) PRI + dsin' (p/2)]

{875 + 4sin®(p/2)][T5 + 4sin(p/2)]
+ sin®(p/2) [40 + 1775 + 2T — 20(3 + T3 ) cos(p)

2 -2
+ 3(8 + J2) cos(2p) — 4 cos(3p) — 4J2 + 8sin (p/2)

J$ + 4sin'(p/2)
<71 \/\722 + 4sin’(p/2) + T3¢ + 4sin2(p/2)) X

(j22 + 4sin4(p/2) + 25in2(p)) sinZ(p/2)] e} ,

o x o ! y
27372 (T2 + 4sin?(p/2)]3/2[ T2 + 4sin*(p/2)]

{2]22 [JZ + 4sin®(p/2)] [j22 + 4sin4(p/2)] — sin4(p/2)><

20 + 375 — 275 — 2(15 + 2J%) cos(p) + (12 + J3) cos(2p) — 2 cos(3p)

) <j1 \/j22 + 4sin®(p/2) + JZ + 4sin2(p/2)> X

8
J$ + 4sin'(p/2
(=3 +2(2 + J3) cos(p) — cos(2p)) sin*(p/2)] €},

+
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2 2 ) 5/2
pro TL [j2 +4sin (p/2>]
CY ~d 556 csc(p/2) T2+ dsin(p)2) X (4.45)
2 .2 Js +4sin'(p/2) [ 257,
{48j2 Sin (p/2) [j22 + 4sin2 (p/2)]3 [J22 + 4 sin2(p/2)]2
o J5 +4sin’(p/2) _ N E 2
72 (72 + 4sin®(p/2)] (21 = 16 cos(p) = 5 cos(2p) + 875)
3 11 —12cos(p) + cos(2p) + 6.5
272 (T3 + 4sin?(p/2)]4

+ (3j22 <j22 +4sin’(p/2) + T \/ J? + 4sin2(p/2)) X
(80 + 4275 + 1275 — (120 + 4775 — 473 cos(p)

. 4 1
+ (8 + J3) (6 cos(2p) — cos(3p))) sin* (p/2)) (T2 + 4sin?(p/2)]4[ T3 + 4sin*(p/2)]
Cngsin’p) | 3Fsw') <J§ + 4sin' (p/2) > I,
(T3 + 4sin®(p/2)]>  [J3 + 4sin’(p/2)]4 J5 + 4sin®(p/2) ’

2 T3+ 4sin’(p/2)]P

proo
C4 ~

4571 Jf + 4sin'(p/2) (4.46)
(R sy [ v
[ T3 + 4sin? (p/2)]? T2 + 4sin(p/2)]?
_1 2 jgz +4Sin4<p/2> B - ,
2j2 T2+ Lsin2(p)2)]? (39 32 cos(p) — 7cos(2p) + 16J2)

611 —12cos(p) + cos(2p) + 6.7

2 [J? + 4sin?(p/2)]*
+ <2j22 <j22 + 4sin®(p/2) + 7 \/j22 + 4sin2(p/2)> X
(75 + 4473 + 1675 — 2 (58 + 2375 — 473") cos(p)

+4 (13 + j22) cos(2p) — 2 (6 + J22) cos(3p) + cos(4p)) sin4(p/2)) X
1

(T3 + 4sin?(p/2)] 173 + 4sin’(p/2)]
L BRs’p) 27 sin'(p) _3<$%+%m%mm>1e}_

(TF + 4sin(p/2)PP T [TF + 4si®(p/2))F "\ TF + 4sin’ (p/2)

In the four formulas above € is given by (4.33).
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4.2.4 Two GM states and singlet scalar operators on higher string levels

As explained in [99], there exist special massive string states vertex operators with finite quantum
numbers for which the leading-order bosonic part is known explicitly and thus they can be used as
candidates for “light” vertex operators in the semiclassical computation of the correlation functions.
These are singlet operators which do not mix with other operators to leading nontrivial order in
-L 93, 107]. An example of such scalar operator carrying no spins is [99]

VA

VI = (Y + Y5) 72| (0X,0X)7 + .| (4.47)
The marginality condition for this operator is [99]: 2(1 — ¢) + ﬁ [A(A —4) 4+ 2q(q — 1)]
+ (\/1X)2 [%q(q —1)(¢g— %) + 4q] +0 ((\/%)3) = 0. This operator corresponds to a scalar string state

at level n = ¢ — 1 so that the fermionic contributions should make the ¢ = 1 state massless (BPS),
with A = 4 following from the marginality condition. The ¢ = 2 choice corresponds to a scalar
state on the first excited string level. In that case, we have [107]

A(A-4):4(ﬁ—1)+o(\la>,

with solution

0 1
- 1/4 . =
A=2(\ +D+MM+O(pM)
However, the subleading terms here should not be trusted as far as the fermions are expected to
change the A-independent terms in the 1-loop anomalous dimension. For arbitrary string level n,
the solution of the marginality condition with respect to A, to leading order in %, is given by

Aq:2<\/(q1)ﬁ+1;q(ql)+l>. (4.48)

Let us also point out that the number ¢ of 0X;,0X}, factors in an operator never increases due to
renormalization [93]. That is why, it can be used as a quantum number to characterize the leading
term in the corresponding operator [105].

The normalized structure constant can be computed by using (4.47), applied for the case of
giant magnons, to be [23]

q

i T (3)  oife—a+yw)?

0 (252) G- L= i,

k
q 1 —u? & <1 1 Xm
- Xp2f1 (55 —kLil——],
kzok!(q_k)! [ 1%(1+02)W] P 272 Xp

C?!=ca,m (4.49)
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where

1
Xp = m{ql +q— v+ V(@ — )= 2(q + @2 — 2q192) _UQ]UQ}’

1
Xm = m{ql +a—u® = (g — @)?—2(q+ e —2q0) _“2]“2}’
a=1-W, g¢=1-0W. (4.50)

This is our general result corresponding to finite-size giant magnons with two angular momenta
and to arbitrary string level n = ¢ — 1 = 0,1,2,.... Now, let us give some particular examples
contained in (4.49).

Giant magnons with one angular momentum

The case of finite-size giant magnons with one angular momentum J; # 0 corresponds to u = 0.
This can be seen from the explicit expression for the second angular momentum Jo:

2mJo 2“\/ Xp Xm
Jo = = E(l1—-=—).
\A V1 —u? Xp

Then from (4.50) one obtains the following simplified expressions for x,, Xm:

XPZI—UQVV, Xm =1—W.

Taking this into account, and using (4.49), one can find that the normalized structure constants
for the first three string levels, for the case at hand, are given by:

qg=1 (level n =0)

12 1 34 1
I (ALE) /W (1 — v2W)

[2(1—1}2W) E(l—%) —(2-(1+v)W)K (1—%)] .

Cl =2ca,m

qg=2 (level n =1)
12 L (%) 1
T (825 (1 —02)/W (1 — 02W)

2-(1+)W) K (1 - 1:}%/)

C? = 2cp,m

11— 02w

1 3 1-Ww
2r(l—?W)Y ok (=, —S:1;1— ————— ).
+ 7T( v ) 2471 (27 27 ) 1—U2W):|

—4 (2—(1+v2)W)(1—v2W)E<1 =W >
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q=3 (level n = 2)

3 _ 1/2 I *23) (2— (1—}—1)2)[/[/)3
C’ = —2cpa,m yow]
I ( 5 )<1_U2)2 W (1l —v2W)

1-W 6(1 — v2W) 1-W
[K<1_1—02W>_2—<1+v2)WE<1_1_v2w>
67 (1 — v*W)? 1 3. 1-W
@1+ )W) 1<2"2’1’1‘1_vzw>
5
2

_ _Ar(1 W)’ (1 .1.1_1—W>]
2— 1 +oyw)? ! Ll=T—mw ) |

27

Giant magnons with two angular momenta

g =1 (level n = 0):

qg=2 (level n =1):

A
1/2 r 72) 1
r (A22+1> (1 — U2) (1 _ u2)WXp

-0+ K (1-22) a0 - i) 2= @+ ) B (1- 22

c? = 2cp,T

Xp Xp
13 X
2m(1 — 2y2, 2 F Z 2 1:1= m )
+2m(1 —u®)*x; 2 1<2, 5i b "

q =3 (level n = 2):

1/2 F(%) (2- (1+1)2)W)3
r (#) (1 —=v2)2/(1 —u?)Wx,

1— 2
[K<1_m)_WE<1_m)
Xp/) 2—(1+v)W Xp

6m(1 — u2)2y2 1
(2 - (1 + UQ)W) Xp

2
47r1—u23 3 1 5
_ ( )Xp32F1( 2;1;1Xm> .

Cg = —26A37r

27

(2— (14+v2)W) 2’ X
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4.3 Semiclassical three-point correlation functions in
TsT-deformed AdSs; x S°

4.3.1 Two GM states and dilaton with zero momentum

Working as in the undeformed case and taking into account the deformation of the sphere, one
finds that the normalized structure constant is given by [20]

16 1
T3 AW (X — Xn)
(1= w?)(1 = FK) = JuoW) /Xp — xaB(1 — €)
+ (W1 = Fuoxn) — (1= FK) (1= (1 —u?)xn)) K(1 - 6))]
where
€ = M7 (4'52)
Xp — Xn
and
2 — (1+02)W —u?
Xp T Xm + Xn = 12 R
1—(1+0)W + (W —uK)? — K?
XpXm + XpXn + XmXn = ( ) 1 _( 2 ) , (4.53)
K2
XX = =7

The case of dyonic finite-size giant magnons we are interested in, corresponds to

O<u<l, O<ov<l, 0<W<I, O0<xm<x<xp<l, xn<O.

This is our ezact semiclassical result for the normalized coefficient Cg in the three-point corre-
lation function, corresponding to the case when the heavy vertex operators are finite-size dyonic
giant magnons living on the y-deformed three-sphere.

Leading finite-size effect

For the case of the dilaton operator, the three-point function of the SYM can be easily related
to the conformal dimension of the heavy operators. This corresponds to shift ‘t Hooft coupling
constant which is the overall coefficient of the Lagrangian [101]. This gives an important relation
between the structure constant and the conformal dimension as follows:

_ 327

cd ?chﬁc‘AA. (4.54)

We want to show here that this relation holds for the case of finite-size giant magnons (Jo = 0),
assuming that A = E — Ji, and considering the limit ¢ — 0. To this end, we introduce the
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expansions

Xp = Xpo T (Xpl + Xp2 IOg(E)) €,

Xm = Xm0 + (Xm1 + Xm2 log(€)) €,

Xn = Xno + (Xn1 + Xn2log(€)) €,

v =wg+ (v1 + v2log(e))e, (4.55)
u = up + (u1 + uzlog(e)) e,

W =Wy + (W1 + Walog(e)) e,

K = Ko+ (K1 + Kalog(e)) e.

A few comments are in order. To be able to reproduce the dispersion relation for the infinite-size
giant magnons, we set

Xm0 = Xno = Ko =0, Wo = 1. (4.56)

In addition, one can check that if we keep the coefficients xm2, Xn2, Wao and Ks nonzero, the
known leading correction to the giant magnon energy-charge relation [65] will be modified by a
term proportional to J72. That is why we choose

Xm2 = Xn2 = Wa = K3 = 0. (4.57)

Finally, since we are considering for simplicity giant magnons with one angular momentum, we also
set

because the leading term in the e-expansion of J5 is proportional to ug.

By replacing (4.55) in (4.52) and (4.53), and taking into account (4.56), (4.57), (4.58), we obtain

oo = 1— 0, (4.59)
Vo
o = 1 [/ (L= )~ A1 = ) = 201 = o]
0

Xp2 = —2vgv2,
ooy = A=)+ V= f)T— KF( = of)

m 2(1 —v3) ’
N T SV V(e

n 2(1 —v3) ’
—— V(I = 02)t —4K3(1 - v})

1= 1— ’1)2 ’

0

The other parameters in (4.55) and (4.59) can be found in the following way. First, we impose
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the conditions J» = 0 and p; to be independent of €. This leads to four equations with solution

voy/(1— 03)* — AKZ(L— 3) (1~ log 16)

— , 4.60
vl 4(1 — v%) ( )
oy /(= R =K1 = f)
4(1 —v3) ’
Kwo 10g4
Uy = ———5
1-— v%
Kivg
Uy = ————
2T 21— )
where
Vg = cos % (4.61)
Next, to the leading order, the expansions for [J; and py = 27ny (ng € Z) give
1 N
€ = 16exp <—2 — si\11711’21> , Ki= 5 sin® % sin®, & =27 <n2 — \%Jl) . (4.62)

Now, we consider the limit ¢ — 0 in the expression (4.51) for the structure constant in the
3-point correlation function, by using (4.55), (4.56), (4.57), (4.58), (4.59), (4.60), and obtain

1

d
SRR R T

4 d
3%

4+ 4o (1 ~ K (1 - log4) e) (4.63)

—v} (8 + <\/(1 —v3)* —4K?(1 —v3) (1 —log16) — 87K;(1 — log4)) e>

_ <4ﬁK1(1 “log4) — /(1 - o)t —4KZ(1 —03) (1~ log 256)) €

- <v(2]\/(1 —v3)* —4K2(1 —v}) + 27K, (1 — v§)2> eloge

+\/(1 —v2)* — 4K%(1 — v3) elog(16 e)] :

According to (4.61), (4.62), the above expression for Cg can be rewritten in terms of py, Ji, as

Ji

16 o
Cg ~ ?CdA sin % [1 — 4sin? % (cos ® + Jj csc % cos ® — 471 sin <I>) e 51“1721} . (4.64)

In order to check if the equality (4.54) holds for the present case, let us now consider the
dispersion relation of giant magnons on T'sT-transformed AdSs x S°, including the leading finite-
size correction, which is known to be [80, 18]

E—-J = \f sin(p/2) [1 — 4sin%(p/2) cos ® exp <—2 - \521129/2))} . (4.65)

152



sin 5

Taking the A derivative of (4.65), one finds
A —2- -1
AHLA = \ZF sin 5 [1 — 4sin? = (cos b + J1csc 5 cos ® — A7 sin CI)) 5 ] ) (4.66)
T
Identifying p = p1, and comparing (4.64) with (4.66), we see that the equality (4.54) is also valid

for the y-deformed case.

4.3.2 Two GM states and dilaton with non-zero momentum

The normalized structure constant for the case at hand is given by [22]
r (4%) XJ/2
el = 273/2¢4 . P (4.67)
7 r (52) V=2 (=)
1— Xm)
Xp

{[1 —AK —u(u+ (W — uK))] x, F1 (1/2, 1/2,—-1—j/2;1;1
- 911 el Xm
—(1-W —3K)F} (1/2,1/2,—j/2,1,1 1 Xp)}.

The small € limit corresponds to considering the leading finite-size effect, while € = 0, x;n = 0

Xn =0, K =0, W =1, describes the infinite-size case

J > V.

Leading finite-size effect
Here, we restrict ourselves to the case Jo = 0, J1 = J large but finite, i.e. J; =

Expanding (4.67) for this case to the leading order in ¢, one finds [26] (j > 1)
O
o elaWr + 2+ ) (2xomt — xp0) + 45K]

)

x log E 1Fo < 1>
<])> [2])@0 + (2xm1 — xpo + W1 (2 + 5(2 — xp0)) (4.68)

+V/r
r(%

+j(Xm1 + Xn1 + (1 +j)Xp1) + 2:)/(K1 +](K1

w‘-‘,— w
i~

o vEl
Cj 4+J 2 (
J
2’

— (K1 + vou1)xp0))) €

(L + 1)xp2 = 23 5v0u2xp0) €loge] |

This can be rewritten as
r(4)r (%2
2 2 14 1 . .
Cy ~ cfym g+> ( 5+>. SIHHJ(p/?){J 3 [ (4—7(1+35)(1 + cosp)
() (2
(14 7)(1 + cosp) cse(p/2)) T cos @
(4sin(p/2) — j(1 + cosp)J) sin @} e}.
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4.3.3 Two GM states and primary scalar operators

According to [22] the normalized structure constant for this case is given by

I (%> (1)’
r(45) V=@ (o —xa)
{[\/Wjji + \/W(ll—v2) (2- (1+U2)W—2§K)]

¥ <1/2, 1/2,—j/2;1;1 —e,1 — Xm)
Xp
P

_mp_&K—u(u—ﬁuKﬂL%Wﬂm

x Fy <1/2,1/2,—1—j/2;1;1_€71_ Xm>}
Xp

Clr = 2 (4.69)

It can be shown that (4.69) reduces to the undeformed case if we fix

F=K=xn=0 =e=2m

Xp

This can be done by using the following property of the hypergeometric function F}

Fi(a,b1,bo;¢;2,2) = oF1 (a,b1 + ba; ¢; 2) .

For the infinite-size case, (4.69) gives

J Y
crr :wc’XF(2> 7 sin/ 2 (p/2)

2 (T2 + 7 sin?(p/2) sin(p)] . (4.70)
VT2 + 4sin?(p/2)

Leading finite-size effect

Again, we will consider here the particular case Jo =0, J1 = J large but finite, i.e. J1 =J >

V.

As was pointed out in [25], where the undeformed case has been considered, j = 1 and j = 2
are special values. That is why we will start with these two cases first.

The case j =1
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pr
19

21 Xm1
(PSR D ey o (1 2,1/2, -1 2;1;1—e,1—me>[ 1—v2) X1 €
15 1 9 Xp0 / / / Xp0 ( 0) n

Expanding the coefficients in C7;, one can rewrite it in the following form

+ (2 = (dvgvr + 3W1 + 49K1) € — v3(2 + W1 €)) Xpo — 4000250 elog(e)}

o (1/2, 1/2,-3/2;1;1 —¢,1 — XmL e) (4.71)
XpO

X [4Xp0 + 2 (xn1 — (W1 + 29(K71 + vou1))xpo + 2xp1) €

+4(Xp2 — Fvou2Xp0) 610%(6)} }

Cfg can be represented as a function of 7, p and ® in the following way [26]

2 1
i~ _CZI)T% sin2(p/2){8F1 <1/2, 1/2,-3/2 11— e,1 = o (14 cos ) e>

1
—4Fy (1/2, 1/2,~1/2: 11 —e,1 = o (14 cos ®) e>

_|_

" <1/2,1/2,—1/2;1;1—€,1—;(1—}—608(1)) €> (4.72)
X (1 —cos®(9+2cosp+ J(1+cosp)csc(p/2)) + 47 sin(p/2) sin D)

R (1/2, 1/2,-3/2;1;1 —e,1 — % (1 + cos @) e>

X (2—2cos® (5+2cosp+ J(1+ cosp)csc(p/2))

+ 7 (J (1 + cosp) + 4sin(p/2)) sin (I))]E}.

For the undeformed case, when 4 = 0, ® = 0, (4.72) simplifies to

2
C =~ —c’fr% sin(p/2) [3sin(p/2) + sin(3p/2) + J (1 + cosp)] €. (4.73)

This is in accordance with the result CI" ~ 0 found in [25], where only the leading order in € was
taken into account.

The case j = 2

Now we have

8 1
5= -3

(1= €)%/ (1 = u®)W(xp — Xn)
x| (xm = Xp) E(1 =€) = (xm — xp )K(1 =€) + (1 — u(u — y(Ku —vW)) = 7K)
X (20xp = Xm)((2 = )xm + (1 = 26)xp)E(1 — €) + (3 — €)X, — 4XmXp €
—X3(1-3¢) OK(1 - )] }.

{ [3 (14 20H)W — 3’yK] (1—¢) (474
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Expanding (4.74) in €, one finds

Cp cm sin?(p/2) 27 cos ® — 7 (2sin(p/2) — J(1 4 cosp)) sin(p/2) sin @] e.

Obviously, the result for the undeformed case is properly reproduced by the above formula.

(4.75)

Now, we will deal with j > 3, when we can use the following representation of Fi(a, b1, be; ¢; 21, 22)

[108]:
0 Lk
Fi(a,bi,ba;c;21, 22) = Z M OF (a+k b+ k; 21)5-
k=0

Then, expending o F} ( +k, é, 1+k1— 6) (1 — Xm/Xp)* around € = 0, one finds

11 xm\¥ T+ k)
Filz4k=l+kl—c)(1-27) v =" flog4)—H
2 1<2+ 727 + ) E)( Xp> \/7?1“(%+k;){0g() k—
1
oo [2xpo + (4kxm1 — (1 + 2k)xp0) (log(4) - Hk—%)] e — log(e)

2k -2
o Xp0 + (XPO Xml) elog(e)} ,
4Xp0

[

where H, is defined as [108]

H,=¢(z+1)+

The replacement of (4.77) in (4.76), taking into account that
1 1
a= = bi==, c¢=1, 2z1=1-—F¢, 1—X—m,
2’ 2 Xp
gives
11 Xm
F ybo; 151 —e,1 — == ) = Cp+ C1 e+ Cy elog(e) + C3log(e),
2’2’ Xp
where

[(=by)  log(16)
VT (5 —b2)

1{1 [ VT T(=1 — by)

Cp=— A

T in (% _ b2) (XpO + 2b2Xm1)

Co = 1Fo(b2, 1),

XpO

+810g(2) ba2(Xxpo — 2Xm1) 1F0(1 + b2, 1) | — 2(1 —log(4)) 1Fp (b2, 1)},

1
Cy = ~7 |:Xp0 1Fo(b2, 1) 4 2b2(xpo — 2Xm1) 1Fo(1 + b, 1)},
T Xp0
1
C3 = —— 1Fy(bo, 1).
v
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(4.77)

(4.78)

(4.79)



In the normalized structure constants (4.69), there are two hypergeometric functions
2 (2 1by1il—el— 7:) with by = —j/2 and by = —1 — j/2.

By using (4.78), (4.79) in (4.69) and expanding it about € = 0, we can write down the following
approximate equality for j > 3

Cit ~ Ag + Are + Aselog(e), (4.80)
where the coefficients are given by
2 1
Ao =m0~ i g, (4.81)
L(H54H)r (T)
_oprT (%) (%_ ) (J 3) 2
A= s (1 D) {4071+ X )0 — 2
— [2Xn1(1 — v — Xp0) + Xpo(l — vo(vo + 8v1 + 2u9W7)

- XpO(l - 2W1)) -2(1- Uo + XpO Xpl}

+ [xn1 = 400010 + X1 (1 = 0§ = Xp0) = 05 (X1 + Wixpo — 3Xp1) — 3Xp1

+ Xpo (—=xn1 + Wi(=1+ xp0) + Xpl)]32

+(1— Uo XpO)Xpl J

+7 [4K1xp0 + (2xp0 (K1 — 2(K1 + vou1)xp0)) 7 + (2xp0 (vou1xpo — K1(1 = xp0))) 7] }

r T F(%)Z . %(jf

3) 2
i 9 m J Xpo [4U0@2Xp0 + (1 = vg + Xpo) Xp2

Ay =
— (1= 0§ — Xp0)Xp2 7 — 2700u2X}0) -

Now, our goal is to express (4.80) in terms of 7, p, and ®. The result is given by [26]

Rt , A '
Cr ~ cgrgr (1;3><r>(3‘53) sin (g) " {4(; —r (; - 1) cos(®) (4.82)

_ AT (;) <4sin (g) — (1 + cos (p)) j) sin(@)] c.

Let us point out that (4.82) reduces exactly to the result found for the undeformed case in [25],
when 7 = 0, & = 0. Moreover, it generalizes it for any j > 3.

4.3.4 Two GM states and singlet scalar operators on higher string levels

According to [23], the normalized structure constant for the present case is given by

r(%) (24
3 (AZH) (12T () )

q k
E 7T (= 2 —kll—e1—2m
kZOk!(q—k)!( A> X 1<2’2’ T xp /)’
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q_
C;Y = CA,T




where

1

A:1—§(1+v2)w—ny, B=1-7K —ulu—~(Ku—vW)], (4.84)
Xm — Xn

€= —mm),
Xp — Xn

Now, let us write down what the general formula (4.83) for the normalized structure constant
in the y-deformed case gives for the first two string levels.

g=1 (level n = 0):

32 I'(5) 1-31+0)W -4K

T (255) /(T = u)W (xp — xn)
1—u? =5 (wW + (1 —u?)K)
[ 1—3(1+0)W —5K

C% = 2ca, T

xp F1(1/2,1/2, -1; 151 — €, 1 — xm/Xp)

—iK(l—e)].

qg=2 (level n =1):

3/2 F(%) (1_%(1+02)W_?K)2

C2 = fep,m

T T3 A=)V - )W — xa)

2 1—u? =5 (wW + (1 —u?)K)

—K(1—¢€)—2 Fy(1/2,1/2,-1;1;1 —€,1 — xm
[W ( 6) 1—%(1+U2)W—:}’K Xp 1( /1 /> ) -y €, X /XP)

(1—u2 — 7 (woW + (1 — u?)K)

2
2
Fi(1/2,1/2,-2:131 — 1 - .
- L1+ )W — 3K )Xp 1(1/2.1/ &1 = Xm/X)

Leading finite-size effect
Here, we restrict ourselves to the case Jo = 0, J1 = J large but finite, i.e. J; > VA

For this case, we were not able to obtain a general formula for the leading finite-size corrections
to the three-point correlation functions in terms of 7, p, and ®, for any ¢ > 1. That is why, we
are going to present here the results for ¢ = 1,...,5 (string levels n =0, 1,2, 3,4).

Here, we are interested in the case of small € (or, equivalently, large J) limit. So, we will expand

everything in e. Since the computations are similar to the previously considered cases, we will write
down the final results only. They are given by the following approximate equalities:

Ay
C}y R~ cAl\gErr(EfA?) sin(p/2){16 —8J csc(p/2) + [4— (2(1 — cosp+ J? cot?(p/2))
2
+ J(5 — cosp) csc(p/2)) cos ® + 857 sin?(p/2) sin D] e},
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4.4

Ay
2~ —CAQ\;;F (S 2 2){ (2sin(p/2) — 37) + [12sin(p/2)

+(2(27+ 5 cosp)sin(p/2) — J (31 4+ 13 cosp + 3T (1 + cosp) csc(p/2))) cos @
—87sin(p/2)(8sin(p/2) — J (7 + cosp)) sin (I)}G},

CC~c ﬁif (%)

T 0T (1)
+ (18(13 + 19 cosp) sin(p/2) — J (187 + 97 cos p + 15T (1 + cosp) csc(p/2))) cos P
127 sin(p/2)(48sin(p/2) — J(23 — T cos p)) sin @} e},

{8(38 sin(p/2) — 157) + [60 sin(p/2)

(5

- A‘* 840 T (LAs)
+ (4730 + 2054 cos p — J (1837 + 1207 cos p) csc(p/2) — 21072 cot?(p/2)) cos ®
—16 4 (4245sin(p/2) — 3T (79 + 9 cos p)) sin @) ] e},

Cl~ {1264 sin(p/2) — 8407 + [Sln(p/Q) (420

C ~ {8 902sin(p/2) — 3157) + [1260 sin(p/2)

VE ()
° 2520 NG
+ (2(6093 + 7667 cosp) sin(p/2) — J (6343 + 4453 cos p
+ 3157 (1 + cosp) csc(p/2))) cos @
207 sin(p/2) (1376 sin(p/2) — J (523 — 107 cos p)) sin <I>] e}.

Semiclassical three-point correlation functions in 7-deformed

AdS5 x S°

4.4.1 Two GM states and dilaton with zero momentum

We derive the 3-point correlation function between two giant magnons heavy string states and the
light dilaton operator with zero momentum in the n-deformed AdSs x S® valid for any .J; and 7 in
the semiclassical limit. We show that this result satisfies a consistency relation between the 3-point
correlation function and the conformal dimension of the giant magnon. We also provide a leading

finite J; correction explicitly [29].
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The normalized structure constant in the 3-point correlation function for the case under consid-
eration can be written as follows

o 1?;& Ve ;:;(Xﬁ — [1‘[ <1 - ’;: 1 e> ~K(1- e)] : (4.85)

where

_ Xm(Xy — Xp)

€
Xp(Xn = Xm)

. (4.86)

Eq.(4.85) is the main result of this paper, which is an ezact semiclassical result for the normalized
structure constant Cg valid for any value of 1 and J;. Here, x, and x,, are determined by the

angular momentum .J; and world-sheet momentum p from the following equations: '°
2T 1
J = {XPK(l—e)—XmH <I—Xm,1—e>} , (4.87)
n Xp(Xn - Xm) Xp
2Xm 1- Xp I: ( Xp — Xm
p = =& K(l—¢ —II(-22—2"_1_¢)]|. 4.88
7 \/ o= ) Oor — ) [T T ) (459
The world-sheet energy of the giant magnon is given by
2T —
E= Xp — Xm K(l—e). (4.89)

? \/Xp(1 - Xm)(XW - Xm)

One of nontrivial check is that the g derivative of A = E — J; should be proportional to
the normalized structure constant C’ri‘]l since the g derivative of the two-point function inserts the
dilaton (Lagrangian) operator into the two-point function of the heavy operators [101]. This can
be expressed by

8c4 0A
cd A (4.90)

T3 /i+ip 09
To check that Eqs.(4.85), (4.87)-(4.89) satisfy Eq.(4.90), we use the fact that
8J1 ap o

it R 491

99~ 9g (4.91)
as noticed in [19] for the case of undeformed giant magnon. From these, we can obtain the expres-
sions for dx,/0g and Oxy,/0g which can be inserted to 9A/0g. The n-deformed case involves much
more complicated expressions which can be dealt with the Mathematica. In the Appendix of [29],
we provided our Mathematica code which confirms that the structure constant C,i‘]l in Eq.(4.85) do

sastisfy the consistency condition (4.90) exactly.

In the limit 7 — 0 with 7%y, — 1, Eq.(4.85) becomes

% L [E(l—é)—EK(l—E)], €:X7m (492)

C3 =
3 3 1— Xm Xp

19We express .J; and p in terms of different but equivalent combinations of elliptic functions compared
with Eqgs. (3.23) and (3.25) in [28].
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where we used the identity (1 —a)II(a,a) = E(a). This is the structure constant of the undeformed
theory derived in [19].

Leading finite-size effect

It is straightforward to compute the leading finite-size effect on Cg for J1 > g by taking the
limit € — 0 in (4.85).

First we expand the parameters x,, W and v for small € as follows:

Xp = Xpo + (Xp1 + Xp2 log €)e, (4.93)
W =1+ Wie,
v =vg + (v] + vy loge)e.

Inserting into Eq.(4.85), we obtain

16¢4 v/ Xp0
Cd ~ A {1 RETOH arctanh\jlxip[; (4.94)
+1

372 (1 + n%) Xp0
W . _
—| =21/ (1 4 72)xpo arctanh TVX0 ~277 X
2 ViFgz 40+ 771 = xp0))

(L4 7) Oxpo — 2xp1) — 4 ((1+ 7)) xp0 + 2W1 (14 72(1 — xp0)) ) log 2) ] €

10T 7;72;71 —Xp0)) (((1+ ) (Xpo — 2Xp2) + 2W1 (1+ (1 — Xp0)))) eloge}.

In view of the equations
9 1
Xm =1-—W, szl_v[[a Xr]zl"_ﬁg (4'95)

and (4.86), we can express all the auxiliary parameters in terms of v (or its coefficients vy, v1, and
’Ug):

212
_ 2 _ 2 (1 — ) _
Xpo =1—10, Xp1 =1-—vp—2vov1 — 7 FEOE Xp2 = —2vgv2, (4.96)

(1+P)(1 = uB)

Wi = —
' 1+ 7%0]

161



This leads to

Ce~ 164 arctanhﬁ L% + ! (4.97)
G Y — — " :
31 Vv1+7 4/ (1+72)(1 —v}) (1—}—771})

/T — 02
(1+7?) ((1 — vo) + 7 UO (2\/ +72) (1 — v%)arctanhH —1log 16)

—ij (1 = vo(3vo — 2v§ — 4v1 + vo(1 — v§ — dvov1)7?))) ] €

n(1 1-— 4
+i )( 18— dnur). Eloge}.
4¢ )1 — o) (1 + 720R)

To fix vg, v1, and wve, one can use the small € expansion of the angular difference

A¢r = ¢1(7, L) — ¢1(7, —L) = p,

where we identified the angular difference A¢, with the magnon momentum p on the dual spin
chain. The result is [28]

cot &
vy = ————, (4.98)
i? + csc? &
and
vo(1 —v3) [1 —1log 16 +7? (2 — v (1 + log 16)) ] 1 2
v] = , vy = —vo(l —vp). 4.99
s S o= ol =) (199)
By using (4.98), (4.99) in (4.97), one finds
; 16 1+ 7?)sin® §
Cl ~ A {arcsmh <ﬁ sing) + (LFi)sin 5 X (4.100)
3] 2 4y /7?4 csc? &

(2, 72 + csc? 2g&wcsimh (77 sin g) —7(1 + log 16)) € + ne log e] }

The expansion parameter € in the leading order is given by [28§]

24/1 1+ 7% sin® §
e=16 exp |— a1 + ﬂarcsmh (ﬁ sin ]2) M—SIQP . (4.101)
g 7 2 (1+7?)sin” §

Here we used Eq.(3.194) for the string tension T'.

The final expression for the normalized structure costant is given by

164 (1 + 7%) sin® 2

02 ~ A L aresinh <ﬁ sin ]2) — 477( i) 2
K 3n 2 52 2P
1+ 77sin” 5

T 21 1+ 72sin? 2
X exp | — g Jarcsmh (77 sin B) 72—22 :
g i 2 (14 7?)sin® §
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Let us point out that in the limit 7 — 0, (4.102) reduces to

16 J J
Cs =~ 3CiSln2|:1—481n2<Sing+;)exp<_ = _2>},

p
gsin 5

which reproduces the result for the undeformed case found in [19]

. Another check is that this
satisfies Eq.(4.90) with A computed in [28]
1 1+ 7?%)sin® 2
A=E—Ji~29/1+ ﬁZ{Narcsinh (7sin%) - PRV 3N (4.103)
U 2/ 14 iPsin22
J 2«/ 1+ 72sin? &
exp ay arcsmh (f] sin B) % .
g 2 (14 7?)si 5

4.4.2 Two GM states and dilaton with non-zero momentum

Here we will be interested in the case when the dilaton momentum j > 0. According to [30] the
semiclassical normalized structure constants for the case under consideration is given by

: 27T%cd’j1“ (2 + %) (1- v2n2)%
chi = x (4.104)
! r (5+ﬂ) K2(1 + i12K2)

12+ 145 7A-0)* 1+7°)(1 - 0*)s?
(1—v*k*)Fy : ;1 - ; ~
2" 2 2 1+ 72k2 7 (1 4+ 72k2)(1 — v2K2)

_<1_ﬁ2m<1 j1=j  PO—)k? (1471 = v?)s? )]

220 2 77 14i2k2 (1 +2k2)(1 — v2k2)

Now we take the limit 7 — 0 in (4.104) and obtain

| 273 chiT (2 + %) (1—0262)' 3
ch = o X (4.105)
1 145 . (1-v?)k?)
1 F 1
[( ”'”21(2 2 U T 2k2

1 1—5 . (1-vH)K?)
(1= 1(2’ 2 U T 2k2
This is exactly what was found in [22] for u = 0, as it should be

Let us also say that in the particular case when j = 1, (4.104) simplifies to

d,1 ~
T LV o | Y e Lo N TR
n 272 2 1+ 722

1+ 72K2
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In the limit n — 0, Cfl,’l becomes

3
ot = §7T2Cill-€(1 —v?).

4.4.3 Two GM states and primary scalar operators

It was proven in [30] that the normalized structure constant for this case can be represented as

! s () L b
where
J / v i d (4.107)
ji= X :
xm VOt = x)(p — X)(X — Xm)X
Jjp = dy. (4.108)

xm V0t = ) (0 — X) (X — Xm) X

To compute the above two integrals, we introduce the variable

€T = M c (0, 1)
Xp — Xm
Then J; becomes

j—1

(1+Mx> * dr. (4.109)

Xm

D=

i=1 1 - -
Jj =Xt (Ot = Xm) 2 / z(l-2) 2 (1 — X" Xm Xm:ﬂ)
0 Xn — Xm

Comparing the above expression with the integral representation for the hypergeometric function
of two variables Fi(a,b1,bo;c; 21, 22) [51]

F(C) lxafl —r c—a—1/1 _ P —b1q _ 2o —ba
TR | T e = ) = )

Re(a) >0, Re(c—a)>0,

Fi(a,b1,b2;¢;21,22) =

one finds
= 1, (11 -1 X —Xm Xp— Xm
Jj=mxm (Xn — X 2F1<,,— 11; =F ;= . 4.110
3= mxm (= Xm) 22" 2 U xg—xm'  Xm (4-110)
In order to compute J;p,, we have to replace j with j + 2. Doing this, we obtain
=B 1 (11 G4+l X —Xm Xp— Xm
Jip = mXni (Xn — xm) 2 F1 <77— 11 =E = : 4.111
Jp m (Xn m) 279 B Xo — Xm o ( )
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The replacement of (4.110) and (4.111) into (4.106) gives

s izt
ot () 2 L+ jo?)r?
i G VI O [I_HM@] ‘ (4112)
k. D(2) VXg = Xm L+

F1<111_j‘ Xp — Xm _Xp_Xm>
2727 2 ) ’Xn*Xm’ Xom

11 147, Xp—Xm _Xp_Xm>
2727 2 ) ,Xn_Xm, Xm

_XmFl <

Knowing that

and using the relation [51]

Fi(a,by, by ciz1,20) = (L —21) P (1 — 29) 2 Fy (C —a,c—by — by, ba;c; 21, le - ZQ) ,
~

we can rewrite (4.112) in the following form

3 . j—1
oD (1 — 2T v?)R?
e o e I Gk i { [1_ “ﬂv)ﬁ] y (4.113)

D(H)/w2(1 + 72K2) 1+
1j1—j7  7Q—v)r? (1+7°)(1—v?)k?
55 i1 52,2 =) 2,2
2727 2 1+ 9%k (1 4+ 72k2)(1 — v2K2?)
1245 1+j_1'ﬁ2(1—v2)/<;2 (1+72)(1 — v?)K>
2 2 7 2 77 142k T+ (1—v2k2) ) [

—(1 - v*HF (

This is our final exact semiclassical result for this type of three-point correlation functions.

Next, we would like to compare (4.113) with the known expression for the undeformed case [22].
To this end, we take the limit 7 — 0 and by using that [51]

Fi(a,b1,b2;¢,0,22) = 2F1(a,b; c; 22),

we find

3 g ] 2,.2\5t
i (2+3) (-0t (1 2)r (L1t Q=v)s
P — — VK _ -1
kI (%) 2 2 T 12k

1 1-35  (1-v?)k?)
(1 — g2 - 1.
(1 K )2F1 <27 9 alv 1 — 22 .

This is exactly the same result found in [22] for u = 0 (finite-size giant magnons with one nonzero
angular momentum) as it should be.
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Let us also give an example for the simplest case when j = 1. In that case (4.113) reduces to

2t 1 —v?)k2
C1]7n",1 = - A _ 2(1+772I{2)E (772( ~2)2 >
i2/k2(1 + 72K2) 1+n°k
(1 —v%)K?

2\~2, 2

In the limit 7 — 0, C5"* — 0.

4.4.4 Two GM states and singlet scalar operators on

)

higher string levels

It was found in [30] that the normalized structure constants for the case at hand are given by

A’?
L GvE () e poaseeoayf
Cﬁ et CAi A"J,_l — 1 3 q—l X (4114)
K r(qT> N1 =v) 7V 00— )0k = ) (X = xm)x
s (A ’
ot T(E) oo
= CA — X
Ak (ﬁ) (1 —v2) L /Xy — Xm
q k
prd kg =k 1—2(1+02)k? " 27272 77 Xy — Xm Xm
J
= 7r% L <7> (_1)q [2 - (1 + 7}2)%2](1 i d
AT (Azz;l) (1 — w271\ /k2(1 + 72k2) (1 — v2k2) = Kl(g — k)!
k
y 1 —v2k? (Ll (1 —v?)k?  (1+7?)(1 —v?)k?
T—La+o?)ez| TP\ 2 T 1422 (L 2R2)(1 - v2k2) )
where

2

1
Ag:2<1+\/2wgm(q—l)+l—q(q—l)

(4.115)

)

In order to compare with the undeformed case, we take the limit 7 — 0 in (4.114) and obtain

A
o g D) cpoaree &g
A T (Aq2+1> (1 —v2)a-1/k2(1 — v2K2) — kl(q — k)!
k
1 — v2K2 11 1 — v?)K2
X | = 1 o *,*—k‘;l;i( 2)2 .
1—5(1+v?)k? 272 1—v2k

This is exactly what was found in [23] for finite-size giant magnons with one nonzero angular

momentum.

166



Let us consider two particular cases. From (4.114) it follows that the normalized structure
constants for the first two string levels, for the case at hand, are given by

g=1 (level n =0)

1 1 1 s (AT?> 1
C; = 2cpm2 X
A r <A§’2+1) \/m2(1 + 72K2)(1 — v2k2)

[ Y . a L (e LRty

2 14262 T (L+7262)(1 — v2K2)

1+ = v*)s?
(1 +7?k2)(1 - v2ﬁ2)>

-(2-qQ +02)/£2) K (

g=2 (level n =1)

, () (2- (1 +02)r?)’
2 = 2CA7T21“( ALY (1= 02) /R PR (L~ 022) ’

1+7%)(1 —v?)k? 2(1 — v%K?)
<1+n 2k2) 1—02/€2)>_(2—(1+U2)/£2)2 -

1 1 7?2(1—v)r? 14+ 7%)(1 —v?)K?
L =

1; 7

_3.
2

ﬂ—vn)ﬂ(l , 71— v*)s” (1+ﬁ2)(1—v2),{2>”.

1+ 7262 7 (14 7262)(1 — v2K2)
In the limit 77 — 0, the above two expressions simplify to

ra)
F(%) k2(1 — v2k2)

[2(1 —v?:?)E (%:Ziij)

_ 02) 2
—(2-(1+v*)K)K (8—112?#)) ]7

1
¢l = 2chn2
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and

T (52) 1 y
T (835) (1 —02)/K2(1 — v2K2)

[(2— (1+09)x2)°K <8:Zz)£>

—4(2— 1+ 02K (1 - v*))E ((1_”2)’€2>

1 — v2k2
1 3 (1—-0?)K?
2,.2\2 .1
+27T(1 — VR ) 2F1 <2, —5, 1, m
respectively.
Appendices

A Notations for the special functions

Euler gamma function - T'(z)

Pochhammer symbol - (a),

Jacobi elliptic functions - sn(z|m), cn(z|m), dn(z|m)

Jacobi amplitude - am(z)

Incomplete elliptic integrals of the first, second and third kind - F' (z|m), E (z|m), II (n, z|m)
Complete elliptic integrals of the first, second and third kind - K (m), E (m), IT (n|m)
Hypergeometric functions of one variable - 1 Fy(a; z), 2F1(a, b;c; z)

Hypergeometric functions of two variables - F(a, b1, be; ¢; 21, 22), Fa(a, by, ba;c1, 25 21, 22)

Hypergeometric functions of n variables - F](jn)(a, b1y ey brs €21, ey 20)
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B Relation between the NR system and CSG

B.1 Explicit Relations between the Parameters

In the general case, the relation between the parameters in the solutions of the NR and CSG
integrable systems is given by

9 2,2y _ 2
v et e S
1 A2 2
ZM4(O[2_’82)@ — (MQ—/@2+ 1_222/042)

k? — w? 4 9 K2 — w? K2 — w?
() P - () (P

2 K2 —wp 2 w3

- - (P (2 - =) A

_ (Wi —w3) 2(1 @272\ 21,2, 2\2
w%(l—ﬁQ/oﬂ)?’ [M (1 /B/Oé) ﬁ](wl wZ)CQ

— [M2 (1= B%/a®) — (K* — w)] |:2§w2lﬂ7202 + (k% — w}) <§zn2 — w%)] }

[ N2 K2 —wi ? s (K —wi)+wi
et a0 = () [ - e

(wf —w3) { 2/, 2 24 12 2 2 [/3 2~ 2 o (B 2 2
k(w] —ws5)C5 — (K —w?) |2—wak“Ca + (K —w — K —w ,
where Cy = Cy/a. Thus, we have expressed the CSG parameters Cy, A and C, through the NR
parameters «, [, K, w1, wa, C3. The mass parameter M remains free.

_l’_

Let us consider several examples, which illustrate the established NR - CSG correspondence.
We are interested in the GM and SS configurations on R; x S? and R; x S3. From the NR-system
viewpoint, we have to set Cy = 0 in (3.45), (3.47) and (3.48) for the GM and SS string solutions.
This condition is to require one of the turning points, where #’ = 0, to lay on the equator of the
sphere, i.e. § = /2 [56].

B.2 On Rt X 52

We begin with the R; x S? case, when Cy = wy = 0 and ¢’ in (3.45) takes the form

+ouwq B2K2 . 5 K2
0 — ) sine\/(a%}% — sin“ 60 sin“ § — uT% . (A.2)
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B.2.1 The Giant Magnon

The GM solution corresponds to x? = w? with a? > 32, which is given by

V1= p2/a?
o418/
cosh <W1m>

cosf =

From 3.47), one finds fo = 0 and

a o+ 716/
f1 = arctan [B\/l — (32/a? tanh (wl\/W)] )

For R? = M? = w? =1, B/a = —sin f, this string solution coincides with the Hofman-Maldacena
solution [60], and is equivalent to the solution in [58] for R; x S? after the identification Wi =
Zyexp(im/2), Wo = Z5. Now, the parameters in (3.58) take the values

=Rwi=1 M =wi=1,
2w? 2
C, = 1l — ., A=0C,=0,
¢ a?— 632 a?cos?by X

and from Eqgs.(3.55),(3.56) and (3.57)) the corresponding SG solution becomes
1

o—7sinfy '
cosh ( 05 0 170>

sin(¢/2) =

This can be also obtained from (3.59) by setting ws = 0.

2 we have

A:zm/Mz_“’l £0.

This case is related to the CSG system instead of the SG one. It is interesting to find the CSG
solution associated with it. Using (3.55) again, we find

M2 —
sin(¢/2) = t v X=2UT——7 s 2w12 éU—FT )
M cosh [ wy —otm8/a 1-p%/a? \a
1 M- )a2 Mo

However, for M? > w} =k

B.2.2 The Single Spike

The SS solution corresponds to 82k? = a?w?. In this case, the expressions for § and f; are

_@ f1 = —wi(oa/B + 7) + arctan Wtanh (€¢)
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and the corresponding string solution is

Wy = Ry/1-— Wexp {—iwlaa/ﬂ + i arctan [févl — a?/B? tanh (Cﬁ)] },

R\/T—a2/3
W2 = Cosh(g'g/)57 Z() = Rexp <ZEUJ1T> y

where we used a short notation
a oa/f+T

=BT a

The “dual” SG solution can be obtained from (3.62) by setting wp = 0. If we choose R = 1,
a/B =sinfy, w; = —cot by, B =1, the SS solution on R; x S? in [61] is reproduced.

e

B.3 On Rt X SS
B.3.1 The Giant Magnon

Let us continue with the R; x S3 case, when Co = 0, wy # 0. First, we would like to establish the
correspondence between the dyonic GM string solution [56] (k2 = w?) to those found in [58]

71 = \/11—7]# {tanh [cos P (0\/m — kT cos ozDﬂ — zk} exp(iT),

1 exp [z sin a” (T\/ 1+ k2 cos? ol — ko cos aD>]
V14 k2 cosh [cos aP (a\/ 1+ k2 cos? aP — kT cos ozDﬂ 7

Zoy =

where the parameter k is related to the soliton rapidity 0 through the equality
_ sinh @
cosal’
and P determines the U(1) charge carried by the CSG soliton [58].

The solutions of Eqs.(3.45), (3.47) and (3.48) are given by

_ _ h S et
cosé cosh (CE)’ f1 = arctan [cot §p tanh(CE)],  fo PO 6257
2 92 2,2
Sin2 00 = %7 C = @ CcOS 90'
a?(wi — w3) a? — B2

Then, the comparison shows that the two solutions are equivalent if

Zyexp(in/2) = Wy = Rsinfexp [i (wiT + f1)],
Zy =Wy = Rcosfexp i (war + f2)],
R=k=w =1, a=cosa?V1+k2cos?aPl,
sin o/’

V1+ k2cos2al’

B=—kcos?a?, wy=



As a consequence, the CSG parameters in (3.58) reduce to

Cyp = (1+25in2aD)], A = ksin(2aP), Cy =0, K? =1.

cos? aP
B.3.2 The Single Spike

Now, let us turn to the SS solutions on R; x S% as described by the NR integrable system [62]. By
using the SS-condition 3%k% = a2w? in (3.45) one derives

o ay/w} — w3 cos B n?0 a?w?
B B w? —wi)’

a? — 3% sin6 wi — wj

whose solution is given by

cosf =

VI—P = o [, wE aloa/B+n)

Vw? —wicosh(CE) B L 1-a?2/82 /2o
By using (3.47), (3.48), one finds the following expressions for the string embedding coordinates
pj = wiT + [

2 2
01 = —wioa/B + arctan {C)il\/(l - g2> <wf - 1_(2122%2) tanh(Cf)}

oy = _w2a(a+7a/ﬁ)
B(l—a?/B%)

Comparing the above results with the SS string solution given in (4.1) - (4.7) of [63], we see that
the two solutions coincide for

1
R=1, sin# =— , siny; = —2, Wy = —é. (A.3)
w? — w3 o
From (3.60), the CSG parameters are
Cy = 2 4-3M%+ 2c05' K2 = M?
¢~ 32 (1 — sin? 6y cos? 71) sin® vy, (1 — sin? 6y cos? 'yl) B ’

. M? -1 \/ cos? v e
M2\/1 —sin? 6; cos2~; || sin®y1 (1 —sin® 01 cos® 1) ’
2siny;
- M28 (1 —sin®6; cos? )

Cy =

Comparing (A.3) with (3.61), one sees that the solution found in [63] corresponds actually to
M? = 1 which leads to Ags = 0. Hence, the “dual” CSG solution is of the type (3.63).
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C Explicit exact solutions in AdS;x S?xT* with NS-NS
B-field

Let start with the solutions for the string coordinates in AdSs subspace. By using (3.15), (3.144)
and (3.145), one can find that the scalar potential U, in (3.147) is given by

1 2 9 2 2
Ur(r) = m [ <OLA¢> re — (OzAt) (1 +r ) (A4)
(Cyp + qutr2)2 (Cy — qu¢r2)2
+ r2 B 1+ r2
After introducing the variable
y=r? (A.5)

and replacing (A.4) into (3.149) one can rewrite it in the following form

de = 5 4y (A.6)

where
0<ym <Y<Y, Yn<0,
and Yp, Ym, Yn satisfy the relations
1
o2(1 - ¢2) [(A%)" = (A%)?]
[C’r(a2 - 8% -« <a <A¢)2 — 2« (At)2> + 2q (C¢At + CtA¢> + o (At)Q] ,
1
0?(1 - ¢2) |(A%)* = (A")?]
[CT(OzQ — B3 +C?— C’; + a? (At)2 — 2qaC’¢At} ,
C; .
o2(1 - ¢2) [(A%)" = (A1?]

Yp + Ym + Yn =

YpYm + YpYn + YmYn = — (A?)

YpYmlYn = —

Integrating (A.6) and inverting

E(y) = o5 F(arcsin\/ﬂ,yp_ym>
a\/(l _q2) {(Ad))? _ (At)ﬂ (yp—yn) Yyp —Ym Yp — Yn
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to y(&), one finds the following solution

ay /(1= ¢2) [(A)° — (AD?] (yp — yn)
2 \/ [ g, o Ym) (A.8)

y(§) = (yp — yn) dn o — B2 Yp — Un

Next, we will compute X*(€) and X?(¢) entering (3.146). Integrating

dXt 1 1

= Al A® — AP ——
i o7~ B2 [B + qa (Ct—I—qa >1+y]’
dX ¢ 1 C

= A? + gaA® + ¢> ,
i~ a?— B (ﬂ I y

and using (A.8), we obtain the following solutions for the string coordinates ¢, ¢, in accordance
with our ansatz

Hr,0) = AT + ! (A.9)
ay (- ) [0 = (] 4 - )
[<5At + qu¢> F (arcsin” S/ ,yp — ym)
Yp = Ym Yp — Yn
¢ — — _
Gt e L [T Y= Ym Yp = Ym
I+yp Yp—Ym L+Yp Yp—n
1
o(1,0) = A®T + (A.10)

2
ay - ) [0 = (] 4 )
<ﬁA‘z> + qut> F' [ arcsin /R ,yp — Ym
Yp —Ym Yp — YUn
—l—%l—[ arcsin yp_y,yp_ym,yp_ym .
Yp Yp — Ym Yp Yp = Yn

Let us compute now the string energy and spin on the solutions found. Starting from (3.151),
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(3.152), we obtain
2T

Ja-a 49 - 4] 4 -

[(At—%ct—ch’>1<<1—y"‘_y”)+
« a Yp — Yn

E, =

(1= ?)A! <yn K <1_ym—yn> T (g — y) E<1_ ym—ym ,
Yp — Yn Yp — Yn

2T
Ja-@ [0 - 4] 4 - )

[<ﬁ0¢+q(j+A¢’q2>K<1—ym_y">+

? Yp — Yn

S =

(1-¢%)A? (yn K (1 - ym_y”) +(yp — yn) E (1 - ym_y”))

Yp — Yn Yp — Yn
G+ A H<yp—ym 1_ym—yn)
L+ yp L+y, ' Yp—n

(A.11)

(A.12)

Now we turn to the S% subspace. By using (3.15), (3.144) and (3.145), one can show that the

scalar potential Uy in (3.149) can be written as

Cy, —qar® x)*  (C A®2 y)?
Ug(@)— 1 ( ¢ — & X) +( ¢ T qo X)

- 2(a? - %)
+a? (A‘ﬁ?)2 X + o? (A¢1)2 (1- x)] ,

where we introduced the notation

X 1-x

x = cos? 0.
Replacing (A.13) in (3.149), one can see that it can be written in the form
2 _ 72
dé = o’ -8 dx ’
2a\/(1 —¢?) ((A¢1)2 _ (A¢2)2> \/(Xp = X)(X = Xm)(X — Xn)

where
0<xm<x<xp <1, xn<0,

and
1

a2(1 - ¢2) ((A21)* = (A%2)?)
[—Cg(a2 - B%) - (aA¢2>2 +(2—¢% (ozAd)l)2

—2qa <C¢2A¢l + C¢1A¢2>} R

Xp T Xm + Xn =
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(A.15)



1
0?(1 - ¢2) ((A%1)* = (A%2)°)

2
[(am) +C3 = C5, — Co(a® = ) — 2qa0¢2A¢1} :

XpXm + XpXn + XmXn =

(C¢2)2 .
02(1 - ) ((A%)° = (A%2)")

XpXmXn = —

Integrating (A.15), one finds the following solution for x

ay 1= ) ((49)? - (4)7) (= o)

x(€) = (xp — Xn) dn - ¢ Xp = Xm

+ xn-  (A.16)
Xp — Xn

Now we are ready to find the “orbit” r = r(x). Written in terms of y and Y, it is given by
(497 = 49%) G =
\/ ((A2)* = (A%2)*) (xp = )
x F (arcsin \/m, Xp — Xm) ’ Yp = Ym

Xp~Xm Xp~—Xn ) Yp—Un

Next, we compute X (£) and X?2(¢). Replacing the results in our ansatz, we derive the
following solutions for the isometric coordinates on S3

(A.17)

1
ay 1= ) (492 - (4)7) (o = o)

(BA¢1 — qozA¢2) F  arcsin , | X2~ X ,Xp ~ Xm
Xp — Xm Xp— Xn

C a2 - — —
it L e T4 II (arcsin Xp “ X Xp 7 Xm Xp Xm)] .

$1 = A7 + (A.18)

)

Xp — Xm 1_Xp’Xp_Xn
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P2 = A2 + !
ayJ1=) (4 = (4 (0

<5A¢2 — qozA¢1) F | arcsin , [ X2 —X ,Xp —Xm
Xp — Xm Xp — Xn

C _ _
+29 11 [ aresin [ X2 X Xm Xp T Xm
Xp Xp — Xm Xp Xp~ Xn

(A.19)

Based on (3.153) and the solutions for the string coordinates on S® we found, we can write down

the explicit expressions for the conserved angular momenta J; and Js computed on the solutions.
The result is

Ji= 21 (A.20)
= (497 - (49)7) (0~ )

(0w )n(-22)

Ty = 21 (A21)

Now, let us go to the T subspace. Since in terms of (' coordinates the metric is flat and there
is no B-field, the solutions for the string coordinates are simple and given by

, . 1 ,
¢'(1,0) = A7+ 2B (Ci+pBA) & (A.22)

The conserved charges (3.154) can be computed to be

2o (B .
T Vel 7
Ji = P (aCz + al ) . (A.23)
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If we impose the periodicity conditions
(,Di(T,O') = (,Di(T,O' +2L) + 2mn;, n; € Z;,

the integration constants C; are fixed in terms of the embedding parameters. Namely,

C; = 72; (0% — B2) — BA". (A.24)

Replacing (A.24) into (A.22) and (A.23), one finally finds

o = (Ai + §W21> T+ T o, (A.25)
JL = 27T (Ai + 57””) .
a L

Let us finally point out that the Virasoro constraints impose the following two conditions on the
embedding parameters and integrations constants in the solutions found

Cr+Cyp=0, (A.26)

A'Cy+ ACy+ A Cyy + A% Cy, — N (BN — (o2 = 83 71) = 0

D M2-brane GM and SS

For the GM-like case by using that Cy = 0, &2 = w? in (3.336), (3.337), one finds

cos b L9z B2w? Ay/wi — Wi j
= P S SR § W Ve Wi’
cosB(&) cosh (Dod)” sin” Oy S w§)7 0 PR cos 0,
©1(1,§) = wiT + arctan [Cot 0o tanh(Do€) |,  @a(T,€) = wy (7‘ + = b P §> .

For the SS-like solutions when Cy = 0, &2 = w%;lQ/Bz, by solving the equations (3.336), (3.337),
one arrives at

B cos 6, Y A2w? B AW — w3 ~
COSG(&)—m7 S1n 91—m7 D]_—Wcosel,
01(1,8) = wq (7’ — g) — arctan [cot 0, tanh(Dlﬁ)} , o, &) = wo (7’ + e é 7 £> .

The energy-charge relations computed on the above membrane solutions were found in [89], and
in our notations read

—
1—rgE—']1:\/<J2) —i—%sinQQ P_T_ 4§, (A.27)

2 2 27 2 2

178



for the GM-like case, and
\ﬁ S\p Ji Jo 22 P p m™
1—72E - ——Ap; = —= — = —= Zsin? = — == — A2
08T g 2 2 9 \/(2) toasints 5 =50 (A.28)
for the SS-like solution, where

A= 27Ty RPro(1 — r%)’y]Z . (A.29)

D.1 Finite-Size Effects

For Cy = 0, Eq.(3.336) can be written as
(A.30)

AyJw? — w2
(cos) = $W \/(Z%r — cos2 6)(cos? § — 22),

where
1 w2 w2 w2
21272 Q1+QQ—%i (1 — q2)® — 2(Q1+Q2—QQ1Q2)—% % )
9 w2 w wy | w
(1-23) 1 11wy

1
q=1—i%/wi, qQ:1—52&2/A2w%.

The solution of (A.30) is
A/w? — w3
cosf = zpdn (Célm), C= :FW,@, m=1-22/2. (A.31)
The solutions of Egs.(3.337) now read
9 A ~2/ 2 2 2
B/ ce — " /W%H am(C’f),—Z+ ,22_ m)|,
1—2% 11—z

=
z1y/1 — Wi /wi

25(,02/121(.01 Cf

po = — s
ziy/1 — w3 /wi

Our next task is to find out what kind of energy-charge relations can appear for the M2-brane
solution in the limit when the energy £ — oco. It turns out that the semiclassical behavior depends

crucially on the sign of the difference A% — 2.
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D.1.1 The M2-brane GM

We begin with the M2-brane GM, i.e. A2 > 52. In this case, one obtains from (3.335) the following
expressions for the conserved energy E and the angular momenta Ji, Jo

2R(1 — 52/ A2)

£ = K (1-2%/2%),
wiz4/1 — w3 Jw? ( +)
9 1— 2~2 A2
T = z+2 > [ Bk 2/ Yl (1 (1 zz/zi) -E(1- z%/zi) , (A.32)
1 — wj fwi “r
J2 = 22+w2/w1 (1—22/23)

Here, we have used the notations

2w Jl 2 J2
\J1-nE, Ji= Jr=—=—, (A.33)
f ’ Va2 VA 2

where X is defined in (A.29). The computation of A, gives

max da
p=Ap =2A o= (A.34)

28/ A [F@Q/w%n< 22 — 22
\/1—w2/w1 1—2’3_ 1—-=2

1—22 /z+> ~K(1-22/23)

Expanding the elliptic integrals about 22 = 0, one arrives at

16sin*(p/2)
\/j22 + 4sin?(p/2)
2 (jl + \/j22 + 4sin2(p/2)> \/j22 + 4sin?(p/2) sin?(p/2)
J5 +4sin'(p/2)

(A.35)

E-T = \/j22 + 4sin?(p/2) —

exp |—

It is easy to check that the energy-charge relation (A.35) coincides with the one found in [65],
describing the finite-size effects for dyonic GM. The difference is that in the string case the relations
between &£, J1, J2 and E, Ji, Jo are given by

2 2 27

g:7E> = —J1, = —=Jo,
s Ji \Al J2 ﬁQ

while for the M2-brane they are written in (A.33).
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D.1.2 The M2-brane SS

Let us turn our attention to the M2-brane SS, when A2 < 2. The computation of the conserved
quantities (3.335) and Ay now gives

2R(82/ A2 = 1)

&= K (1-22/22),
wiy/1 — w3 /wizy ( /)
2z 1 — 32R2 ) A%02
.712% E(1-22/23) - 5 LK (1-22/23)],
V1—wy/wi 2+
221wy /wi 2 /.2
Jy= Rl gy 22y
V1w fwi
26/A [’%2/“’% < 23 -2 2 2) 2,2 ]
Ap) = — II( - 1—22/27 ) —K(1—-22/27)].
SRR w7 Rl W B ) B e

£ — Ap1 can be derived as

4
E—NApy = arcsinN(J1, ) +2(JF — J5) \/[4 GE) -1 (A.36)
— Ui = J3

[ 2 (T2 — J3) N(J1, J)
exp | —

(jf — j22)2 N 4.722 [Agp + arcsin N (71, jg)]] ,

N@GJ) = gl (IE - D) \/[4 - (Jj?l —7] "

Finally, by using the SS relation between the angular momenta

T = \/j22 + 4sin?(p/2),

we obtain

(A.37)

P < tané’(Am-ﬁ-p))
5 )

. 9P
E—Ap, =p+8sin®=tan=exp | —

This result coincides with the string result found in [14]. As in the GM case, the difference is in
the identification (A.33).
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