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Thermodiffusion

Thermal diffusion (Soret) effect

Thermal diffusion (or the Soret effect) is a molecular transport of mass
caused by the thermal gradient in a fluid mixture.

The diffusive flux in a binary mixture is

J = —p(DVC +C(1 - C)DrVT).

In a closed system at the stationary state
and mechanical equilibrium, J = 0, so

VC = —C(1— c)% VT.
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Transport properties

o density p

e viscosity v

o thermal conductivity s
o thermal diffusivity y

e heat capacity ¢,

o diffusion coefficient D
o thermal diffusion coefficient Dy
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o These are essential to design of
chemical processes and equipment
involving fluid flow, heat and mass
transfer, chemical reactions.

o It is not possible to determine these
coefficients by theoretical consideration
only. The principle of this study has
been the use of mathematical models
complemented with some empirical
parameters.

o These empirical parameters are
determined by comparison between
measurements in specially designed
experiments and the results of
mathematical models that describe the
process.
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Experimental data (density and thermal conductivity)
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Density and thermal conductivity of sea water for different salinity.
M.H. Sharqawy, J.H. Lienhard V, S.M.Zubair Thermophysical properties of seawater: a

review of ewisting correlation and data// Desalination and Water Treatment. 16, (2010),

354-380.
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Diffusion and thermal diffusion of NaCl ions in water for salinity 0.0285.

D.R.Caldwell Thermal and Fickian diffusion chloride in a solution of oceanic

concentration// Deep-Sea Research. 20, (1973), 1029-1039.
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Lie Ovsyannikov method

The Lie-Ovsyannikov method

(Partial differential equations with a paramemter)

The group classification problem:
To find all forms of parameters and
corresponding transformations of variables

T~

( Algebras of generators )

i

The basic algebra Lg: A set
of generators admitted by
PDE at arbitrary parameters

( Group of transformations

—/

Specifications of parameters
and extension of Lie algebra Lo

@ Olver P., Applications of Lie groups to differential equations// Springer—Verlag, New
York, 1993.

@ Ovsyannikov L.V., Group analysis of differential equations// Academic Press, New
‘ork, 1982.
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Lie Ovsyannikov method

Lev Vasilyevich Ovsyannikov (1919-2014)

Irina Stepanova

Academician L.V. Ovsyannikov is an
outstanding Russian scientist, who made
a great contribution to the development
of mechanics and applied mathematics.

His works have generated the beginning
of new research fields, actively
developing in Russia and over the world.

The results of Ovsyannikov in gas
dynamics, the theory of fluid motion
with free boundaries in the field of
mathematical study models of
continuum mechanics have become
classical.

L.V. Ovsyannikov is one of the founders
of the group analysis of differential
equations. All his paper features a clear
statement of the problem, elegant and
rigorous mathematical apparatus.
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Application of symmetry analysis to convection equations

o Stepanova I. V. Symmetry analysis of nonlinear heat and mass transfer
equations under Soret effect. Commun Nonlinear Sci Numer Simulat,
2015. V. 20.

o Stepanova I. V. Group classification for equation of thermodiffusion in
binary mizture. Commun Nonlinear Sci Numer Simulat, 2013. V. 18.

o Ryzhkov I.1. Symmetry analysis of equations for convection in binary
mizture. Journal of Siberian Federal University. Mathematics and
Physics, 2008. V. 1(4).

o Andreev V.K., Stepanova 1. V. Symmetry of thermodiffusion equations
under nonlinear dependence of buoyancy force on temperature and
concentration. Computational Technologies Journal, 2010. V. 15(4)

(in Russian).

e Goncharova O.N. Group classification of the free convection equations.
Continuum dynamics: collection of papers, Novosibirsk 1987. V. 79
(in Russian).
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Group classification problem

Heat and mass transfer equations under Soret effect

T 82T N 82T N a%T
ot “\a@)? ' a(@2)? | o(x3)?
Ix oT \2 oT \ 2 OT 2
(G G+ G))
ax (8T aC 8T aC  dT aC
8C \ 9zl 8zl = 922 922 9x3 923 )’
ac a2c el a*c oD (dT 8C 8T 8C 9T oC
at a(z1)2 ' a(x2)2 ' 9(x3)2 oT \ 8zl 9zl ' 922 922 = 93 9x3
oD [, 8C \2 aC \ 2 8C \ 2 82T 82T 82T
+ — (=) + (=) +(=—= + Dr + + + 2
acC <(6x1) (812) (6x3) > L (6(901)2 a(x2)?2 a(x3)2 @)

8D ( oT )2 ( oT )2 ( oT )2 oDy (0T oC oT oC oT 8C
oT ozl 9z2 dx3 oC 921 ozl dx2 dx2 8z3 923 )’

Irina Stepanova Symmetries of thermodiffusion equations



Symmetries of thermodiffusion equations
0000000 0@00000000000
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Group classification problem

The basic group and additional generators

3
0 _ i j i Lo . .
L" = (04, O,i, 2t0: + E x'Qpiy ¥ 0y —x'0ys), 4,5 =1,..,3, i # J.
=1
generator . transformation
O time transition
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I8 5 =800 God = o cosn By 855 rotation
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2t0¢ + 121 xiawi scale transformation

Additional generators

3
=1

T =Tor, T? =07, C* = Coc, C* =Tde, C* = ¢
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Results of group classification at x = x(7,C)

x, D D generators w
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Group classification problem

Results of group classification at y = x. = const
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Exact solutions

Exact solutions

Choose admissible generators
(O, Oy1, Oy3)
Choose the transport coefficients
k=k(T,C), p=p(T,C), D=D(T,C), Dr=Dr(T,C)

Choose the geometry of the problem

Irina Stepanova Symmetries of thermodiffusion equations



Symmetries of thermodiffusion equations
000000000000 e0000000
Exact solutions

Reduced system and boundary conditions

Governing equations:

diz (K(T, C)%) —0, 3)

d dC dT
Z(pro(pr.oyf rea-apnrof)) =0 @
Conservation of mass:
r’ r’
S’/ p(T,C)Cdz = poCoSL, S'/ p(T,C)dz = poSL, (5)
0 0
Boundary conditions:
T0)=T, T(L')=", (6)

(T, C) (D(T, O)% +C(1-C)Dr(T, C)%) =0 at z=0,L. (7)
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Exact solutions

General solution

Let us integrate governing equations once using boundary condition (5):

(T, C) 2L

dz
dC dT
& 1- 9 ) =
7a + C( a)Sr(T,C) P 0,

where St (T,C) = Dr/D is the Soret coefficient.

= Ko,

To solve the problem, we assume that z = z(T'), C' = C(T):

dz _ k(T,C) _ _
T 2(Ty) =0, 2(T) = L,
dC

ar
where C) is found from mass conservation conditions (5).
The solution of problem (8) is given by

=-C(1-0C)Sr(T,0), C(Ty) = Ch,

(D)= = [ wnCeNdn  m=1 [ s@cm)ar

Ko i L ath
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General solution

Consider the problem for concentration C':
4
ar

The mass conservation conditions (5) lead to

C(l - O)Sr(T,C), C(Th) = Ch. (11)

Ty Ty -1 ' T T2 =1
/ pCr dT (/ PK dT) =Co, — = po/ kdT' (/ PR dT) , (12)
T1 T Vv T T

where C = C(T), p = p(T,C(T)), k = k(T,C(T)), V' =S'L', V = SL.
The general method of solving the problem:

@ Solve problem (11) analytically or numerically to find C(T). Determine
constant C; from first equation in (12).

o Find the dependence of space coordinate on temperature z(7") from
1 [T
o1y = L / il @) (13)
Ko i

o Given the functions z = z(T) and C = C(T'), determine the
temperature and concentration profiles 7'(z) and C(z).

Irina Stepanova Symmetries of thermodiffusion equations



Symmetries of thermodiffusion equations
000000000000 000e0000
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Examples of solution construction

Case 1. Constant p, k and S = Co(1 — Cp)Sro.
The profiles of temperature and concentration are linear:
Ty — T

T(Z) =T + I 2,

(14)
C(z) = Co — Co(1 — Co)Sro(T> — T1) (% _ %)

Consider ethanol-water mixture at Tp = 30°C, Cy = 0.14.
The Soret coefficient is S7o = 5.11- 103K~ L.

(ﬂ) (b) 0.144

0.142:

T,°C
C' (ethanol)

0.138:

AT = 10K
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Examples of solution construction

Case 2. Constant p, k and S7 = Co(1 — Co)Sr(T).
The temperature profile 7'(z) is linear (see (10)). The general solution for C is

T To T
CICQ—Co(l—Co) /ST(T)dT—;/‘/ST(T)deT.
T — Ty
T Ty Ty

For sodium chloride in water near the oceanic concentration Cy = 0.0285
Sr = (—1.232+0.1128 T — 0.0008777) - 107> K.
This formula is valid in the range 0-45 °C. We take Ty = 25°C.

a 2.
@ AT = 40K
' AT = 20K
T 1.0
i AT = 10K
“? ~ 05
(=
o
0.5
-1.0
-1 0.1
0 10

20 30 40 0.0 0.2 04 0.6 0.8 1.0
T,°C /1.
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Exact solutions

Examples of solution construction

Case 3. Constant p, k and S} = CSr(T).
For small C, one has C(1 - C) ~ C.
The temperature profile T'(z) is linear (see (14)). The general solution for C:

0=y ex( - [ srtrrar),

Ty

After determining C from the condition of mass conservation
(first equation in (12)), we find

. Co (T2 — T1) exp( f;f: St(T) dT)

i exp( [ Se(r) dT) dT

T T

Irina Stepanova Symmetries of thermodiffusion equations



Symmetries of thermodiffusion equations
000000000000 000000e0
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Examples of solution construction
Consider aqueous suspension of polystyrene spheres
(M. Braibanti, D. Vigolo, R. Piazza, Phys. Rev. Lett. 2008. V. 100, 108303)

The Soret coefficient in aqueous colloids is written as

St = ST [1 = exp(TT;T)].

For PS spheres with the radius R = 123 nm
T =12.20 °C, T. = 25.63 K, S3° =2.016 K~ 1.
We take Ty = 20°C and initial concentration of PS spheres Cp = 0.0035.

(ﬂ) 1.4 (b) 0.4
10 0012 AT = 30K
0.010
_ 0.5
I —
o @ o AT = 20K
:/T L 0.006
-0.5
0.004.
- 0002 AT = 10K
1 0.
0 10 20 30 40 0.0 0.2 04 0.6 0.3 1.0
T,°C 2/L
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Summary

Summary

o The equations describing thermodiffusion without convection in binary
mixture with Soret effect under buoyancy force action are considered.

o The Lie symmetries are found. Group classification with respect to the
physical parameters is performed.

o Different exact solutions of the governing equations are constructed
and analyzed.

o These results are useful for analytical and numerical modeling of heat
and mass transfer in binary mixtures with Soret effect.
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