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Virasoro primary and descendents

C
[L’ma Ln} — (m - n)Lm+n + Em(mQ — 1)5m—|—n,0

Primary state: Lo|A >=A|A >, Lg|A >=0 when k>0

A >= lim V,(2)|0 >
z—0

Descendent state:
Lo (L_nlL_nz Lo |A )

— (nl +ng + - 'nk)(L—nlL—?m T L—nk‘A >)
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Irregular state

1. Simultaneous eigenstate of positive Virasoro generators;

Ly, Lyl = (m —n)Ly,4, for m,n > 0.

2. Irregular module with rank n
LiplI™Y =0 for 2n <k
Li|IM™y = AR I™)Y for n <k <2n

3. Not the eigenstate of L0 but a special combination of
descendents. ( Gaiotto state or Whittaker state)

4. Motivated by N=2 super Yang-Mills gauge theory,
Argyres-Douglas limit
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L1 eigenstate
Gaiotto (2009)

L1|A7A2> — AQ‘A9A2> y L2|A7A2> =0

A, A2> = Ze AQnun; uo =[A)
1
= EL—HA)
(e +8A)L2, —12AL
T 4A(2¢A + ¢+ 16A2 — 10A)

Uy

A)

()

c=1+6Q% Q=0b+1/b

Wo is hot the minimal state.
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L1 and L2 eigenstate

La|A A €) = —A2A A€, Li|A A, ) = —26A[A A )

wo = |A)
w1 = —%L_l‘A>
(c€2 + A(3+8£2))L2 | — 2A(1 +2A +6£2)L_5
Wo — |A>

AN(2A + ¢+ 16A2 — 10A)

More details in Marshak et al (2009)
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Irregular module of rank n
(Kanno, Maruyoshi, Shiba, Taki. 2013)

o0 n—1
14 n—1i i
Gan) = E E At/m H a; 2" b imtn
(=0 ¢, 1=1

Qa' (20" (2n — 1)1 22100 V) Ly [A),

Problem: The module is not determined completely by
the eigenvalues when rank n>1.

b; =7

L[ Iy = AR |I0)) for n < k < 2n

A, =Am, Ai = AF"ay, ), when n < k < 2n
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Questions to be answered

1. lrregular module of rank n >1

2. Extension to W symmetry
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How to construct the irreqular
module for rank n >1
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1. Coherent state

Gaiotto &Teschner (2012)

Coherent coordinates of Heisenberg algebra
ap|in) = cilin) for 1 <k <n
ai|in) =0 for kK >n

Eigenvalues of rank n:  Lg|in) = Aglin) for n <k <2n
A =(k+1)Qck — Y g<pcr ChCh—1

Other positive mode representation is a differential operators
Lilin) = (Ag +vg)|in) for 0 <k <n-—1

_ 0
Vg = Zogﬁgm Cl+kpe,
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2. Energy momentum tensor

Energy momentum tensor and Virasoro generator

7:) =Y

k
Irregular module has the energy momentum tensor with
poles of degree more than 2 7
n k mn
Ty = > S5l

0<k<n

Seiberg-Witten curve:

< out|Lg|I™ >
k2

< out|T(2)|I™ >= Z
0<k<n
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3. Liouville conformal block

Van (Vo DVas(WVaa0) A | 4

Liouville primary field:  V,(2) = e22¢(?)
Conformal dimension = A = a(Q — «a)
Back ground charge= @
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Selberg integral of conformal block

aq Qo
oo (870
00 1 q 0
N 2
200 (1 — g)2enes / [Hd ] [T )
I=1 1<J
XH AI 2bao q) ()\I_l) —20

Screening operator: [ dz ¢2*?(%)

Neutrality condition: @0+ a1+ as+ as +bN =0Q

Free field correlation: (€**1¢(*e?*2¢W)) = (3 —q)=20102

)
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beta-deformed Penner-type matrix model

aq (o Dijkgraaf & Vafa (2009)

o (875

—2asa —2a1 a0 .
q (1 — Q) 14(05@)
00 1 q 0 <:>

14:/ [H d)\f} TT O =202 exp (—%b V(/\I))
=1 1

I1<J

V(A1)

T — —qp log()\j) — 10g()\[ — 1) — (9 10g()\1 - Q)-

B=—b%or b=iyp, —2b/h = /B/g
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™ H .- Eguchi & Maruyoshi (2010)
4’ COIIldlﬂg I|m|1. Gaiotto & Teschner (2012)

* Vertex operators are put at the same point

* The operators have infinite Liouville charge so that
appropriate finiteness is maintained; ¢, = >~ ;2"

* Note that OPE of regular primary has the form,
Vi, (2) Vi, (0) = z2=581782V (0) 4+ descendents

 However, colliding limit produces more than primary
state: They create coherent state.
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5. Irregular matrix model for < ajm >

—— -
————— -—--~~
- ~s
- ~
- ~
l ~
e ~

~
N~~ ”f
. -
o

@ =—> a,log(A—z) = —colog A + 2 k>0 FAF

_ m k
Ckh = ) iq QU2
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6. Loop equation to find < A|I™ >

2 = W(2)? + V()W (2) + g (VB — &) W'(2) + W (2, 2)

W) = gvB (S, =)

conn

W(Z,Z) — /8 <ZI1 z_l)\jl ZI? ﬁ)}onn
N () =V (A
wf(z) —— __éf E:lL:1 <1V'( )—V'( f)>

Z—A7J

2 (m)
—h*log Z
B m—1 d, _ 1 'Uk( h=log Z )
f(Z) — k=0 2+k — k=0 z2+k

. 0
Vg = Zg Cl+k B,

(N &R. 2012, C&R 2013)
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7. Loop equation and conformal symmetry

12 — W2+ VW) + g (VB - J5) W'(2) + ¢*W (2, 2)
= & = 2(2)? + hQw'(2) — KW (z,2)

x(z) =2W(z) + V'(2)

7
§o(2) = == (V2 + [+ 0QV") = 87
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7. Irregular matrix model Z¢:m)

f(z) — m—1 dk .
4 o k:—(n—l) z2‘|‘k )

At = ug( = 1108 Zinim) ) + 2hQNe_ for k>0 -

_ 9
Uk = D g5 C—t—k dc_s
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8. Irregular conformal block as (1|1

Z(nimy ~ (I™]1™)) with proper normalization

eSmim) Z oy (o {ex }, {e—e})
Z(O n)(c()a {ck})Z(O :m) (Coo, {C E})

C(m:n) — Z?m(m’n) QCkC_k/k

Comparison with algebraic construction

G2y,) ZZAE/” H a;”" " biim

(=0 ¢,

<[(n) ’[(M)>

QA" (2 nEQ”(Zn — 1)1 2215 V) Ly |A),

b = v + Ag
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How to extend to W3-symmetry

R & C, 1506.02421
LIy = AR |IM) for n < k < 2n

Wi [T = Ap[I™) for 2n < k < 3n

Toda field theory

Conformal block and colliding limit

Irregular matrix model

Loop equation contains (A2 case)

— Quadratic: energy momentum tensor

— Cubic: W3 symmetry

Evaluate the partition function using the symmetry
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Summary

1. Virasoro irregular conformal block is studied using
irregular matrix model.

2. Virasoro irreqgular module and their inner product is
given in ferms of irregular matrix model with
appropriate potential

3. Loop equation contains the conformal symmetry.

4. One can extend the irregular matrix model from
Toda field theory

. Loop equation contains Virasoro and W3 symmetry.

. Irregular module and their inner product are found
using the symmetry alone.

o O1
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Further outlook

« Classical limit of the irregular conformal block
(Virasoro case: R& Z 1504.07910, 1506.03561)

« Extension to W-symmetry and relation with DDAHA
(M, R & Z, 1405.3141)

« New physical application
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