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Plactic Monoid Plac

Parastatistics algebra and its Fock spaces PS

Deformed Parastatistics space PS, and ‘Blac
(Quantum) Pre-Plactic Algebra (D. Krob, J.-Y. Thibon)
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Robinson-Schensted correspondence

Algorithm
G, & (STab,\, STab,\)

1 r
7= ( o) ... o(r) > = (Qle). P(e))
STaby: Standard Young Tableaux of shape A F r
V&« (STaby, Taby(V))

Word w := wy ... w, with letters from the basis of V = EB?i:”i VCe;

W:( Lo )H(o(cf),P(w))

wi o o... W,

Taby(V): SemiStandard Young Tableaux of shape A - r with
entries from the basis of V
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Plactic Monoid(Lascoux and Schutzenberger)

T(V) is the free monoid with letters from the basis of V.

Definition (Plactic algebra)

The Plactic algebra Blac(V) is the quotient of the free monoid
Plac(V) :=T(V)/ =
by the Knuth congruence

Xzy = zxy x<y<z
yxXz = yzx x<y<z
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Plactic Monoid(Lascoux and Schutzenberger)

T(V) is the free monoid with letters from the basis of V.

Definition (Plactic algebra)

The Plactic algebra Blac(V) is the quotient of the free monoid
Plac(V) :=T(V)/ =
by the Knuth congruence

Xzy = zxy x<y<z
yxXz = yzx x<y<z

Theorem (Knuth)

The classes of the Plactic monoid Blac are the classes of the
Robinson-Schensted P-equivalence.
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RSK correspondence

Robinson-Schensted-Knuth correspondence
Hom(V®") =2 V*®" @ V& & (Taby(V*), Taby(V))

Words of biletters from the basis of Hom(V) = &} Ce;

(VVV>= ( o VVV’,)H(Q(v),P(w))
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Physical basis for s0,,.1

Creation-Annihilation Parastatistics Algebra of H.S.Green (1953)

[[a:f,aj],a;f(] = 251'l<5’,T [[a:'[’aj]aak] = —20a;
[[3;‘:,3}],31’(] = 0 [[afaaj];ak] - 0

Physical basis for 502,11
S0op11 =0 xgl, xn
Lie algebra g of type B,, written in the oscillator basis

al = E,

g = 502,11 { !
aj = E,ei
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Physical basis for s0,,.1

Creation-Annihilation Parastatistics Algebra of H.S.Green (1953)

[[a:‘rvajLaJ/r(] = 25]"3? [[a;[’aj]’ak] - —25ikaj
[, al.a}] = o0 i3] =0

Physical basis for 502,11
S0op11 =0 xgl, xn
Lie algebra g of type B,, written in the oscillator basis

4~ E { E - E

g = 502,11 !
ai = E_g E.i = E_,

{ei}"_; orthonormal basis in the root space, (e;, €) = dj;
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ParaStatistics Fock space PS(V)

|

i

Subalgebra n generated by creation modes a
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ParaStatistics Fock space PS(V)

Subalgebra n generated by creation modes a,T

Free 2-nilpotent graded Lie algebra n = ny @ ny
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ParaStatistics Fock space PS(V)

Subalgebra n generated by creation modes a,T

Free 2-nilpotent graded Lie algebra n = ny @ ny

n = @(Ca;r =
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ParaStatistics Fock space PS(V)

Subalgebra n generated by creation modes a,T

Free 2-nilpotent graded Lie algebra n = ny @ ny

n =@Pcal = np = [V, V] = A2V
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ParaStatistics Fock space PS(V)

Subalgebra n generated by creation modes al

i

Free 2-nilpotent graded Lie algebra n = ny @ ny

n =@Pcal = np = [V, V] = A2V

Parastatistics Fock space PS(V) is the UEA for n =V @ A2V
Un=T(V)/([[V.V]e. Vle) = PS(V)

where (J) stands for a two-sided ideal
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Parastatistics Algebra PS(V) and Young Tableaux

Theorem

Let S*(V) be the Schur module associated with Young diagram \.
The algebra PS(V') is a GL(V)-model, i.e., every irreducible
polynomial GL(V')-representations appears once and exactly once

PS(V) = @SA(V)
A

The Young tableaux label the basis of PS(V).
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Parastatistics Algebra PS(V) and Young Tableaux

Theorem

Let S*(V) be the Schur module associated with Young diagram \.
The algebra PS(V') is a GL(V)-model, i.e., every irreducible
polynomial GL(V')-representations appears once and exactly once

PS(V) =P SMV)
A

The Young tableaux label the basis of PS(V).

Proof: The Cauchy formula is an identity of characters

1 1
H 1—x; H 1 — xix; - ZS}‘(X)
i i<j J A

where sy(x) = chS*(V) stands for the Schur polynomial of dim V/
variables.
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Deformation of ParaStatistics Algebra

Quantum Universal Enveloping Algebra Ug(s02,41) (Drinfeld)
Deformed ParaStatistics Fock space (Palev)

PSq(V) := Ugn = T(V)/(£(V))

the ideal (£) is generated by Ug(gl,,)-module £(V) of type (2,1)

et = [laf,af],afle +allad, o], al] with i <i<is
et = laf, afl aflq with i < i
,Q,g"é = [ [all, 13]]q2 —I—q[a [3,2, ,3]] with i1 < h <03
et = [af,[af, afllq with i1 < i

The Lie module £(V) contains the Serre relations of Ug(s02n+1)
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Tropicalization: PS(V) versus Blac(V)

The crystal basis g = 0 of the module £ yields the ideal generating
the Knuth relations
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Tropicalization: PS(V) versus Blac(V)

The crystal basis g = 0 of the module £ yields the ideal generating
the Knuth relations

PS(V) 2 PS,(V) =3 plac(V)
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Tropicalization: PS(V) versus Blac(V)

The crystal basis g = 0 of the module £ yields the ideal generating
the Knuth relations

PS(V) 2 PS,(V) =3 plac(V)

The Fock space PS,(V) = Ugn is a version of the Plactic algebra.
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Tropicalization: PS(V) versus Blac(V)

The crystal basis g = 0 of the module £ yields the ideal generating
the Knuth relations

PS(V) 2 PS,(V) =3 plac(V)

The Fock space PS,(V) = Ugn is a version of the Plactic algebra.
The elements in £ are primitive with respect to the Hopf structure
of Ug(502n41). Thus PS4(V) is a braded Lie algebra.

(related to Poirier-Reutenauer Hopf algebra)
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Quantum Group GLy(n)

Let F[GL(n)] be the commutative algebra of the regular functions
on the group GL(n). It is a Hopf algebra with a coproduct

A F[GL(n)] — F[GL(n)] ® F[GL(n)]
AXJ' — Zs Xx. ® xjs
F[GL(n)] is in duality with the algebra of the vector fields U(gl,).
The deformation F,[GL(n)] of the coordinate ring F[GL(n)]

XX, = i) j>i
X;;Xli = qx,’x,’( k>1
x{(x,’ = X,’x{( o Jj>i k<1
X, X| :X,’xf(Jr(q—q_l)X,’(xf J>i k>

Hopf algebra duality F4[GL(n)]* = Uq(gl,,)
The quantum group GLg4(n) is the spectrum of Fq[GL(n)].
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The quantum group GL,(2)

The deformed relations

ba = gab ca = gac bc = cb
db = gbd dc = gcd da—ad = (qg—q 1)bc

define a Hopf coideal for

a b a b a b
A(C d)(c d>®<c d)
Detq:da—qbc:ad—q_lcb

1 2 —1
—q '(da—g°ad) —q '[d,a], 1
Det, = = = d, al 2
7 g—q! g—qt (1—q2)[ Jo
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Non-commutative characters of GL,(V')-comodules

M a GL4(V)-comodule with basis my C V®", J = {j1,...,j;}

0:M — GLy(n)oM
o(mi) = 3, X @my

The element ), X/ is independent of the choice of my
The quantum determinant Det, € T4(n), n = dim V
1
Det, = Z 6(0’)X;(1) Xy = W[x{,’, [.., [X22,Xil]q2]q2
ceG,
The character of the r-th exterior power Af is the polynomial

1 . .
XN =NA(g.8):= Y =gtk [ xi 1q2le2
1<i<..<ir<n q

with entries in A = {x{,...,x"}, A,(q,A) span T,(n)-subalgebra



Diagonal subalgebra T,(n) C GL4(n)

The diagonal entries X,i € T4(n) do not close a quadratic algebra.
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Diagonal subalgebra T,(n) C GL4(n)

The diagonal entries X,i € T4(n) do not close a quadratic algebra.
However the generators x; satisfy the cubic relations

SJ" : xJJx,’ ,’ -1+ q2)x;:xj.:x,-’: + qlefjx;:xj.: =0 i<j
0 xdxdx] — (14 @P)xdxx] + Px{xix] = 0 i<j
gj’.v" — g DXl = 00 i<j<k
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Diagonal subalgebra T,(n) C GL4(n)

The diagonal entries X,i € T4(n) do not close a quadratic algebra.
However the generators x; satisfy the cubic relations

SJ" ; xJJx,’ ,’ —(1+ q2)X;:Xj:XI-': + qlef:x;: J =0 i<j
0 xdxdx] — (14 @P)xdxx] + Px{xix] = 0 i<j
gj’.v" — g DXl = 00 i<j<k

Definition (D. Krob, J.-Y. Thibon)

The Quantum pre-Plactic B4(W) is cubic algebra with relations

£JI"I’ SJI'J’ SJI"k _SZJ7 i<j<k
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Diagonal subalgebra T,(n) C GL4(n)

The diagonal entries X,i € T4(n) do not close a quadratic algebra.
However the generators x; satisfy the cubic relations

SJ" : xJJx,’ ,’ -1+ q2)x;:xj.:x,-’: + qlefjx;: J =0 i<j
0 xdxdx] — (14 @P)xdxx] + Px{xix] = 0 i<j
gj’.v" — g DXl = 00 i<j<k

Definition (D. Krob, J.-Y. Thibon)

The Quantum pre-Plactic B4(W) is cubic algebra with relations

£JI"I’ SJI'J’ SJI"k _SZJ7 i<j<k

Conjecture: The algebra T,4(n) has no other independent relations

Tq(n) =Pq(W) dimW =n
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Quantum Eulerian Idempotent

Eulerian idempotent e(q) in the Hecke algebra Hs3(q)

1 1
e(q) := 3 <T123 - §(T231 + To13+ Tz + T312) + 7_321>
q—q1
+ B (T213 — T312 — To31 + Ti32). (2)
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Quantum Eulerian Idempotent

Eulerian idempotent e(q) in the Hecke algebra Hs3(q)

1
e(q) = 8] <T123 - *(T231 + To13 + Tizo + T312) + T321>
g—q-1
+ 2[3] (T213 — T312 — Ta31 + T132). (2)

The elements £12 and £33 (such that 2¢(q) = £32 + £13)

q(Ta13 — Taz1) + Tizs — T132 — Toss + Tao1 4+ g H(Ta12 — Ti32)
q(Ti32 — T312) + Ti2s — Ta13 — Ta12 + Tao1 + g H(Tas1 — Ta3) -

span the H3(g)-module £ := e(q)H3(q) = C(q)£i? @ C(q)LL3

Todor Popov Plactic and Pre-Plactic Algebra



Quantum Eulerian Idempotent

Eulerian idempotent e(q) in the Hecke algebra Hs3(q)

1
e(q) = 8] <T123 - *(T231 + To13 + Tizo + T312) + T321>
g—q-1
+ 2[3] (T213 — T312 — Ta31 + T132). (2)

The elements £12 and £33 (such that 2¢(q) = £32 + £13)

q(Ta13 — Taz1) + Tizs — T132 — Toss + Tao1 4+ g H(Ta12 — Ti32)
q(Ti32 — T312) + Ti2s — Ta13 — Ta12 + Tao1 + g H(Tas1 — Ta3) -

span the H3(g)-module £ := e(q)H3(q) = C(q)£i? @ C(q)LL3
The Schur functor sends £ to a Ug(gl(V)-module £(V)

£4(V) = £4 O945(q) Ve
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Malvenuto-Reutenauer algebra

Malvenuto-Reutenauer algebra MR = |, C[S,]
a € 6, and § € 6, (Standardization st(«))

axfB = > w €64y (3)
st(u)=a, st(v)=0
Ala) = ZOA{L,,.,;} ® st(agit,...r}y) (4)
i=0
£ C[6,] xC[6,] —s Cl6/+p] Tar s, -
A Cl&,] — ea Cl&)] @ ClS, -] 4&ive, ., -
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Malvenuto-Reutenauer algebra

Malvenuto-Reutenauer algebra MR = |, C[S,]
a € 6, and § € 6, (Standardization st(«))

axfB = > w €64y (3)
st(u)=a, st(v)=0
Ala) = ZOA{L,,.,;} ® st(agit,...r}y) (4)
i=0
£ C[6,] xC[6,] —s Cl6/+p] Tar s, -
A Cl&,] — ea Cl&)] @ ClS, -] 4&ive, ., -

Multilinearization of the Hopf tensor algebra (T(V), ®, A).
(Vi, ooy Vp) @ (Vpgts -+ s Vprg) = (VI oo Vs Vpgd, - - -5 Vptg)

A(Vl,.. Z Z Vo(1) -+ -1 Ve (p))®(va(p+1),...,va(,,))

q=n—p c€Shp q
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Standard Young Tableaux STab and Poirier-Reutenauer
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Standard Young Tableaux STab and Poirier-Reutenauer

quantum counterpart MRq = {J,;~0 Hn(q)
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Standard Young Tableaux STab and Poirier-Reutenauer

quantum counterpart MRq = {J,;~0 Hn(q)
For generic g we have an isomorphism

¢ MR — MR,
c — T,
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Standard Young Tableaux STab and Poirier-Reutenauer

quantum counterpart MRq = {J,;~0 Hn(q)
For generic g we have an isomorphism

¢ MR — MR,
c — T,

H3(g)-module £4 := e(q)H3(q) = C(q)L3 & C(q)L3?

q(Ta13 — Taz1) + Tizs — T132 — Tos1 + Tao1 + g H(Ta12 — Tis2)
q(T132 — T312) + T123 — To13 — Tai2 + Tao1 + q H(Taz1 — To13) -

Lemma ( J.-L. Loday and T.P.)

Define PSq = MMRq/(Lq) with elements in STab.
The Poirier-Reutenauer algebra is PSq—o = (STab, *,A) .
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Standard Young Tableaux STab and Poirier-Reutenauer

quantum counterpart MRq = {J,;~0 Hn(q)
For generic g we have an isomorphism

¢ MR — MR,
c — T,

H3(g)-module £4 := e(q)H3(q) = C(q)L3 & C(q)L3?

q(Ta13 — Taz1) + Tizs — T132 — Tos1 + Tao1 + g H(Ta12 — Tis2)
q(T132 — T312) + T123 — To13 — Tai2 + Tao1 + q H(Taz1 — To13) -

Lemma ( J.-L. Loday and T.P.)

Define PSq = MMRq/(Lq) with elements in STab.
The Poirier-Reutenauer algebra is PSq—o = (STab, *,A) .
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pre-Plactic ‘B,

T MRq MNRq
7T T

Let us define a mappin
pping i T, 1T,

—
—
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pre-Plactic ‘B,

T MRg — MR,
7T T

Let us defi i
us define a mapping : o T,

m(Tpap) = 0 = 7(£3% — £5°)
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pre-Plactic ‘B,

Let us define a mapping 77:

Definition

The Quantum pre-Plactic algebra 3, is the quotient

Bqg = MR/ (Tp2,11,377)

the pre-Plactic Algebra is P40
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pre-Plactic ‘B,

Let us define a mapping 77:

Definition

The Quantum pre-Plactic algebra 3, is the quotient

Bqg = MR/ (Tp2,11,377)
the pre-Plactic Algebra is P40

Theorem (?7!)

The Quantum pre-Plactic algebra ‘B4 is the quotient

.
Py = MR/ ker ©

that is ker 71':( T[27[173]])




Dimensions of B3,

Quantum pre-Plactic algebra By = Bn>0Pq(n)
The dimensions d, of the degrees of B,

dn = dimPg(n) = an1
are related to the numbers of the series ag, a1, a2, a3, . . .
1,1,1,2,5,16,61,272,1385,7936, 50521, 353792, 2702765, ...

from the Sloane's encyclopedia
Surprisingly the number of primitive elements Prim3,(n)

dim Prim(B4(n)) = an—1

Recurency relation for a,, (one starts with ag =1 and a; =1

x" x"
ex g an_1— = E apil—
p n ln' n+1n!

n>1 ’ n>0
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