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Zk-code VOA or VOSA MD

k ≥ 2; integer

M0 = K(sl2, k); parafermion VOA of type sl2

simple, rational, C2-cofinite,

of CFT-type VOA, c.c. 2(k−1)
k+2

M j , 0 ≤ j ≤ k − 1; simple current M0-mod.

• j (mod k)

• top level 1 dim. wt j(k−j)
k

• M i ×M j =M i+j ; fusion rules



For ξ = (i1, . . . , in), η = (j1, . . . , jn) ∈ (Zk)
n,

(ξ|η) =
∑n

p=1 ipjp ∈ Zk

D; Zk-code of length n ( additive subgp. of (Zk)
n )

Case 1. (ξ|ξ) = 0, ∀ξ ∈ D

Case 2. k = even, (ξ|η) ∈ {0, k2},
∀ξ, η ∈ D,

(ξ|ξ) = k
2 ,

∃ξ ∈ D

Mξ =M i1 ⊗ · · · ⊗M in , ξ = (i1, . . . , in) ∈ D
MD =

⊕
ξ∈DMξ



Theorem.

Case 1. MD; simple, rational, C2-cofinite,

of CFT-type VOA, c.c. 2n(k−1)
k+2

Case 2. MD =M0
D ⊕M1

D; simple VOSA with

M0
D =

⊕
ξ∈D

(ξ|ξ)=0

Mξ as in Case 1

M1
D =

⊕
ξ∈D

(ξ|ξ)=k/2

Mξ



Remarks.

• MD is D-graded simple current extension of

M0 =M0 ⊗ · · · ⊗M0

• top level of M(i1,...,in); 1 dim. wt
∑n

p=1
ip(k−ip)

k

• MD ⊂ VΓD ; lattice VOA

• MD is generalized VA for general D

• MD is known in cases k = 2, 3



Parafermion VOAs

Lĝ(k, 0); integrable h.w. module for ĝ, level k

K(g, k) = {v ∈ Lĝ(k, 0) |h(m)v = 0, h ∈ h,m ≥ 0}
= commutant of Heisenberg alg. gen. by

Cartan subalg. h in Lĝ(k, 0)



In case g = sl2

M i,j (0 ≤ j < i ≤ k) ; irred. modules

M j =Mk,j (0 ≤ j ≤ k − 1) ; simple currents

• k = 2, M0 ∼= L( 12 , 0)

• k = 3, M0 ∼= L( 45 , 0)⊕ L(
4
5 , 3)

• k = 4, M0 ∼= V +
Zβ , ⟨β, β⟩ = 6

• k ≥ 5, M0 = ⟨W 2,W 3,W 4,W 5⟩; W5-algebra



Examples of MD

• k = 6, n = 1, D = {(0), (3)}
MD =M0 ⊕M3 ∼= LNS(

5
4 , 0)⊕ LNS(

5
4 , 3)

LNS(
5
4 , 0); N = 1 superconformal alg. c.c. 5

4

( Neveu-Schwarz alg.)

LNS(
5
4 , 3); irred. LNS(

5
4 , 0)-mod. h.w. 3

• k = 9, n = 1, D = {(0), (3), (6)}
MD =M0 ⊕M3 ⊕M6 ∼= U3C

• k = 5, n = 2, D = {(00), (12), (24), (31), (43)}
MD
∼= U5A



Realization of MD in lattice VOA

⟨αi, αj⟩ = 2δij

L = Zα1 + · · ·+ Zαk
∼= A1

⊕k

γ = α1 + · · ·+ αk, ⟨γ, γ⟩ = 2k

N =
∑k−1

p=1 Z(αp − αp+1) ∼=
√
2Ak−1, ⟨N, γ⟩ = 0

Let H, E, F ∈ VL be

H = γ(−1)1
E = eα1 + · · ·+ eαk

F = e−α1 + · · ·+ e−αk



VL ⊃ V aff = ⟨H,E, F ⟩ ∼= Lŝl2
(k, 0)

V aff ⊃ ⟨eγ , e−γ⟩ = VZγ

V aff =
⊕k−1

j=0 M
j ⊗ VZγ−jγ/k

M j = {v ∈ Lŝl2
(k, 0) | γ(m)v = −2jδm,0v, m ≥ 0}

M0 = ComL
ŝl2

(k,0)(VZγ) = K(sl2, k)

T = ComVL
(V aff) = ComVN

(M0) ∼= K(slk, 2)

V aff = ComVL
(T ) = {v ∈ VL | (ωT )1v = 0}

(ωT ; the conformal vector of T )

VN = ComVL
(VZγ)



VL = (VA1)
⊗k = Lŝl2

(1, 0)⊗k

⧸ ⧹
V√2Ak−1

= VN V aff = Lŝl2
(k, 0)

⧸ ⧹ ⧸ ⧹
T M0 VZγ



X∗; dual lattice of an integral lattice X

R = N ⊕ Zγ, R ⊂ L ⊂ L∗ ⊂ R∗

A linear isom. ψp on VR∗ =MC⊗ZR(1)⊗ C{R∗}

ψp : u⊗ eα 7−→ u⊗ (eαepγ/2k) = u⊗ eα+pγ/2k

for u ∈MC⊗ZR(1), α ∈ R∗, p ∈ Z

• ψp : VR∗ → VR∗ is VN -module isom.

• ψp(VR+λ) = VR+λ+pγ/2k, λ ∈ R∗, p ∈ Z

Remark. ψp is ∆-operator



N j = N − jα1 + jγ/k ⊂ N∗ (0 ≤ j ≤ k − 1)

M (j) = ψ2j(M
j)

= {v ∈ VNj | (ωT )1v = 0}
∼=M j as M0-modules



For ξ = (i1, . . . , in) ∈ (Zk)
n,

Nξ = N i1 ⊕ · · · ⊕N in ⊂ (N∗)⊕n

⟨α, β⟩ ∈ − 2
k (ξ|η) + 2Z for α ∈ Nξ, β ∈ Nη

ΓD =
∪

ξ∈DNξ

Case 1. ΓD is positive def. even lattice

Case 2. ΓD is positive def. odd integral lattice



VNξ
= VNi1 ⊗ · · · ⊗ VNin ⊂ (VN∗)⊗n

VΓD =
⊕

ξ∈D VNξ

MD = ComVΓD
(T⊗n)

= {v ∈ VΓD
| (ωT⊗n)1v = 0}

=
⊕

ξ∈DMξ

with Mξ =M (i1) ⊗ · · · ⊗M (in)



Remarks.

• N ∼=
√
2Ak−1, N∗/N ∼= (Z2)

k−2 × Z2k

Zk ←→ M (j) (0 ≤ j ≤ k − 1)

• M (i,j) = ψ−(i−2j)(M
i,j) ⊂ VN∗

−→ irred. MD-modules ⊂ V(ΓD)∗

• N ⊂ Λ; Leech lattice if (k − 1)| 24
−→ Relation with Monster



McKay’s observation
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