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Z1.-code VOA or VOSA Mp
k > 2; integer
MY = K(sla, k); parafermion VOA of type sl
simple, rational, C-cofinite,

2(k—1)
of CFT-type VOA, c.c. =

M7,0<j<k—1; simple current M"-mod.
¢ j (mod k)
e top level 1 dim. wt J

o M" x MJ = M7 fusion rules

(k—3)
k




For 52 (il,...,in), N = (.7177.777,) & (Zk)n,
(5‘77) — 2321 1pJp € Ly,

D; Zj-code of length n ( additive subgp. of (Z;)" )

Case 1. (£]6) =0, ¢ D

M€:M“®---®Mi”, £ =(i1,...,0n) €D
MD:GB&EDM&



Theorem.
Case 1. Mp; simple, rational, Cy-cofinite,
of CFT-type VOA, c.c. 2nk—b)

k+2

Case 2. Mp = MY & ML; simple VOSA with

Mg = 69 M¢ asin Casel
§eD
(£1€)=0
Mp= € M
geD

(€1&)=k/2



Remarks.

e Mp is D-graded simple current extension of

o top level of My, ;v 1dim. wt Y0 2t
o Mp C Vr,; lattice VOA
e Mp is generalized VA for general D

e Mp is known in cases k = 2,3



Parafermion VOAs
L;(k,0); integrable h.w. module for g, level &

K (g, k) = {v € Lg(k,0) | h(m)v = 0, € b,m > 0}
= commutant of Heisenberg alg. gen. by
Cartan subalg. b in Lz(k,0)



In case g = slo
M®™ (0<j<i<k); irred. modules

M7 = Mk (0<j<k-—1); simple currents

e k=2 M~ L(%,0)
o k=3 M°=~L(:0)®L(%,3)
o k=4, MOQVZZ, (B,B) =6

o k>5 MY=(W? W3 W4 W?), Ws-algebra



Examples of Mp
k=6, n=1 D ={(0),(3)}
Mp =M@ M3 = Lyg(2,0) @ Lys(2,3)
Lys(2,0); N =1 superconformal alg. c.c.
( Neveu-Schwarz alg.)
Lys(2,3); irred. Lys(2,0)-mod. h.w. 3
o k=9 n=1 D=1(0),(3),(6);
Mp=M"® M3 MS = U
o k=5 n=2 D=1{(00),(12),(24), (31), (43)}
Mp = Usa

W | Ot



Realization of Mp in lattice VOA
(i, ) = 20;;
L="7Z01+ -+ Zoy = A%
y=a1+ -+ ag, (7,7 =2k
N =S Zap — aper) = VEA 1, (Ny) =0

Llet H, F, F €V} be
H=~(-1)1
E =e% 4+ ...+ %
F=e 4. ... 4 e



Ve DV = (H,E,F) = Ly (k,0)
Vall 5 (7 ™) = V7

a k— )
Vel = @j:é M7 ® VZ’Y—j’Y/k

M’ = {v € Ly (k,0)[v(m)v = —=2jomov, m > 0}
M = Congz(k,O)(VZW) — K(3l27 k)

T = Comy, (V&) = Comy,, (M?) = K(sl, 2)
Vall = Comy, (T) = {v € Vi, | (wr)1v = 0}

(wr; the conformal vector of T')
Vn = Comy, (Vz,)






X™*: dual lattice of an integral lattice X
R=N&Zy, RCLCL*CR"
A linear isom. 1, on Vg« = Mcg,r(1) @ C{R*}

Vp:u®e* — u® (eo‘em/%) — u @ e TPY/2k
for u € Mcg,r(1), a € R*, peZ
® ¢, : Vi — Vg« 1s Vy-module isom.

® Up(Vrir) = VRiatpy/2k NER*, peZ

Remark. v, is A-operator



N’ =N —ja;+jy/kC N* (0<j<k-—1)

M) = ap; (M)
={v € Vyi | (wp)1v = 0}

~ MJI as MOY-modules



For 52 (il,. .. ,Zn) - (Zk)n,
Ne = Nt @@ Nin C (N*)en

(a, B) € —=2(&ln) +2Z for a € N¢, B € N,
I'p = U§€D Ne¢
Case 1. I'p is positive def. even lattice

Case 2. I'p is positive def. odd integral lattice



MD — COHIVFD (T®n)
p— {/U & V]_"D ‘ ((,UT@n)l’U p— O}
= Decp M

with My = M) @ ... @ M(n)



Remarks.
o NV = \/iAk_l, N*/N = (Zg)k_2 X Lot

Zy < MU (0<j<k-1)

o M1 = 4p_(;_op(M") C V-

— irred. Mp-modules C V(1 )~

e N C A; Leech lattice if (k—1)|24

——  Relation with Monster



McKay's observation
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