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1. Introduction

Boltzmann Transport Equation: BOLTZMANN 1872
= statistical behaviour of a thermodynamic system out of
equilibrium. Classical example - a fluid with temperature gradient
in space causing heat to flow from hotter to colder region, by
random transport of particles. BTE arises by considering the
probability a number of particle all occupy small region centered at
the tip of position vector r and have very nearly equal small
changes in momentum from a momentum vector p(velocity v), at
an instant of time dN = f(t,r,p)d®rd3p.

For identical particles the BTE reads

of p of  (of
ot tm VI HF g0 = <0t>cou'

F(r,t) is the force field acting on the particles in the fluid and m is
the mass of the particles
On the RHS is a collision term, which describes the effect of




Collision term

Boltzmann solution of the problem:
@ only binary collisions need to be considered - dilute gas
@ on the rate of collisions, influence of F is negligible
@ velocity and position are uncorrelated - molecular chaos

Collision term can be written as a momentum-space integral over
the product of one-particle distribution functions:

@i)cou - / / gl(g, QF (pla, ) (P, )= F(Pa, t)f (P, £)]dQIp4,

g =1pg — Pal = [P — Pil. (g, Q) is the differential cross section
of the collision, in which the relative momenta of the colliding
particles turns through an angle 4 into the element of the solid
angle df2, due to the collision.

stationary solution = equilibrium distribution represent famaus

Boltzmann distribution: fo(v) = [2W’ZT]3/2 e—mv?/(2kt).
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Relation with conformal invariance

Starting point = an extension of local scaling, with a dynamical
exponent z = 1 towards an infinite dimensional algebra(in d =1
space dimensions) which is inequivalent to standard conformal
invariance HENKEL02,10.
It is constructed by pair of non-commuting Virasoro algebras
(without central charge) with following non-vanishing
commutation relations

[Xan’] = (n - n,)Xn+n/7 [Xm Ym] = (n - m) Yotms
[Yim, Y] = Aro(m — M )Yy, n,n,mm €Z

and realization HENKELO02,10:
Xn _ _tn—l—lat o AIOI[(t+A10r)n+1 o tn+1]8r
1B
— (n+1)xt" — n;r Aiz (t+ Agr)" —t"]
k k k—1
Yici = —(t+ Awor)“0r — EBlo(H—Alof) , k=m+1.
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Consider a finite-dimensional subalgebra (X410, Y+1,0) with a
representation(A1p =: 8+ v =: p,Bio =: 2)

X1 = —0¢ Xo=—t0:—r0, —x

X, = —t20; — 2trd, — ,ur28, — 2xt — 2vr
Y1 = -0, Yo=—t0, —urd, —=

Y1 = —t20, — 2utrd, — pi>r?0, — 2yt — 2yur

It follows that ¢ = ¢(x, 11,) and also that the above
representation acts as a dynamical symmetry on the equation

N

So(t,r) = (uo: — 0r)o(t, r) = 0.
Really, it is easy to calculate

[S, Yir0] =[5, X 4] =0
[g,XO] = —3, [§7X1] = —2t5 + 2(px — ).
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Now consider the following equation

Lf = (ud: + v0,)f(t,r,v) =0 )

where v is an additional variable. This equation represents first
two terms of Boltzmann equation in one space dimensions, and for
v = constant coincides with previous equation. This suggests that
dynamical symmetry algebra of BTE is a representation of
discussed conformal algebra, but realized in terms of an additional
variable v, related to the velocity(momentum) of the particles.
How to find such a representation?
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Velocity representation of conformal algebra

Dynamical symmetry algebra of equation
Lf = (ud; + v, )f(t,r,v) =0

we shall describe using two basic ones: time-translation and
dynamical scaling

X1 = =0, [L,X4]=0

1—

Xo = —td——0 ——=
V4

vd, —x, [L,Xo] =—L.
Next we write the general form of X, hierarchy

Xn = —an(t,r,v)0s — bp(t, r,v)0, — ca(t, r,v)0, — dn(t,r,v).
We find X,, from the following three condition:
o X, is a symmetry of equation Lf = 0: [L, X,] = AnL.
@ Action of Xy must recover the original operator:
[XOa Xn] = O[()an
e X_; acts as annihilation operator [X_1, X,] = a1 n Xn—1
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Finite-dimensional representations

For n =1 we anticipate a1, _1 = a9 = 2, obtain a9 = 1 and the

most general form of X; = —a10; — b10, — 10, — d1
2 2 -2 21 2
ai(t,r,v) = t°4 Awr‘v 4+ Aprorv iz + Ajgovi-z
2 A - 2 _z z+1
bl(t, r, V) = —tr+ (12 + Zﬂ) r2vt + Biigrvi-z + Bloovltz
z 7 z
2 A z
altrnv) = J(L=2)(ve—pr) 4 (Buo — = F)vi
2 2 _z
di(t,r,v) = =xt— Zpxrvt 4 Doviz
y4 y4

Construction of Y, hierarchies from
@ Xj acts as creation operator in both hierarchies
[X1, Yo1] = Yo, [X1, Yol =M1
@ Y_; must act as annihilation operator also in both hierarchies
[Y_l, Yo] = [Y_l, [Y_l,Xl]] = Y_q. It follows

Y_l = —Var



case A: Ajp = A110 = A1o0 = Bi1o = Biopo = Dy =0

1—
X4 = 0y Xo=—td——0 — —vo, -~
z
2 -2 2(1 -
X1 = —t%0, — (tr + zurzv_1> O — u(vt — pur)oy
z z z
— fxt—kf/,Lxrv*1
z z
Y1 = —vd,, Yo=—(tv— Hr)@, _Zz wvo, + ,ui
z z z
2 -2 2
Y. = — (tzv — —utr — Z,u2r2v1> Or — —(z — 1)p(vt — pr)o,
z z z

2 2 5 4
+  —puxt — —pTxrv
z z

The above generators give a finite-dimensional(6) representation of
conformal algebra for an arbitrary dynamical exponent z
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In addition they act as dynamical symmetry algebra of the equation
Lf = (uds + vd,)f(t,r,v) =0,

for any f = f(t, r,v), as it can be verified through the relations

[L,X_a]=[L Y] =[LY]=[LY]=0
[L,X0] = —L, [L,X]=—2¢L.

In particular, for z = 1 one recovers the usual realization of
conformal algebra acting on function on t, r only.
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Case B:

A1z # 0, A110 # 0, A1go # 0, Bi1o # 0, Bioo # 0, Dy # 0

Modification of generators:
Xi = Xi+Xi, Yo=Yo+ Yo
~ 2z— z
X1 = — <A12r2v—2 + /\110I’V1le + A100V12—72> Ot

A z+1
— < ;2 r’v +3110rV1 z + Bigovi- Z> Oy

A
— (Bi1o — !

1 V4 V4
0)v1—28v — Dgvi-z,
1

1 < 1
Yo = §[X1, Yoi] = (At + §A110V_1+1/(1_z))3t

1
— —(2A12r + Allovl/(l_z))a,.
2p
Now, calculating [Yo, Y-1] = —pY-1 4 AnX o1 + 22 Y 1, we
conclude that Ai» = 0 or we shall obtain an extension of usual
conformal algebralll
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case B1: A, =0

X1 = Xoq, Xo=Xo, Y=Y,

2
Y. 2 -1 Afyy 22
X1 = —(t°+ Aworvi—z + WW )0:
2 - 2 A _Z A2 z
- ftr—i-zi,urzv_l—i—ﬂrvl*z + 210 £ Or
z z I 443
2(1— 2 2
- u(vt —ur)d, — =xt + Zpuxrv!
z z z
- A z A 1 — 1
Yo = — llovlﬂ@t—(tv—ﬂr—i— 110VI*Z)O,— z ,uva\,—i—uf
2 z 2u z
- z 2z—1
YT = —All()(if'vE — urvﬁ)at
2 -2 A 1 z
(tzv 2 z W22yt 4 110(tv1iz _ WVIZ)) 8,
z z v

2 2 2
— Z(z - Du(vt — pr)d, + Zpxt — ZpPxrvt
z z z
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This is again a finite-dimensional representation of conformal
algebra for arbitrary z # 1 and Aj19 and acts as symmetry algebra
of the same equation

Lf = (ud + vO,)f =0,
for any f = f(t,r, v), justified by the relations
[L,X 4] =[L Y. ]=[L Y] =L Y] =0

. . A
LX) ==L, [L,X]=—(2t+ “2v2/0-2)]
1

This representation do not exist for z = 1, because all terms with
Ai110 give infinity in this case.
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case B2: A, #£0

Using case Bland after performing A LOT of COMMUTATORS
we conclude that discussed generators in this case close into Lie
algebra only and only if Aj2 = p and Aj10 = O(correspondingly all
other constant are zero). The form of generators is the following

X1 = Xaq, X=X, Va1=Y

2 -2
Xy = — (t2 + /Lr2v72) O — (tr + ztmz=2) pz )rzv_l) O
z z
2(1 — 2 2
— M(vt — ur)d, — =xt + Zpxrv1
z z z
-1
Vo = —y,rvflﬁt — <tv — (H — 1)r> Oy — z wvo, + ,uﬁ
z z z
Vi = —pu (2trvfl +(1- u)r2v72) O
2 1—p)—(z=2)p?
_ <t2v— ;(z—,u)tr+ Z( :U‘) (Z ):U’ r2v_1> ar
z

2 2 2
— Z(z = Du(vt — pr)d, + Zpxt — =pPxrv?
(z = 1)p(vt — pr) X HoXrv
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This Lie algebra is defined for an arbitrary z, through the following
non-zero commutation relations

[Xan’] = (n - n,)Xn+n’7 [thym] = (n - m)yn+m
[YViny Y] = (m — m/) (1Xmrm + (1 = )V mrm) 5
n,n',mm €[-1,0,1].

It gives more general symmetry algebra of the equation
Lf = (udy + vO,)f =0,
for any f = f(t, r,v), verified by the commutators

[L,X 1] =L Y1) =L Yo]=[L,vi]=0
[L,X0] = —L, [L,Xi]=—-2(t+nr YL
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Symmetries of collisionless Boltzmann equation

Consider the collisionless Boltzmann:

A~

Bf(t,r,v) = (u0s + vo, + F(t,r,v)d,) f(t,r,v) =0

We shall try to determine F(t,r,v), denoting the "force” term,

such that it is compatible with the symmetries of the compleat
BTE.

Invariance under basic symmetries:

@ time translatio_ns X_1 = —04, it follows
[X_1,B]=—F=0— F = F(r,v)
e dynamical scaling Xo = —t0; — 20, — =0, — 3
~ A z
Xo,Bl=—-B =
[ 0 ] ) « 1_ 2

(ror+(1—2z)vd, — (1 —2z)) F(r,v) =0

= F(r,v) = r*=22p(r*=1v), where p(u = r*=1v) is an
arbitrary function.
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Convenient change: (t,r,v) — (t,r,u). In the new coordinates:

r X
Xo1=—=0, Xo=—t0— -0, — —
z z

Y1 =—rEud, — r20(u)d,,  d(u) = (z — 1)uP + o(u)

Bf(t,r,u) = (1O + r'=2ud, + r2®(u)dy) f(t,r,u) =0 J

We suggest that a finite dimensional representation of the
symmetry algebra Xo +1, Yo,+1 of above equation must satisfy

[Xn, Xor] = (n — nl)Xn+n’

[(Xn, Ym] = (n—m)Yyim, n,n,m=0,4+1
[Yo, Y-1] = pX_1 +sYo,

[Y1, Y-1] = nXo + qY0,

[Y1, Yo] = NXi + QY1,
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In fact, the commutator with X_; and Xy shall give the
dependence on t and r, respectively in unknown generators. We

obtain
Yo = —rfag(u)d: — (r'=2u+ rbo(u))o,
() + o)) — do(u)
X1 = —(t? +r?a15(u))0: — ((2/2)tr + r* 1 bia(u))0,
—rZC12(U)8u — (2/Z)Xt - I’Zdlz(u)
Yi = —(2trfao(u) + r¥*A(u)) O
— (£r*Zu+ 2trbo(u) + r**1B(u)) O
- (t2r_zd>(u) + 2tco(u) + r* C(u)) By + (2/z)uxt — r*D(u),
A(u) = 2zbgais + coa’12 — zagb1y — 36C12
C(u) = zbpcra + cocip — Gpci2 — an®
2
B(u) = S+ zbobis + cobyy — uay, — bycro
2
D(u) = ;xao + zbod12 + codip.
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The analogue of extended Galilei algebra

Consider the algebra{X_1, Xo, Y_1, Yo}. It is closed if

1
2.
3. &' (u)co — P(u)ch(u) + (s — zbo)P =
4

&2 (u) by (1) +zud(u) by(u)+(2zP(u) — zud' (1)) bo (1) —25d(u) = 0,

Yor = —rfap0: — (I’l_zu + rbp1)0r — (r ?®(u)t + c01)0y — do
Yoo = —rfap0; — (rl_zu + rbo2)0r — (r ?®(u)t + cp2)0u — do

[Yo,X_1] = Y-1, [Xo, 1] =X
[Yo, Yo1] =




Representations of conformal algebra - symmetry algebra

of collisionless Boltzman equation

Adding the generators Xi, Y7 to the analogue of extended Galilei
algebra, one must also satisfy

5. Ax(t,r,u) =—=2(t+ rfap(u))
c12(u) = (2/2)p = (u/p)(2za12(u) + (u)aly(u))
+(2zubyp + ®(u)biy(u))
zucyp + dcip(u) — cra(u)d'(u) + zb1o(u)®(u) — 2co(u) =0
zudia(u) + ®(u)dis(u) + (2/z)ux =0
& (u) b5 (u) + 3zud(u)biy(u)
+2z[2z0° 4 30 (u) — 2ud’(u)]b1o(u) + (2p/2)(zu — ®'(u))
—(u/n)®?(u)afa(u) — [Bzu? +20(u))(®/p)al,(v)
—[zv® + 30 (u) — ud’(u)](2zu/p)a12(u) = 0
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10. 2zuajp(u) + ®(u)a),(u) — 2a9(u) =0

11. 2zubip(u) + S(u)biy(u) — c1a(u) — 2bo(u) =0
12. bo(u) = (u/p)ao(u) — p/z

13. co(u) = (®/p)ao(v)

14. do(u) = const. = —ux/z.

15. n=2p, =2s

16. 2zuA(u) + ®(u)A' (u) — 2sap(u) =0

)A

VB'(u) — C(u) — 2(p/z + sbo(u)) =0

"(u) = '(u)C(u) + z(u)B(u) — 2scp(u) =0
"(u) = (2x/z)(p — ps) = 0

(
17. 2zuB(u) + ®(u
18. zuC(u) + ®(u)C
19. zuD(u) + ¢(u)D

u

u




20.
21.

22.

23.

24.
25.

26.
27.
28.

N=p, Q=s

(s — zbo)A(u) — coA'(u) + zag(u)B(u) + ap(u)C(u)
+paiz(u) — 2a% =0

(s — zbo)B(u) — coB'(u) + uA(u) + byC(u) + pbi2(u)
—2ag(u)bo(u) =0

(s — zbo + cp(u)) C(u) — coC'(u) + P(u)A(u)
+pcra(u) — 2a0(u)co(u) = 0

coD'(u) + pdiz(u) + 2ao(ulux _ g

(s — zbo)D(u) — .
2z(b12(u)A(u) — ar2(u)B(u)) + cr2(u)A'(u) — ayp(u) C(u)
+2ag(u)a12(u) =0

(2/2)A(u) — c12(u)B'(u) + by, C(u) — 2bo(u)arz(u) = 0

(Zb12 — C12( ))C + C12C/(U) — zc19B + 2¢cpa1n =0
(2x/z)(par2(u) + A(u)) + zdi2(u) B(u) + dip(u) C(u)
—zb12D(u) — c12(u)D'(u) =0




Bu_l, by = const. = — — —
z zZu  z
0, dp = const.= —Hx
z
p 2 _ 1 2y, 1
U bi(u) = P(P — p7)u
2ux 4
0, d = ——
) 12( ) 22
p 2y, -2 _ 1 2 4y, -1
2P Bu) = 5 (p(p—1?) + p*) u
20 x 1
0, D(u)= 2

One can verify that the above results satisfy the system.
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The representation of the algebra, valid for an arbitrary z is

X = —0, Xo=—td——0 —=
z z
2
Xl — <t2—|— p 22 2) at_( tr4 p— M z+1u—1) 8r
22y
2 2
——xt + grzu_l,
z z
Y. = —rt%u0,,
2
Yo = —pfzulat—< —z, PR r> 8r+%7
z zZu z
2 2
Y]_ = — (ptrzu_l + p(p2u)r22u_2) 81-
z z2p
_ 2 2 4
<t2r1 syoP =i, PP /;zﬂt rz+1u_1> 5,
zu 22y
2 2u’x , 4

+opxt — ———ru
p4 z
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Finite-dimensional representation of conformal algebra

Putting z=1— ®(u) =0,u = rPv = cnst = 1

Xy = —(+pr?) o - <2tr+p e >8—2xt+2uxr
2
Yo = —pro; — ( p i )8 + px
Yl = <2ptr—|— 2 5)t
P(P ) 2
(o2 TR
+2uxt — 2,u Xr.
[XnaXn’] = (I'I - n/)Xn+n’7 [th Ym] = (n - m) Yn+m
p—
[Yon, Y] = (m — m') <pXm+m' T 1 Y’"*‘m/)
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Symmetry algebra of Collisionless BTE:F(r,v) = rv

2

X1

Y. 1

2 — 2 2

(1-2) <tv—+—p o r) Oy — —xt + #rv‘l,
z z2p z z

—vd, — (1 - 2)r 20,

2
—Brvflﬁt — (tv + P—H r) O
z 40

4,2
—(1-2) (tr_1v2+p o v) 8\,—1—%,
Zi z
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z z2p
_ <t2V L oP ;ﬂuz oo PLP —Zgjg +pt r2V—1> 5,
—(1-2) <t2r_1v2 40P ;M/ﬂ v p(p —Z,;L;g +pt r) av
+§,uxt - 2/:zxrv_1.

The above generators close a finite-dimensional representation of
conformal algebra for arbitrary z. They act as dynamical symmetry
algebra of the BTE:

Bf(t,r,v) = (ud; + vO, + (1 — 2)r 1v20,)f(t,r,v) =0

[B,Xo] = —B, [B,Xi]= -2 (r + prv—1> B
zp

B, Yol = —(p/w)B, [B.Vi]=—2(Le+L5n 1) B

Zzu2
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BTE with a general force term

Case D: p=0,d(u) #0. Leads to ag = 0 and
by = const. = —p/z, ¢ =0, dy=—px/z;A(u)=an(u)=0
B(u) = —pb1z(u), C(u) = —pa(u), D(u) = —pdr.
c12(u) = 2zubia(u) + ((z — 1)u? + ¢(u))bio(u) + 2u1/z. Then for
®(u) = (z — 1)u? + ¢(u), b1o(u), di2(u) must satisfy
[(z — 1)u? + ()] bis(u) + 3zul(z — 1)u? + p(u)]bia(u)
+2[(z + 1)u” — 2ug'(u) + 3p(u)]bio(u) + [(2 — 2)u — ¢/ (v)]2p/ 2 =
=0
zudys(u) + [(z — 1)u? 4 @(u)]d],(u) + 2ux/z = 0.
It follows that for any triplet (¢(u), bi2(u), di2(u)), solution of the
system, the generators close the conformal algebra and act as

dynamical symmetry algebra of the Boltzmann equation, with a
quite general "force” term:

Bf(t,r,v) = (ud; + vO, + r**p(u)d,)f(t,r,v) = 0.
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BTE with a physical force term

Physical requirement: F(r,v) = F(r) = ¢(u) = ¢o = const.

[(z — 1)u? + oy (u) + 3zul(z — 1)u + o] bia(u)

Zu:O

—l—Z[(Z 4F 1)u2 4F 3@0]b12(u) + 2u
zudyp(u) + [(z — 1)u® + @oldiy(u) 4+ 2ux/z =0

For z = 2 we have relatively simple solution of the system:

u u=— %o
b = b + b
12(u) 120021 oo T PRy
u
d = = — _
12(u) -
Bf(t,r,v) = (ud¢+ v, + r>p0d,)f(t, r,v) = 0.
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