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Introduction

De facto boundaries and defects

Boundaries and defects go hand in hand with real-world physical systems... They are simply a mani-
festation of imperfection: impurities, domain walls, boundaries, interfaces and defects separate regions
with different properties and break many of the underlying symmetries. Here are some examples:
Formal aspects

@ Holography & the AdS/CFT correspondence

@ String theory

@ Quantum entanglement

Applied aspects
@ Statistical systems near surfaces
@ Topological materials such as graphene and topological insulators
@ Out-of-equilibrium systems and quantum quenches

Naturally, boundaries and defects permeate all branches of physics, from high-energy and particle physics,
to condensed matter, statistical, even gravity and mathematical physics.
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Boundary QFT & CFT

Recently, there has been a surge of research activity on special types of boundaries and defects that are
associated to quantum and conformal field theories (QFTs and CFTs).
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Boundary QFT & CFT

Recently, there has been a surge of research activity on special types of boundaries and defects that are
associated to quantum and conformal field theories (QFTs and CFTs).

Cardy initiated their study long time ago by considering a CFT, in the presence of a codimension-1
boundary (Cardy, 1984)

@ The boundary breaks the translation and rotation symmetries of the d-dimensional (Euclidean)
conformal group SO(d + 1,1), leaving a theory that symmetric under the d — 1 dimensional
conformal group SO(d, 1).

@ As it turns out, the presence of boundaries changes drastically the form of all CFT correlators
(McAvity-Osborn, 1995).

@ The study of higher codimension defects and using them to bootstrap both the original and the
boundary CFT forms part of the so-called Boundary Conformal Bootstrap program (initiated by
Liendo, Rastelli, van Rees, 2012).

@ The boundaries can either host new degrees of freedom or just provide BCs for the bulk fields
S =54+ Sq_1,
thus giving rise to boundary and defect CFTs (BCFTs & dCFTs)...
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The AdS/CFT correspondence

We shall focus on defect CFTs that are holographic, i.e. avatars of higher-dimensional gravitational
theories that live in curved spacetimes.
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The AdS/CFT correspondence

We shall focus on defect CFTs that are holographic, i.e. avatars of higher-dimensional gravitational
theories that live in curved spacetimes.

The prototype of holographic dualities is the AdSs/CFT4 correspondence:
N =4, su(N) super Yang-Mills theory in 4d < Type IIB superstring theory on AdS; x s°

(Maldacena, 1997)

which is quantum integrable in the planar ('t Hooft/large-N) limit N — oo, A = g2, N = const.
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We shall focus on defect CFTs that are holographic, i.e. avatars of higher-dimensional gravitational
theories that live in curved spacetimes.

The prototype of holographic dualities is the AdSs/CFT4 correspondence:
N =4, su(N) super Yang-Mills theory in 4d < Type IIB superstring theory on AdS; x s°

(Maldacena, 1997)

which is quantum integrable in the planar ('t Hooft/large-N) limit N — oo, A = g2, N = const.

There also exists an AdSs/CFTs duality... reading, for k° > N:

N =6, U(N), x U(N)_, super Chern-Simons - Type IIA string theory on AdS, x CP* with N
theory in 3d with Chern-Simons levels + k € Z units of flux in AdSs and k units in CP?

(Aharony-Bergman-Jafferis-Maldacena, 2008)

lIA/ABJM is quantum integrable in the planar limit k, N — co, A = g&N = const. (g& = 1/k).
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N = 4, super Yang-Mills theory

N = 4, super Yang-Mills (SYM) theory is a 4-dimensional superconformal gauge theory:

2 1 L1 - 1
La—s=—5 trd — ZFu F"™ — = (Dugi)+itha Bba + = [0, 0] +
Som 4 2 4

3 6
+> Gaga lpi, Y] + Y GapPas [is 5] }

i=1 i=4
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@ N =4 SYM is quantum integrable in the planar limit... manifest in the spectrum of scaling
dimensions (Minahan-Zarembo, 2002; Beisert, Kristjansen, Staudacher, 2003; Beisert, 2003)
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@ Integrability solves the spectral problem in N' =4 SYM... (Gromov-Kazakov-Leurent-Volin, 2013)

@ Solution of the full planar theory by computing all of its observables (correlators, scattering am-
plitudes, Wilson loops, etc) underway...

@ Check the validity of the AdSs/CFT4 correspondence with high accuracy...
@ Half-BPS boundary conditions were studied by Gaiotto-Witten (2008)...
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Introduction

ABJM theory

ABJM theory is a 3-dimensional superconformal gauge theory:

Lasm = *4k - [e“”Ptr{AuauAp + %’ AuAA, — ALB,A, — —23’ AHA,,A,J} - tr{ (DY) D Y+
v
+izp,§mw3} — Vierm — vbos], where B=1,...,4,

where the potential contains mixed quartic and sextic bosonic terms which read

i
Viem= =trd Y YavLog — YaYiveyl + 2YaYivavl — 2V Yeplvs — ALY ppYipp + ALY 0L Yoyl
2

1
Vies = —Etr{YAYjYBY;YCYg FYIVAYEYeYLYe +4YaYEYeYiveY] —6YAYgYBYjYCYg}.

@ Exact superconformal symmetry OSP(2,2]6)...
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ABJM theory

ABJM theory is a 3-dimensional superconformal gauge theory:
k pvp 2i N ~ 20 A A A —_—
Lagm = 7 |7 AOL Ao + FAUAL A, — AuOuAp — S AuAVA, ¢ —trq (DuYs)' D" Y+
+”/);mw3} — Vierm — Vbos:|, where B = 1, .. .,4—7

where the potential contains mixed quartic and sextic bosonic terms which read

i
Viem= =trd Y YavLog — YaYiveyl + 2YaYivavl — 2V Yeplvs — ALY ppYipp + ALY 0L Yoyl
2

1
Vies = —Etr{YAYjYBY;YCYg FYIVAYEYeYLYe +4YaYEYeYiveY] —6YAYgYBYjYCYg}.

@ Exact superconformal symmetry OSP(2,2]6)...

@ Planar integrability... manifest in the spectrum of scaling dimensions (Minahan-Zarembo, 2008)

@ Solution of the spectral problem via QSC... (Cavaglia-Fioravanti-Gromov-Tateo, 2014)
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String integrability in AdS/CFT

Superstring theory on AdSs x S® and AdS, x CP?

@ The formulation of type IIB Green-Schwarz superstring theory on AdSs x S° is based on the
observation that the target space is a product of cosets that spans the bosonic section of a
supercoset:

50(4,2)  S0(6) PSU(2,2|4)
AdSs x S° = : C ’
5% 50(4,1) ~ S0(5) = SO(4,1) x SO(5)’

(Metsaev-Tseytlin, 1998)
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5 _
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(Metsaev-Tseytlin, 1998)

@ Similarly, the target space of type lIA Green-Schwarz superstring theory on AdSs x CP? is a product
of cosets and the bosonic section of a supercoset:

5 S0(3,2) _ SO(6) OSP(2,2|6)
AdSs x CP° = 50(3,1) X U(B) =~ SO(3,1) x U(3)

(Arutyunov-Frolov, 2008 & Stefanski, 2008)
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String integrability in AdS/CFT

Superstring theory on AdSs x S® and AdS, x CP?

@ The formulation of type IIB Green-Schwarz superstring theory on AdSs x S° is based on the
observation that the target space is a product of cosets that spans the bosonic section of a
supercoset:

50(4,2)  SO(6) - _ PSU(2,214)
50(4,1) ~ S0(5) = SO(4,1) x SO(5)’

(Metsaev-Tseytlin, 1998)

AdSs x S° =

@ Similarly, the target space of type lIA Green-Schwarz superstring theory on AdSs x CP? is a product
of cosets and the bosonic section of a supercoset:

5 S0(3,2) _ SO(6) OSP(2,2|6)
AdSs x CP° = 50(3,1) X U(B) =~ SO(3,1) x U(3)

(Arutyunov-Frolov, 2008 & Stefanski, 2008)

@ Both of the above supercosets are semi-symmetric spaces... semi-symmetric spaces are known to
give rise to integrable nonlinear sigma models that describe Green-Schwarz superstrings...
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String integrability in AdS/CFT

Green-Schwarz o-models in semi-symmetric superspaces

Green-Schwarz superstrings in semi-symmetric spaces are described by nonlinear o-models with action:

2
S= ,g /str [J(2) A*xJ® 4 D A J(3)] , T = ¢
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String integrability in AdS/CFT

Green-Schwarz o-models in semi-symmetric superspaces

Green-Schwarz superstrings in semi-symmetric spaces are described by nonlinear o-models with action:

2
S= —% /str [J@) A%JP SO A J(3’] . T=-

Semi-symmetric superspaces are endowed with a Z, grading. Their elements afford a Z4 decomposition:
J=g g =0+ S04 04 SO @ [S0] =g,
where J is the (moving-frame) current, g is an element of the superspace and Q a Z4 automorphism:

QM) = KM Ko = | o

M (4|4
. 7} € si(4]4)

K. 0 .
Kadsyxcps = { 04 e } . Ki =712, Ks =13 ® (io2), M € OSP(2,2[6).

Parameter matching relates the string tension T (and the AdS radius ¢) to the 't Hooft coupling A:

VA A
TAdS5 xS5 = ga TAdS4><C]P’3 = 5-
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String integrability in AdS/CFT

Green-Schwarz o-models in semi-symmetric superspaces

Green-Schwarz superstrings in semi-symmetric spaces are described by nonlinear o-models with action:

2
S= ,g /str [J(2) A*xJ® 4 D A J(3)] , T = ¢

The current J has a vanishing curvature, i.e.

dJ+JANJ=0.

The equations of motion that follow from the superstring action afford a Lax representation:

dL+LAL=0,
where the Lax connection L is given by
2
_ o X+l 2x e x4l g [x—1 g
L(x)=J +X2_1J xz—l*J + x—lJ + X+1J’

and x is the spectral parameter.
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String integrability in AdS/CFT

Green-Schwarz o-models in semi-symmetric superspaces

Green-Schwarz superstrings in semi-symmetric spaces are described by nonlinear o-models with action:

2
S= ,g /str [J(2) A*xJ® 4 D A J(3)] , T = ¢

Defining the fixed-frame current (or left current)

j=gdgt =dgg Tt =0 4 /0 4O 4O =gy

the corresponding Lax connection assumes the following form:

2 1 1
a(x) = (j(z) —x*j(2)) +(z—1) i 4 <; _ 1> 3, 5 = X + .

x2—1 x—1
(Bena, Polchinski, Roiban, 2003)
The Green-Schwarz o-model is classically integrable... Note also the fixed-frame flatness conditions:

dj—jNj=0, da+aANa=0.
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String integrability in AdS/CFT

Integrability of superstrings on AdS, x CP?

The notion of classical Liouville integrability is typically extended to (1 + 1 dimensional) field theory
systems by means of a monodromy matrix:

= 72
M(o1,02,7;x) = Pexp (/ ds aa(s,r;x)> .
o1
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String integrability in AdS/CFT

Integrability of superstrings on AdS, x CP?

The notion of classical Liouville integrability is typically extended to (1 + 1 dimensional) field theory
systems by means of a monodromy matrix:

— o2
M(o1,02,7;x) = Pexp (/ dsaa(s,r;x)> .
o1
Taking the derivative, one finds upon using the flatness of the Lax connection
0 M(o1,02,7;x) = M(01,02,7; %) a- (02, 7; x) — a- (o1, 7;x) M(01, 02, T; X)
so that the corresponding transfer matrix is conserved upon imposing periodic BCs (i.e. closed strings):
OrstrM(0, 27, 7;x) = 0.

To get the charges we Taylor-expand the monodromy matrix M, e.g. in the bosonic case we find:
5 2w 5 27 ) 1\
M(X)Z]].—f/ dsjiz)—i——2 [/ ds j© +2/ / dsds'ﬁ2 Jr ] ... =exp 2Z<—f> Q:
X Jo X 0 e X
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The notion of classical Liouville integrability is typically extended to (1 + 1 dimensional) field theory
systems by means of a monodromy matrix:

— o2
M(o1,02,7;x) = Pexp (/ dsaa(s,r;x)> .
o1
Taking the derivative, one finds upon using the flatness of the Lax connection
0 M(o1,02,7;x) = M(01,02,7; %) a- (02, 7; x) — a- (o1, 7;x) M(01, 02, T; X)
so that the corresponding transfer matrix is conserved upon imposing periodic BCs (i.e. closed strings):
OrstrM(0, 27, 7;x) = 0.

To get the charges we Taylor-expand the monodromy matrix M, e.g. in the bosonic case we find:

2 21 21 2 2
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X Jo 0 X X

All the charges of the MT o-model Poisson-commute (Mikhailov, Schifer-Nameki, 2007; Magro, 2008).
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Brane integrability in AdS/CFT
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Brane integrability in AdS/CFT

Integrable holographic dCFTs

All these methods can used to study boundaries and defects...
@ Holographic dCFTs were first realized in the context of the AdS/CFT correspondence by Karch-

Randall (2001), in an attempt to provide an explicit realization of gravity localization on an AdSa
brane.
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Randall (2001), in an attempt to provide an explicit realization of gravity localization on an AdSa
brane.

@ The boundary conformal bootstrap program (Liendo, Rastelli, van Rees, 2012) aims at solving and
constraining defect CFTs by determining and computing their minimal set of independent dCFT
data.
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Randall (2001), in an attempt to provide an explicit realization of gravity localization on an AdSa

brane.

@ The boundary conformal bootstrap program (Liendo, Rastelli, van Rees, 2012) aims at solving and
constraining defect CFTs by determining and computing their minimal set of independent dCFT

data.

@ The introduction of integrability techniques to the AdS/defect CFT correspondence (de Leeuw,
Kristjansen, Zarembo, 2015), led to the systematic calculation of dCFT data (such as correlators,

Wilson loops, etc).
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Integrable holographic dCFTs

All these methods can used to study boundaries and defects...

@ Holographic dCFTs were first realized in the context of the AdS/CFT correspondence by Karch-
Randall (2001), in an attempt to provide an explicit realization of gravity localization on an AdSa
brane.

@ The boundary conformal bootstrap program (Liendo, Rastelli, van Rees, 2012) aims at solving and
constraining defect CFTs by determining and computing their minimal set of independent dCFT
data.

@ The introduction of integrability techniques to the AdS/defect CFT correspondence (de Leeuw,
Kristjansen, Zarembo, 2015), led to the systematic calculation of dCFT data (such as correlators,
Wilson loops, etc).

@ Supersymmetric localization methods were introduced by Komatsu-Wang (2020). They permit to
carry out precision tests of the planar AdS/dCFT duality beyond perturbation theory.

To set the stage for the study of string BCs, let us briefly review the Karch-Randall system...
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Brane integrability in AdS/CFT PRI [

The D3-D5 probe-brane system

Type IIB string theory on AdSs x S® is encountered very close to a system of N coincident D3-branes:

Mink;,

| AdSgxs’

The D3-branes extend along xi1, x2, x3...

t | x1 | X | X3 | Xa | Xs | X6 | X1 | Xg | Xo
D3 o | o ° .
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The D3-D5 probe-brane system

[IB string theory on AdSs x S° is encountered very close to a system of N coincident D3-branes:
g y y Y

Mink;, o

D5-brane
~N

N D3-branes

[l

Now insert a single (probe) D5-brane at x3 = x; = xg = xg = 0...
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The D3-D5 probe-brane system

[IB string theory on AdSs x S° is encountered very close to a system of N coincident D3-branes:

Mink;, o

D5-brane
~N

N D3-branes

[l

Now insert a single (probe) D5-brane at x3 = x; = x3 = x9 = 0... its geometry will be AdS; x S°...

t X1 X2 X3 X4 X5 X6 X7 X8 X9
D3 || e | @ ° °

D5 || e | @ ° ° ° °
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Intersecting branes
, )-brane egrability
Brane integrability in AdS/CFT 2RIEIDETE

The dual defect SCFT

@ In the bulk, the D3-D5 system describes |IB
AdS.xS string theory on AdSs x S° bisected by a D5
’ brane with worldvolume geometry AdSs x S°.

o
[

Bulk A4S

@ The dual field theory is still SUN), N = 4
SYM in 3 + 1 dimensions, that interacts with
a CFT living on the 2 4+ 1 dimensional defect:

S = Sn=4+ S241.
(DeWolfe, Freedman, Ooguri, 2001)

ND3’s

Ad

—IIIIIIM;IIII_

@ Due to the presence of the defect, the total
Boundary |/V=45YM N=4SYM bosonic symmetry of the system is reduced

SU(N) SU(N) from SO(4,2) x SO(6) to SO(3,2) x SO(3) x
txy 50(3).

| @ The corresponding superalgebra psu (2,2]4)
2>0 becomes osp (4|4).

defect (2+1 dim)

3+1 dim 3+1 dim
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Brane integrability in AdS/CFT

D5-brane embedding

There are also k units of magnetic flux through the S?... forcing k D3-branes to end on the D5-brane...

F k F k 26: Eabe Xa dXp A dX,
~— =K, = - abc Xa b c-
52 27 4 aboed
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Brane integrability in AdS/CFT

D5-brane embedding

There are also k units of magnetic flux through the S?... forcing k D3-branes to end on the D5-brane...

F

6
S2 21 -

k
=k, F:Z~ Z Eabe Xa dXp N dXc.

a,b,c=4

The geometry of the D5-brane in AdSs x S° will still be AdSs x S?... Its embedding will be described by:

X3 =K- Z, K= = tanaq,

SIE

where the metric of AdSs x S® is written as:

2
ds? = % (7dt2 T+ e+ dE + dz2) L2, z=
V4

N =

and the 2-sphere is parameterized by:

6 6
ng = d6? —|—sin2t9d<;52 = Z dx, dxa, Zxa Xa =1, X7 = xg = X9 = 0.
a=4

a=4
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Brane integrability in AdS/CFT PRI

The D3-D5 dSCFT

@ On the dual SCFT side, the gauge
) D5 group SU(N) x SU(N) breaks to
xS° -xS5
Bulk A95S AdSsxS SU(N — k) x SU(N).
(N-K) D3's @ Equivalently, the fields of N' = 4
ND3s SYM develop nonzero vevs...
- (Karch-Randall, 2001b)
gl
<<
Boundary N=4 SYM N=4SYM
SU(N-K) 4 SU(N)
g X,y
% ‘—v z>0
3+1 dim 3+1 dim

18 /31


https://arxiv.org/abs/hep-th/0105132
https://arxiv.org/abs/1802.01598
https://arxiv.org/abs/1802.01598

Intersecting branes
)-brane integrability
Brane integrability in AdS/CFT PRI

The D3-D5 dSCFT

@ On the dual SCFT side, the gauge
) D5 group SU(N) x SU(N) breaks to
A X352 -xS5
Bulk A95S AdSsxS SU(N — k) x SU(N).
(N-K) D3's @ Equivalently, the fields of N' = 4
ND3s SYM develop nonzero vevs...
- (Karch-Randall, 2001b)
_v;? @ dCFT correlation functions = Higgs
< condensates of gauge-invariant oper-
ators of N/ =4 SYM...
Boundary N=4 SYM N=4 SYM
SU(N-k) 7 SU(N)
g X,y
% ‘—v z>0
3+1 dim 3+1 dim
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The D3-D5 dSCFT

@ On the dual SCFT side, the gauge
- D5 group SU(N) x SU(N) breaks to
Bulk  A945%S AdSxS? SU(N — k) x SU(N).

(N-K) D3's @ Equivalently, the fields of N' = 4
ND3s SYM develop nonzero vevs...
(Karch-Randall, 2001b)

AdS,xS?
)

dCFT correlation functions = Higgs
condensates of gauge-invariant oper-
ators of N/ =4 SYM...

Boundary N=4SYM N=4 SYM @ Matrix product states... Bethe state
SU(N-k) SU(N) overlaps... closed-form determinant
bxy formulas... (de Leeuw, Kristjansen,

[ GL, 2018...)
z>0

3+1 dim 3+1 dim

defect (2+1 dim)

18 /31


https://arxiv.org/abs/hep-th/0105132
https://arxiv.org/abs/1802.01598
https://arxiv.org/abs/1802.01598

Intersecting branes
)-brane integrability
Brane integrability in AdS/CFT PRI

The D3-D5 dSCFT

@ On the dual SCFT side, the gauge

) D5 group SU(N) x SU(N) breaks to
xS° -xS5
Bulk A95S AdSsxS SU(N — k) x SU(N).
(N-K) D3's @ Equivalently, the fields of N' = 4
ND3s SYM develop nonzero vevs...
- (Karch-Randall, 2001b)
g @ dCFT correlation functions = Higgs

condensates of gauge-invariant oper-
ators of N/ =4 SYM...

Boundary N=4SYM N=4 SYM @ Matrix product states... Bethe state
SU(N-k) 4 SU(N) overlaps... closed-form determinant
S bxy formulas... (de Leeuw, Kristjansen,
& GL, 2018...)
ﬁ ‘_, 250 @ Is integrability preserved?... inte-
341 dim 3+1 dim grable quench criteria...
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Intersecting branes
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Brane integrability in AdS/CFT

The D2-D4 probe-brane system

Type A string theory on AdS, x CP? is encountered very close to a system of N coincident D2-branes:

Mink,,

The D2-branes extend along x1, x2...

xi|x|z|[&|6 || 6] d|w
D2 || e| o | @
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The D2-D4 probe-brane system

[IA string theory on AdSs x CP? is encountered very close to a system of N coincident D2-branes:

Mink,,

Now insert a single D4-brane at x; = =60, = ¢o =1 =0...

tlx | x |z |E&|6 | 1| 0| 2| W
D2 || e| @ | @
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Brane integrability in AdS/CFT

The D2-D4 probe-brane system

[IA string theory on AdSs x CP? is encountered very close to a system of N coincident D2-branes:

Mink,,

CP3
D4-brane ‘A_dS1>< CE
NDZ-braEs.

The probe D4-brane lies at x; = £ = 6, = ¢ = 1) = 0... its geometry will be AdS; x CP*...
2

V; 1 1 2
ds® == (—dxg + & + &3 + dz°) + 462 [d{z +cos? € sin? ¢ (dz[) + 5 cos 01 depy — 5 cos 6o d¢>2) +
z
1 1
+7 cos? € (d03 + sin 01 d?) + 2 sin? & (d63 + sin® 0> d¢3) ] ,

where £ € [0,7/2), 612 € [0,7], ¢12 € [0,27), ¢ € [-2m, 27].
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The D2-D4 probe-brane system

[IA string theory on AdSs x CP? is encountered very close to a system of N coincident D2-branes:

Mink,,

D4-brane ‘A_dSV(‘C:PJ

N
N D2-branes!

The probe D4-brane lies at x; = £ = 6, = ¢ = 1) = 0... its geometry will be AdS; x CP*...

2 1 1 2
ds? == ( — dxgidx12+dx22 + dz2)+4€2 {d{Z + cos2$ sin2£ <d'z,v + 5 cosf dp1 — 5 cos 0> doz) +
V4

1 1
+1c052 £(d0? + sin® 0 d¢§)+Z sin® & (d63 + sin® 02 d¢3) } )
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Brane integrability in AdS/CFT

The D2-D4 probe-brane system

[IA string theory on AdSs x CP? is encountered very close to a system of N coincident D2-branes:

Mink,,

D4-brane

AdS,xCP3
~
I,

N D2-branes

—

The probe D4-brane lies at x; = & = 6, = ¢ = ¢ = 0... its geometry will be AdS3 x CP*...
02 .
ds? = = (—dxg + dxg + dz?) + €2 (d63 + sin? 61 do?).
Note that CP! is just a 2-sphere: dsép1 = (2 (d02 + sin? 61 d?) = SO Ldxidx, S0, xix =2
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Brane integrability in AdS/CFT

D4-brane embedding

The brane geometry is also supported by Q units of magnetic flux through CP"...
F=0rQdcosb Adpy = —0* Q sin by dbr dy = dA.

The flux forces exactly g = v2)\ Q of the D2-branes to terminate on one side of the D4-brane...
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D4-brane embedding

The brane geometry is also supported by Q units of magnetic flux through CP"...
F=0rQdcosb Adpy = —0* Q sin by dbr dy = dA.
The flux forces exactly g = v2)\ Q of the D2-branes to terminate on one side of the D4-brane...
The AdS3 x CP'C AdSs; x CP? embedding of the probe D4-brane is described by the set of equations:

X2 X Q -z & 13 < 0, 02, G2, V¥ < constant.
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The brane geometry is also supported by Q units of magnetic flux through CP"...
F=0rQdcosb Adpy = —0* Q sin by dbr dy = dA.

The flux forces exactly g = v2)\ Q of the D2-branes to terminate on one side of the D4-brane...

The AdS3 x CP'C AdSs; x CP? embedding of the probe D4-brane is described by the set of equations:
X2 X Q -z & 13 < 0, 02, G2, V¥ < constant,
2 2 2 2 2| jp2 24 2 1 1 2
- (—dxo + A+ dE + dz ) +40°|d€” + cos” € sin” ¢ ( dy + 5 cos 0y dn — 5 cosO2dez ) +

1 . 1 . .
+Z cos? & (d@f +sin? 6, dd)i) + 1 sin? ¢ (dG% +sin? 6, d¢>§) ] .
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Brane integrability in AdS/CFT

D4-brane embedding

The brane geometry is also supported by Q units of magnetic flux through CP"...
F=0rQdcosb Adpy = —0* Q sin by dbr dy = dA.

The flux forces exactly g = v2)\ Q of the D2-branes to terminate on one side of the D4-brane...

The AdS3 x CP'C AdSs; x CP? embedding of the probe D4-brane is described by the set of equations:

] 1 |
x=Q z & £=0, 02, ¢2, 1 = constant.
D4-brane

AdS, Q
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The D2-D4 dSCFT

@ In the bulk, the D2-D4 system de-
AdS xCP? D4 AdS.xCP? scribes IIA string theory on AdS.s x
Bulk ! ¢ CP® bisected by a D4 brane with
worldvolume geometry AdS; x CP*.
(N-q) D2's
ND2’s
B
O
X
o
<<
Boundary [ABM ABIM
UN-g+1)xU(N-q) |2 U(N)xU(N)
; t, x
5 L>y>0
2+1dim 2+1dim
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The D2-D4 dSCFT

@ In the bulk, the D2-D4 system de-

AdS.xCP? D4 AdS.<CP scribes A string theory on AdSs x
Bulk ! ¢ CP® bisected by a D4 brane with
worldvolume geometry AdS; x CP*.
(N-q) D2’s .. @ The bosonic symmetry of the system
is reduced from SO(3,2) x SO(6) to
% 50(2,2) x SU(2) x SU(2) x U(1).
o
<<
Boundary |ABIM X ABJM
UN-g+1)xU(N-q) |2 U(N)xU(N)
b t, x
§ L> y>0
2+1dim 2+1dim
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The D2-D4 dSCFT

@ In the bulk, the D2-D4 system de-

AdS.xCP? D4 AdS.<CP scribes A string theory on AdSs x
Bulk ! ¢ CP® bisected by a D4 brane with
worldvolume geometry AdS; x CP*.
(N-q) D2’s vpzd @ The bosonic symmetry of the system
is reduced from SO(3,2) x SO(6) to
% 50(2,2) x SU(2) x SU(2) x U(1).
;Z‘af @ On the dual SACFT side, the gauge
< group U(N) x U(N) breaks to U(N —
g+1)x UN —q).
Boundary |ABIM X ABJM ) ( )
UN-g+1)xU(N-q) |2 U(N)xU(N)
b t, x
§ L>y>0
2+1dim 2+1dim
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The D2-D4 dSCFT

@ In the bulk, the D2-D4 system de-
AdS <CP? D4 AdS,<CP? scri?E)es. IIA string theory on AdS4. X
Bulk CP® bisected by a D4 brane with
worldvolume geometry AdS; x CP*.

(N-q) D2’s

@ The bosonic symmetry of the system
is reduced from SO(3,2) x SO(6) to
50(2,2) x SU(2) x SU(2) x U(1).

@ On the dual SACFT side, the gauge
group U(N) x U(N) breaks to U(N —

qg+1)x O(N - q).
ABJM ABJM
Boundary U(11/—q+1)><17(N-q) U(N)x0[1JV) @ Nonzero vevs... Matrix product
states... Bethe state overlaps...
X closed-form determinant formulas?...
| (Kristjansen-Vu-Zarembo, 2021, Go-
y>0

mbor-Kristjansen, 2022...)

ND2’s

AdS,xCP!

defect (2+1 dim)

2+1dim 2+1 dim
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The D2-D4 dSCFT

@ In the bulk, the D2-D4 system de-
D4

AdS <CP? AdS <CP? scri?E)es. IIA string theory on AdS4. X
Bulk CP® bisected by a D4 brane with
worldvolume geometry AdS; x CP*.

(N-q) D2’s

@ The bosonic symmetry of the system
is reduced from SO(3,2) x SO(6) to
50(2,2) x SU(2) x SU(2) x U(1).

@ On the dual SACFT side, the gauge
group U(N) x U(N) breaks to U(N —

qg+1)x O(N - q).
ABJM ABJM
Boundary U(11/—q+1)><17(N-q) U(N)x0[1JV) @ Nonzero vevs... Matrix product
states... Bethe state overlaps...
X closed-form determinant formulas?...
| (Kristjansen-Vu-Zarembo, 2021, Go-
y>0

mbor-Kristjansen, 2022...)

ND2’s

AdS,xCP!

defect (2+1 dim)

2+1dim 2+1dim @ Is integrability preserved?
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The quest for integrability

@ Does the deformation of an integrable holographic duality by probe D-branes preserve integrability?
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@ Finding closed-form (determinant) formulas for the correlators of defect CFTs is a good sign since
it could be taken to mean that the theory can be "solved” ...

@ For defect CFTs, we only need to plug the defect conformal data into the OPE to solve the theory
in the conformal sense, i.e. compute all of its correlators...

@ One could also consider the integrable quench criteria... e.g. the parity-odd charges,
Q2s+1 |MPS) =0, s=1,2,... (Piroli, Pozsgay, Vernier, 2017)

of the integrable hierarchy of charges of the spin chain annihilate the MPS...
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@ Does the deformation of an integrable holographic duality by probe D-branes preserve integrability?

@ No in general... e.g. a probe SU(2) x SU(2) symmetric D7-brane is known to break the (super-
symmetry and) integrability of AdSs/CFT,... (de Leeuw-Kristjansen-Vardinghus, 2019)...

@ Finding closed-form (determinant) formulas for the correlators of defect CFTs is a good sign since
it could be taken to mean that the theory can be "solved” ...

@ For defect CFTs, we only need to plug the defect conformal data into the OPE to solve the theory
in the conformal sense, i.e. compute all of its correlators...

@ One could also consider the integrable quench criteria... e.g. the parity-odd charges,
Q2s+1 |MPS) =0, s=1,2,... (Piroli, Pozsgay, Vernier, 2017)

of the integrable hierarchy of charges of the spin chain annihilate the MPS...
@ Closed strings in AdSs x S° and AdS,; x CP? are integrable but how about open strings?
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Q2s+1 |MPS) =0, s=1,2,... (Piroli, Pozsgay, Vernier, 2017)
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@ Closed strings in AdSs x S® and AdSs x CP* are integrable but how about open strings? (String)
BCs may break integrability...
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The quest for integrability

@ Does the deformation of an integrable holographic duality by probe D-branes preserve integrability?

@ No in general... e.g. a probe SU(2) x SU(2) symmetric D7-brane is known to break the (super-
symmetry and) integrability of AdSs/CFT,... (de Leeuw-Kristjansen-Vardinghus, 2019)...

@ Finding closed-form (determinant) formulas for the correlators of defect CFTs is a good sign since
it could be taken to mean that the theory can be "solved” ...

@ For defect CFTs, we only need to plug the defect conformal data into the OPE to solve the theory
in the conformal sense, i.e. compute all of its correlators...

@ One could also consider the integrable quench criteria... e.g. the parity-odd charges,
Q2s+1 |MPS) =0, s=1,2,... (Piroli, Pozsgay, Vernier, 2017)

of the integrable hierarchy of charges of the spin chain annihilate the MPS...

@ Closed strings in AdSs x S® and AdSs x CP* are integrable but how about open strings? (String)
BCs may break integrability...

@ Dekel-Oz (2011) proved classical integrability of the D3-D5 & D2-D4 systems in the zero-flux
case...
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String boundary conditions

In the absence of fermions, the superstring action reduces to the string Polyakov action,

s—__1 / d7do Gy P 0a X" 05 X" + / dr [A,-x,} ,

4o =0

on either AdSs x S° or AdSs x CPP®. Commonly, the brane cuts the string worldsheet at a constant-o
section while the variations of the initial (71) and final (72) string states vanish:

§Xm (11,0 = 0) = 6Xpm (12,0 = 0) = 0.
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In the absence of fermions, the superstring action reduces to the string Polyakov action,

s—__1 / d7do Gy P 0a X" 05 X" + / dr [A,-x,} ,

4o =0

on either AdSs x S° or AdSs x CPP®. Commonly, the brane cuts the string worldsheet at a constant-o
section while the variations of the initial (71) and final (72) string states vanish:

0Xm (11,0 = 0) = 5Xm (72,0 =0) = 0.
By varying the Polyakov action it is easy to derive the string boundary conditions:

X; — 2ma Fy X; 0 (longitudinal: Neumann-Dirichlet)
X, <0 (transverse: Dirichlet).
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String boundary conditions

In the absence of fermions, the superstring action reduces to the string Polyakov action,

s—__1 / d7do Gy P 0a X" 05 X" + / dr [A,-x,} ,

4o =0

on either AdSs x S° or AdSs x CPP®. Commonly, the brane cuts the string worldsheet at a constant-o
section while the variations of the initial (71) and final (72) string states vanish:

§Xm (11,0 = 0) = 6Xpm (12,0 = 0) = 0.

By varying the Polyakov action it is easy to derive the string boundary conditions, finding in particular:

AdSs: Xo,1,2 Lz + kX3 20 (Neumann) S5 % < k(x5 X6 — X6 x5) (Neumann-Dirichlet)
%3 —kz=0 (Dirichlet) %5 = K (x6 X4 — Xa %)

)66 ; K(X4)'(5 — X5 )'(4)
X7 = X = %o = (Dirichlet).
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String boundary conditions

In the absence of fermions, the superstring action reduces to the string Polyakov action,

s—__1 / d7do Gy P 0a X" 05 X" + / dr [A,-x,} ,

4o =0

on either AdSs x S° or AdSs x CPP®. Commonly, the brane cuts the string worldsheet at a constant-o
section while the variations of the initial (71) and final (72) string states vanish:

§Xm (11,0 = 0) = 6Xpm (12,0 = 0) = 0.

By varying the Polyakov action it is easy to derive the string boundary conditions, finding in particular:

AdS, cp?
Xo,1 Lz + QX L0 (Neumann) 61 + Qsin 91ci>1 < sin 91¢'1 - Q6 L0 (Neumann-Dirichlet)
% — Qz=0 (Dirichlet) Exbr=gp=1h=0 (Dirichlet),

where we have defined § = q/\.
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Integrable boundary conditions

Is the probe D-brane integrable?
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Integrable boundary conditions

Is the probe D-brane integrable? To be able to answer this question we need to set up a formalism that
takes into account the boundary at ¢ = 0. The double-row monodromy matrix (Sklyanin, 1987),

T(1;x) = M*(7; —x) - U(7; %) - M(7;%),

is formed by joining two monodromy matrices through a reflection matrix U which generally depends
on both the spectral parameter x and the string embedding coordinates (x, z).
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Integrable boundary conditions

Is the probe D-brane integrable? To be able to answer this question we need to set up a formalism that
takes into account the boundary at ¢ = 0. The double-row monodromy matrix (Sklyanin, 1987),

T(1;x) = M*(7; —x) - U(7; %) - M(7;%),

is formed by joining two monodromy matrices through a reflection matrix U which generally depends
on both the spectral parameter x and the string embedding coordinates (x, z). Taking the derivative,

Tx) = M (=) - (U(x) = a3 (—x) - Ux) = V() - ar(x) ) - M(x),
we conclude that the corresponding transfer matrix will be conserved if
U(x) = a(—x) - UR) + U() - ar(x),

where a(x) stands for the flat fixed frame connection

x+1

2 . . . 1 .
20) = g (1% = xd®) o) 0 (F-1) 0 o= 2
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Integrable boundary conditions

In terms of the current j, the D-brane integrability condition becomes:

2
x2—1

+(z— 1) {00+ U} + (771) (U@ +0* U},

so that if the reflection matrix U is a constant matrix that does not depend on x and T,

' 2
L Ry e R LAMLELT

JPrU4UR L Pty —vujP Lo, UW 4O ULU® 40 UL0  (Dekel-Oz, 2011).
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Integrable boundary conditions

In terms of the current j, the D-brane integrability condition becomes:

2
x2—1

+(z— 1) {00+ U} + (771) (U@ +0* U},

so that if the reflection matrix U is a constant matrix that does not depend on x and T,

' 2
L Ry e R LAMLELT

JPrU4UR L Pty —vujP Lo, UW 4O ULU® 40 UL0  (Dekel-Oz, 2011).

In the bosonic case, the fermionic currents j(1’3) vanish, supertransposes get replaced by transposes...

2

o
TU:X 1

{JT U + TUJf)} + 5 {JU U-U¢ }
while the reflection matrix U is block diagonal, with one block for AdS and another for either S® or CP*:

Uaass O } U:[UAdS 0 }

U:’C[ 0 Us 0 Uc
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Integrable boundary conditions

In terms of the current j, the D-brane integrability condition becomes:

2
x2—1

+(z— 1) {00+ U} + (771) (U@ +0* U},

so that if the reflection matrix U is a constant matrix that does not depend on x and T,

' 2
L Ry e R LAMLELT

JPrU4UR L Pty —vujP Lo, UW 4O ULU® 40 UL0  (Dekel-Oz, 2011).

In the bosonic case, the fermionic currents j(1’3) vanish, supertransposes get replaced by transposes...

2

o
TU:X 1

{JT U + TUJf)} + 5 {JU U-U¢ }
while the reflection matrix U is block diagonal, with one block for AdS and another for either S® or CP*:

Uaass O } U:[UAdS 0 }

U:’C[ 0 Us 0 Uc

A given set of BCs is integrable, if a reflection matrix U can be found that satisfies the above condition...
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Integrable D5-brane in AdSs

The coset representative of AdSs can be expressed in terms of the standard conformal generators:

gads = e 2P,
where =0, ...,3 and the 4-dimensional conformal group dimensions is spanned by
Y4 1+ Y4
D= o Py =My, Ky =N_y,, Ly = Yuws Ny = B
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Integrable D5-brane in AdSs

The coset representative of AdSs can be expressed in terms of the standard conformal generators:

gads = e 2P,
where =0, ...,3 and the 4-dimensional conformal group dimensions is spanned by
Y4 1+ Y4
D= o Py =My, Ky =N_y,, Ly = Yuws Ny = B

The corresponding fixed-frame current is
. 1 v
ﬁ)s =53 [2 (zdz + xdx) (D — xP) + (22 + X2) Pdx + Kdx + Ly, x"dx ] ,

while the reflection matrix that satisfies the D-brane integrability condition is dynamical:

25 xty, =Ny — (P4 22N

Uads = .
AdS ’Y3+x2+1 Z

(Zarembo-GL, 2021)
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Integrable D5-brane in AdSs

The coset representative of AdSs can be expressed in terms of the standard conformal generators:

gads = e 2P,
where =0, ...,3 and the 4-dimensional conformal group dimensions is spanned by
Y4 1+ Y4
D= o Py =My, Ky =N_y,, Ly = Yuws Ny = B

The corresponding fixed-frame current is
. 1 v
ﬁ)s =53 [2 (zdz + xdx) (D — xP) + (22 + X2) Pdx + Kdx + Ly, x"dx ] ,

while the reflection matrix that satisfies the D-brane integrability condition is dynamical:

25 xty, =Ny — (P4 22N

Uads = .
AdS ’Y3+x2+1 Z

(Zarembo-GL, 2021)
The no-flux case k = 0 trivially reduces to the Dekel-Oz (2011) result.
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Integrable D5-brane in S°

The coset parametrization of S° is
gs = ne + ivaNa, a=1,...,5

where

0 .
neg = cos —, N, = my sin = m; = 1.
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Integrable D5-brane in S°

The coset parametrization of S° is
gs = ne + ivaNa, a=1,...,5
where

0 .0
n6:cos§, n, = m, smE, m; = 1.

The corresponding fixed frame current is given
js(z) = i(2n§ — 1)nednay, — i(2ng + 1)dnenaya — 2n§nadnb'yab

and the integrable reflection matrix is

26X N

Ue =
s 745+X2+1 P

i=1,2,3,

(Zarembo-GL, 2021)

28 /31


https://arxiv.org/abs/2102.12381
https://arxiv.org/abs/1106.3446

cting branes

Brane integrability in AdS/CFT e Hilizy

Integrable D5-brane in S°

The coset parametrization of S° is
gs = ne + ivaNa, a=1,...,5

where

0 .0
n6:cos§, n, = m, smE, m; = 1.

The corresponding fixed frame current is given
js(z) = i(2n§ — 1)nednay, — i(2ng + 1)dnenaya — 2n§nadnb'yab

and the integrable reflection matrix is
2Kk X N
x24+1 ng’

Us = a5 + i=1,2,3,

(Zarembo-GL, 2021)

Once more, the no-flux case x = 0 trivially reduces to the Dekel-Oz (2011) result.
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Integrable D4-brane in AdS,

The coset representative of AdSs can be expressed in terms of the standard conformal generators:

gads = e 2P,
where . = 0, 1,2 and the 3-dimensional conformal group is spanned by

_ 1:‘:’)/3

3
D= B Py =My, Ky =N, Lyuw = Yuvs My 5

2 ’
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Integrable D4-brane in AdS,

The coset representative of AdSs can be expressed in terms of the standard conformal generators:

P,x"* _D
gads = e "7 z7,

where . = 0, 1,2 and the 3-dimensional conformal group is spanned by

_ 1:‘:’)/3

3
D= B Py =My, Ky =N, Lyuw = Yuvs My 5

2 7
The corresponding fixed-frame current is
‘ﬁ)s = é [2 (zdz + xdx) (D — xP) + (22 + X2) Pdx + Kdx + wa“dx"] ,
while the reflection matrix that satisfies the D-brane integrability condition is dynamical:

2 xty, — My — (22 +x3) N
Uads = Ka - Q T il ) )

72+X2+1' z

(GL, 2022)
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Integrable D4-brane in AdS,

The coset representative of AdSs can be expressed in terms of the standard conformal generators:

P,x"* _D
gads = e "7 z7,

where . = 0, 1,2 and the 3-dimensional conformal group is spanned by

_ 1:‘:’)/3

3
D= B Py =My, Ky =N, Lyuw = Yuvs My 5

2 7
The corresponding fixed-frame current is
‘ﬁ)s = é [2 (zdz + xdx) (D — xP) + (22 + X2) Pdx + Kdx + wa“dx"] ,
while the reflection matrix that satisfies the D-brane integrability condition is dynamical:

2 xty, — My — (22 +x3) N
Uads = Ka - Q T il ) )

72+X2+1' z

(GL, 2022)

similar to the D5-brane result GL-Zarembo (2021)... For Q = 0 we obtain the Dekel-Oz (2011) result...
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Integrable D4-brane in CP3

The coset parametrization of CP? is

gop = e Fev T30 Ta(011 5 ) gRadn oRa(021 5 ) 2Tt

where Ry, ..., Ry are the graded-0 generators of so (6) with respect to its u (3) subalgebra, and T1,..., Ts
are the graded-2 generators...
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Integrable D4-brane in CP3

The coset parametrization of CP? is

gop = e Fev T30 Ta(011 5 ) gRadn oRa(021 5 ) 2Tt

where Ry, ..., Ry are the graded-0 generators of so (6) with respect to its u (3) subalgebra, and T1,..., Ts
are the graded-2 generators... The boundary values of the fixed-frame current are given by

J? LTedisin? 01 + T ((91 cos 1 — 1 sin By cos O sin ¢1) (R7 + Ro) (291 sin ¢1 + ¢b1 sin 26; cos ¢1)

_1
4

2 ! o~ d . . 1 .

_]L(72) 4. prm |:T3 cos @y + Tasinfysing; + 5 (R7 + Ro) sin 01 cos ¢ — Rg} + (61,02, 1, P2, 70) - €,

where f (61,02, 1, Pp2,%) is a complicated function...
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Integrable D4-brane in CP3

The coset parametrization of CP? is

gop = e Fev T30 Ta(011 5 ) gRadn oRa(021 5 ) 2Tt

where Ry, ..., Ry are the graded-0 generators of so (6) with respect to its u (3) subalgebra, and T1,..., Ts
are the graded-2 generators... The boundary values of the fixed-frame current are given by

J? LTedisin? 01 + T ((91 cos 1 — 1 sin By cos O sin ¢1) (R7 + Ro) (291 sin ¢1 + ¢b1 sin 26; cos ¢1)

_1
4

2 ! o~ d . . 1 .

Jf) 4. prm |:T3 cos @y + Tasinfysing; + 5 (R7 + Ro) sin 01 cos ¢ — Rg} + (61,02, 1, P2, 70) - €,

where f (61,02, 1, p2,1) is a complicated function...The integrable reflection matrix turns out to be:

2@){

UC]P:UO+X2+1

-S, S=2T3cos61 4 2Tssinbrsin 1 + (Ry + Ro)sin0i cosp1 — Rs

Up =2 (Tf 377+ T52) (GL, 2022)
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Integrable D4-brane in CP3

The coset parametrization of CP? is

gop = e Fev T30 Ta(011 5 ) gRadn oRa(021 5 ) 2Tt

where Ry, ..., Ry are the graded-0 generators of so (6) with respect to its u (3) subalgebra, and T1,..., Ts
are the graded-2 generators... The boundary values of the fixed-frame current are given by

J? LTedisin? 01 + T ((91 cos 1 — 1 sin By cos O sin ¢1) (R7 + Ro) (291 sin ¢1 + ¢b1 sin 26; cos ¢1)

_1
4

2 ! o~ d . . 1 .

Jf) 4. prm |:T3 cos @y + Tasinfysing; + 5 (R7 + Ro) sin 01 cos ¢ — Rg} + (61,02, 1, P2, 70) - €,

where f (61,02, 1, p2,1) is a complicated function...The integrable reflection matrix turns out to be:

2@){

UC]P:UO+X2+1

-S, S=2T3cos61 4 2Tssinbrsin 1 + (Ry + Ro)sin0i cosp1 — Rs

Up =2 (Tf 377+ T52) (GL, 2022)

Once more, the no-flux case Q = 0 trivially reduces to the Dekel-Oz (2011) result.

30 /31


https://arxiv.org/abs/2202.06824
https://arxiv.org/abs/1106.3446

Int ting branes

Brane integrability in AdS/CFT DHiremme etz

Conserved charges

@ The conserved charges are obtained by expanding the double-row monodromy matrix at x = cc...
As expected they form a subset of the closed string tower, though some of them are eliminated
due to folding...
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Conserved charges

@ The conserved charges are obtained by expanding the double-row monodromy matrix at x = cc...
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