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Dogs and strawberries

Phd: weekends we took the dog for a walk




Dogs and strawberries
Phd: the dog could NEVER find wild strawberries




» My wife would push aside a leaf, say “Look!”




» My wife would push aside a leaf, say “Look!”

» THERE it is: a strawberry!



» My wife would push aside a leaf, say “Look!”

» THERE it is: a strawberry!
» Dogs jumps and eats.



Robert Bryant

Phd:

(8)

weekdays

. P .
T, = ®ym, + O~ 3 0T+ 03T 0+ 2By, w3+ Byogwg

+ 20,0, + 283005+ A 0,0, A, 0a0;,
Y= W,y (®— @) — 0, @+ 017+ Broao;+ Aoy 0, + Aymy 05,
Ty =W, (O, — @) — 0507+ 0,7, — Biwog— Ao, m, — Ay, 0y,

I 1 2
W, = Wy Wy + T 03T 3 O, Ty 3 O3 Wy a7y — Biow;— 2Bima.om,

— Ao o, —Azw, 05—2A30,0,—2A, 0,05,

9 9 ¢
@ =T @ By W — 05+ 037+ I Do m,+ g(:ﬂﬁxmu -+ g Co,y 00y
31

by
3

Biogo,+ - By(w 05+ 9:0,) +
4

3

4

2
o)

4

+ Aswya, -+ Ayogms; + Byw,w;,

W TS W W+ W T~ 9y Wy~ Wy 7~ ,q—? Dy, 0,4 %Czwlwg—l— g,-(:q(:.\,w3
7 32

3 3 3
— Az, — A, 0,05+ ZBzm, 0y -+ 7 By(oyws+ wy0;) + = B, w05,

4

3 .
w, = %msws—k () -+ @ )T+ 0, %1+ 057 + B%Emimz—— 3 Dy 03
3 . o .



Robert Bryant

Phd: weekdays

®)

| see nothing.

o+ g

3 @5+ 0,71+ 2 By oy + By
2 sy 02 430,

Asoswit Ay oy,

B = (T — B2) — 0T 7+ Byt Awss =+ A,

050

@3 (@ — @) — 05+ 37— By g — Ay — Ay,

1 1 a2
W= @ 03T 50Ty 3 03+ 0y

3 3 —B.ows— 2Bsosos

iy Ay 05— 2 As g s— 2 A0y,

o 9 9c
), -rgl.,m.’.:,w—%h,m:'n,

37

T o Ty 0T 037,

VP

By w4 in,(u.us+ B30,) + > By s,
i g A

T B T T 9y T Y %]),M,m + gc,mku,ﬁL gc,m,u,

— As— Auonos 3 B+ 2 Ba(000+ 0300) + 3 Boos,
4 3 4

4 3
FETe (@)@ is+ 037+ gr Boror— g Diwios

9
64

—%D;wxm,+ 2A50,05 — Bywso, 4+ Bywy ;.



Robert Bryant

Phd: weekdays
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Projective connections
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Projective connections: flat=projective space
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dw’—l—wj’-/\w’:M,

dwj’: + Wi A w}‘ - (6jwk + 8w Awk = K] W,
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Projective connections: flat=projective space

dw' + wJ’: Al =0,
dwj’: + wi A wj-( — (5}&)/{ + 5ij) Awk =0,

dw,-—w{-'/\wj:&



Projective connections: flat=projective space

dw' + wj': ANl = 0,
dwj': + wi A wjk - (5jwk + djw;) Awk =0,

dw,——w{/\wjzo.

» Looks like an affine connection.



Projective connections: flat=projective space

dw' + wj': ANl = 0,
dwj': + wi A wjk - (5jwk + djw;) Awk =0,

dw,——w{/\wjzo.

» Looks like an affine connection.

» Can't be: this is a projective connection.



Projective connections: flat=projective space

dw"—l—wj’:/\ijO,
de’:—{-wL/\w;‘ - (5jl:wk+6;<wj)/\wk =0,
dw;—uz{ij:O.

What is this?



Complex geometries




Fubini=Study metric

dw"+wj’:/\wj:0,
AR+ @ i) nek =0,
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Fubini—Study metric

dw’ + wi Aw! =0,
dw! 4+ wj Awf + (5wa+5ij)Awk =0,
dw,-—ur{:/\wj:O.

~

Wk



dwi—&—wj’:/\u)j:O,
de’:—l—wL/\w;‘ -+ (5j’zwk+5};wj)/\wk =0,
dw;—arwaj:O.

The red box is curvature. Chern classes come from (1,1)-terms in
curvature.



Back to projective space

» Forget Fubini—Study.
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dw,—wf/\wjzo.



Back to projective space

» Forget Fubini—Study.
>

dw’ + wi Aw! =0,
dwi + wi Awf — (Slwk + Gjwj) Awk =0,
dw,—wf/\wjzo.

» PRETEND the red box is curvature.



Back to projective space

» Forget Fubini—Study.
>

dw’ + wi Aw! =0,
dwi + wi Awf — (Slwk + Gjwj) Awk =0,
dw,—w{/\wjzo.

» PRETEND the red box is curvature.
» PRETEND w* is (1,0), w is (0,1).



Back to projective connections
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» Cartan geometry curvature terms?
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» They are (2,0); can't count.



Back to projective connections

, 1
dw'+wj’-/\wf:§K,’<,wk/\w’,
, . , . 1 .
dw; + wj A wJ’-( — (Sjwk + Owj) A wk = 5 j’k,wk AW,
; 1
dw,-—w,’-/\wjzi ,-k/wk/\wl.

» Cartan geometry curvature terms?
» They are (2,0); can't count.
» Ignore them!



Slovak — Dolbeault

Theorem

Every complex manifold with a holomorphic projective connection
satisfies all equations on Chern classes, in Dolbeault cohomology,
satisfied by CP".



Holomorphic parabolic geometries
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Holomorphic parabolic geometries

>

» Slovak cohomology: negative coroots (1,0), positive (0,1)



Holomorphic parabolic geometries

>

» Slovak cohomology: negative coroots (1,0), positive (0,1)

» Slovak Chern classes come from (1, 1)-terms
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Slovak — Dolbeault

Theorem

Every complex manifold with a holomorphic prefective-connection
parabolic geometry satisfies all equations on Chern classes, in
Dolbeault cohomology, satisfied by its model flag variety.



2,35

Corollary
If a complex manifold admits a holomorphic 2,3, 5-distribution,

0=5cs — 3ci.

| 2

Corollary
If a complex manifold admits a holomorphic 2,3, 5-distribution,
Chern-Simons form
5%c5 — 3c15
is exact in Slovak.
>
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Theorem

Every complex manifold with a holomorphic parabolic geometry
satisfies all equations on Chern and Chern—-Simons classes, in
Dolbeault cohomology, satisfied by its model flag variety.



Thanks

» Characteristic forms of complex Cartan geometries,
arXiv:0704.2555

» Characteristic forms of complex Cartan geometries |1,
arXiv:2201.05038

» Characteristic forms of complex Cartan geometries IlI:
G-structures, arXiv:2206.04495



