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Why Z, x Z,-graded Lie algebras and Lie superalgebras?

m Quantum physics: commutators [x, y] and anticommutators
{x,y} between operators x and y

m Starting from an associative algebra, bracket [x, y] = xy — yx
leads to a Lie algebra

m Starting from a Zj-graded associative algebra, bracket
[x,¥] = xy — (—1)7yx leads to a Lie superalgebra

m Shall we go beyond and why?



Why Z, x Z,-graded Lie algebras and Lie superalgebras?

m For two elements x, y in an associative algebra, the trivial

product identity can be rewritten as

[Xay]+[y7X]:07 or {X,Y}—{y,X}ZO

For three elements x, y, z in an associative algebra, the trivial
product identity can be rewritten in (essentially) four ways:

(1) x b2l + sz + [z [xy]] =0,

2) iy, z+ I {z.x} + [z, {xy}] =0,
3) vz +{y 2} - {zx ¥} =0,
4)  [xb2l+{y.{z.x}} - {z, {x,y}} =0.

(1) Jacobi identity for Lie algebras (LA); (1)—(3) Jacobi
identity for Lie superalgebras (LSA); (4) can appear only as
Jacobi identity for Zy x Zj,-graded Lie algebras or

Zo X Zp-graded Lie superalgebras



Bosons and Fermions

m Bose operators Bii:
(B, BJ-JF] = 0jj all other [-,-] zero

Bose-Einstein statistics

m Fermi operators F,.i:
{F7,F"}=0;  all other {-,-} zero

Fermi-Dirac statistics

m many open problems; quantum theory allows for the existence
of infinitely many families of paraparticles, obeying
mixed-symmetry statistics.



Parabosons and parafermions

m parabosons bji [Green 1953]:

[{bf, bi}, bi] = (e — 7])5k/bf + (e — &)djib}]

m Fock space V/(p) characterized by (be)Jr = bf and b; |0) =0
and [Greenberg & Messiah 1965]

{b;", b }|0) = p 3 [0)
m parafermions fji [Green 1953]:

[[C‘gv fl, fi] = le — 77|5/</6-£ — le —&Jouf,!

m Fock space W(p) characterized by (Gi)T = GjF and f,7[0) =0
and [Greenberg & Messiah 1965]

(£ £7110) = p 0 [0)



Paraboson and parafermion algebra

Theorem (LA by generators and relations) [Kamefuchi & Takahishi

1962; Ryan & Sudarshan 1963]

The Lie algebra (LA) generated by 2m elements fjjE subject to the
parafermion triple relations is so(2m + 1). The Fock space W(p)

is the unitary irreducible representation of so(2m + 1) with lowest

weight (-5, -2,...,-5).

p=1
Theorem (LSA by generators and relations) [Ganchev & Palev

1980]

The Lie superalgebra (LSA) generated by 2n odd elements bf[
subject to the paraboson triple relations is 0sp(1|2n). The Fock
space V/(p) is the unitary irreducible representation of osp(1|2n)
with lowest weight (5,5,...,%).

p=1



Parastatistics, parastatistics algebra

Simultaneous system: can be combined in 2 non-trivial ways
[Greenberg, Messiah]. The first of these are the so-called: relative
parafermion relations:

165 £, 61 =0, [{65, ]}, ] =0,
(165,600, ] = —le — €loubl,  {[F5, b1, b5} = (e — m)oufy

Theorem [Palev 1982]

The Lie superalgebra (LSA) generated by 2m even elements lj-i
and 2n odd elements bf subject to the above relations is
05p(2m + 1|2n). The Fock space V/(p) is the unitary irreducible

representation of 0sp(2m + 1|2n) with lowest weight

_pk _P|P E]
5y 5|55 5]



Parastatistics, parastatistics algebra

Simultaneous system: the second non-trivial relative
commutation relations (the so-called paraboson relations) between
parafermions and parabosons are defined by:

175 R b1 =0,  [{BB/LA =0,
(FSBILA Y =le-€lB). HTS B 51 = (e~ miuf

The second case leads to an algebra which is a Z, x Z,-graded
Lie superalgebra.

Theorem [Tolstoy 2014]

The algebra generated by 2m parafermions ij-i and 2n parabosons

bf—L subject to the above relations is a Z, x Zo-graded Lie
superalgebra denoted by osp(1,2m|2n,0) = pso(2m + 1|2n). The
Fock space V/(p) is the unitary irreducible representation of

pso(2m + 1|2n) with lowest weight [-5,...,—=5(5,..., 8]



Renewed interest

m symmetries of Lévy—Leblond equations [Aizawa et al 2016,
2017]

m graded (quantum) mechanics and quantization [Bruce 2020;
Aizawa, Kuznetsova, Toppan 2020, 2021; Quesne 2021]

m Zy X Zp-graded two-dimensional models [Bruce 2021, Toppan
2021]

m parastatistics [Tolstoy 2014, Stoilova and Van der Jeugt 2018]

m alternative descriptions of parabosons and parafermions
[Toppan 2021]

m algebraic structute and representation theory [Aizawa
2018-2021, Issac 2019, 2024, Rui Lu 2023]



The Z, X Zy-graded Lie algebras and Lie superalgebras

V. Rittenberg and D. Wyler (1978)

mg=G@,0a=00,0) Do) D10 DI
with @ = (a1, a2) an element of Zy X Zo.
m homogeneous elements of g,: x; with degree deg x,

m g with bracket [.,.] is a Zy x Zy-graded Lie algebra, resp.
Zo X Zop-graded Lie superalgebra:

[[Xa;yb]] € ga+b7

[xa: yo] = =(=1)**Lyp, xal,

[[Xau [[_ybu ZC]HI = [[[[Xa7Yb]]7 ZC]] + (_1)a'b[[.yb7 [[Xa7 ZC]”]?
where
a+b:(31+b1,a2+b2) € Zp X Lo,

a-b=aiby— axby - Zy X Zy-graded Lie algebra
a-b=aiby + axby - Zy x Zyr-graded Lie superalgebra



General remarks

m Note: in general, a Z X Zy-graded Lie algebra is NOT a Lie
algebra, nor a Lie superalgebra.

m (Similarly: a Zy x Zp-graded Lie superalgebra is NOT a Lie
superalgebra.)

B g(0,0) is a Lie subalgebra;
9(0,1): 9(1,0) and g(1,1) are g(o,0)-modules.

® [9(0,0),0a] C 8a;  [8a,8a] C 8(0,0); acZyXxZy

m Let g be an associative Zy x Zp-graded algebra, with a
product denoted by x - y:

%a - 9b C Gatb

then (g, [, ]) is a Zy x Zy-graded Lie algebra, resp. a
Zo X Zp-graded Lie superalgebra, by defining

[[Xa’)/b]] =Xa-"Yp — (—1)a'b)/b * Xa,

with @ - b = a;by, — axby, resp. with a-b = a1b; + asby.



General remarks: Z, x Z,-graded Lie algebras

m Now consider: Zy X Zy-graded Lie algebras

m Assume at least two nontrivial subspaces in
9(0,1) D 9(1,0) D 9(1,1)

® {ga,0p} C gc if @, b and ¢ are mutually distinct elements of
{(1,0),(0,1),(1,1)}.

mlfg= 9(0,0) D 9(0,1) D 9(1,0) D 9(1,1) is a Zp x Zp-graded Lie
algebra, any permutation of the last three subspaces maps g
into another Z, x Zp-graded Lie algebra. (“trivial
permutation transformations” )

m Moreover: natural to assume that g is generated by
9(1,0) D 9(0,1)-

m Then one can deduce

98(0,0) = [9(1,0) 9(1,0)] + [8(0,1)> 90,1)]
9(1,1) = [9(1,0) 8(0,1)]-



Construction of Z, x Z,-graded Lie algebras

Let V be a Zy x Zy-graded linear space of dimension n:

V' = V0,00 ® V(o,1) ® V(1,00 ® V(1,1), subspaces of dimension
p+q+r+s=n.

End(V) is then a Zy x Zy-graded associative algebra, and turned
into a Zy x Zp-graded Lie algebra by the bracket [-,-]. Denoted by
0lp.q.r.s(n). In matrix form:

qg r
300 4(0,1) 4(1,0 a11 p
on 13 bgo o; bEl 1; El 03 q
¢(1,0) ¢(1,1) €0,0) ( nr
d(1,1) d1,0) d0,1) d0,0)/ s
The indices of the matrix blocks refer to the Z, x Zy-grading.
One can check: Tr[A, B] = 0, hence g = sl, ¢, s(n) is subalgebra
of traceless elements.
g00) PP H@+rP+s?-1
g(0,1) 2pq-+2rs
ga1,0) 2pr+2gs
91,1) 2qr+2ps



Graded transpose

If A€ slpqrs(n) C End(V), then A* € End(V*) by requirement:

(A*yp, x) = (—1)7P(yp, Ax)

where (-, -) is natural pairing of V and V*.

In matrix form, this leads to the Zj x Zj,-graded transpose AT of
A:

t t t t

3(0,0) 3(0,1) 3(1,0) A(L1) 3(0,0) bgo D o 9.

A— | boy b(o 0) bayy buoy | 4T 0.1) 00) 1) ~910)

| G0 Gy So,0 So,1) | a0 Py c(fo o 9o
d(1,1) d(1 0) d(01 d(o 0) ag ﬂ t’ t
(1,1) ~21,00 ~%0,1) Y%0,0)

Property:

(AB)T — (_l)a-bBTAT




Subalgebra g = s0,, 4., s(n) C sl, 4.,5(n)

0 =50pqrs(n) ={A€sl,q,rs(n) | AT +A=0}
If A,B € g, then

[A, B]" = (AB — (—1)*PBA)T
= (-1)PBTAT —ATBT = (-1)*"BA - AB = —[A, B]

Matrices of the form:

p r s
4(0,0) 4(0,1) 4(1,0) 9(1,1)
~0) b,0) b1,1) b(10)
~0) bg 1) €0,0) €(0,1)
—a ct . d,
(1,1) (1 0) %o,1) 90,0

nh Y~ QT

where a(0,0), b(0,0), 0,0y and d(o,0) are antisymmetric matrices.

Disadvantages: Cartan subalgebra? (classical choice not abelian)



Different approach

Analogues of classical Lie algebras of type B, C, D?

n n 1
G =s0(2n +1) ( a bt g)Z b and d antisymmetric;
to)1

(dimG=2n*+n) | d -a
—e —C

G = sp(2n) ny

(dim G = 2n? + n) (i _gt);
n n

(GdiisGo(:zr]Z)#—n) (i bt>n

b and ¢ symmetric;

b and ¢ antisymmetric,



Different approach

m start from a set of generators of the classical Lie algebra (in
the defining matrix form)

m associate a Zjp X Zp-grading on these generators

B compute new elements with these generators using the
Zo X Zo-graded bracket, and see which matrix structures and
algebras arise in this way.

How to do this systematically?

m Let generating subspace S of the classical Lie algebra G
correspond to the subspace g(1,0) @ g(0,1) of the associated
Zo X Zop-graded Lie algebra g, and generate g.

m Thus we are looking for generating subspaces S of a classical
Lie algebra G such that G = S + [S, S] (as vector space).

m Use all so-called 5-gradings G_o ® G_1 D Gy & G; b Gy of G
such that G is generated by S = G_1 & G;.



Different approach

Classification of those 5-gradings: [Stoilova and Van der Jeugt
2005]

Procedure:

m For each of the 5-gradings of G, let S = G_1 ® G; (as a
subspace of the vector space of G).

m Partition S in all possible ways in two subspaces g(1 o) © g(0,1)-

m Construct from here the matrix elements of the
Zo X Zop-graded Lie algebra g using the Z; x Zj-graded
bracket.

This construction process is straightforward but very elaborate.

For sl(n): same graded algebras sl,, ¢, s(n).
Results on following slides.



Zo X Zo-graded Lie algebras of type C

The Zy x Zp-graded Lie algebra | g = sp,(2n) | consists of all
matrices of the following block form:

p n-p n—p
30,0) 3(1,0) b(1 1) by p
Juo Joo by bun |1

Gy o0 ~300 "1 | P
~C0,1) “11)!' 4100 ~90,0)/ n—p

where b 1), 5(1,1), ¢(1,1) and ¢(1,1) are symmetric matrices.
dim go.0) = p* + (n — p)?

dimg(o,1) = 2p(n —p), dimg(0) = 2p(n—p)
dimgy =p(p+1)+(n=p)(n—p+1).

Note: dimsp,(2n) = dimsp(2n).



Zo X Zo-graded Lie algebras of type C

Having this form, one can verify that sp,(2n) consists of all
matrices A of sl p_p p n—p(2n) that satisfy

AT+ JA=0] (+)

where

Note: JT = —J, J~1 = Jt.

Easy to show that [A, B] satisfies (*) when A and B satisfy (*).



Zo X Zo-graded Lie algebras of type D

The Zy x Zy-graded Lie algebra | g = so,(2n) | consists of all

matrices of the following block form:

p n—p p n-p
3(0,0) 31,001 by by p

3(1,0) 40,0), b(o1) b(l,tl) n—p

where b 1), 5(1,1), ¢(1,1) and &q,1) are antisymmetric matrices.

dimg(,0) = P> + (n— p)?
dimg(o,1) = 2p(n —p), dimg(0) = 2p(n - p)
dimg 1) =p(p—1)+ (n—p)(n—p—1).

Note: dimso,(2n) = dimso(2n).



Zo X Zo-graded Lie algebras of type D

One can verify that so,(2n) consists of all matrices A of
Slp.n—p.p,n—p(2n) that satisfy

|ATK + KA =0]

where

Note: KT = K, K1 = Kt.



Zy X Zo-graded Lie algebras of type B

The Zy x Z-graded Lie algebra g = s0,(2n + 1) consists of all
matrices of the following block form:

p n—p p n—p 1

a0 a1y 1 boo) bay ¢y P
a0 by boo cao) |7 P
doo) day) | =ago) i1y |0 | P
ity doo) ! A1) o) o) [n—p
~€01) ~10)! o1 o 0 ) 1

where b ), 5(070), d(o,0) and dN(O,O) are antisymmetric matrices.

dim g(o,0) = 2n% — n — 4p(n — p)?
dimg,1) =2p, dimga) = 2(n—p)
dimg(1.1y = 4p(n — p).

Note: dimso,(2n+ 1) = dimso(2n + 1).



Zy X Zo-graded Lie algebras of type B

One can verify that g = s0,(2n + 1) consists of all matrices A of
sl2p.0,2n—2p,1(2n) that satisfy

ATK' + K'A=0]

where
0 0,/ 0,0 p
0 00 —=hho |"—P
kK=|roooo| s
0 -0 010 |N—P
0 000"l 1

Note: K'T = K/, K'=1 = K't.



Zo X Zp-graded Lie superalgebras

m Now consider: Zy X Zy-graded Lie superalgebras

m Let g be an associative Zy x Zjp-graded algebra, with a
product denoted by x - y:

9a - 9b C Gatb
then (g, [, -]) is a Zy x Zy-graded Lie superalgebra by defining
[xa, yb] = Xa - yb — (_1)a.b)/b " Xa

with @- b = a;b; + asbs.



Zy X Zp-graded general linear Lie superalgebra

Let V be a Zy x Zy-graded linear space,

V' = V0,00 ® V(1,1) @ V(1,0) D Y(0,1), with subspaces of dimension
my, mp, n1 and ny respectively. End(V) is then a Zy x Z,-graded
associative algebra, and by the previous property it is turned into a
Zo X Zop-graded Lie superalgebra. This algebra is usually denoted
by gl(my, ma|ni, n2). In matrix form, the elements are written as:

ma my m no
3(070) a(lvl) 3(170) a(O,l) ma
A= | ba1 boo) b1y baoe) | m
€(1,0) €(0,1) €0,0) €1,1) | M

di,1) d(1,0) d(1,1) d0,0) ) ™

The indices of the matrix blocks refer to the Z, x Zy-grading, and
the size of the blocks is indicated in the lines above and to the
right of the matrix.



Zo X Zp-graded special linear Lie superalgebra

my my np  no
3(070) a(171) 3(1,0) 3(091) m]_
A= | baz) bo,o) bo,1) boy | me
€(1,0) €(0,1) €(0,0) ¢(1,1) | Mm

dio,1) d(1,0) d(1,1) d(0.0)

The matrices of the Lie algebra gl(my + my + n1 + ny), of the Lie
superalgebra gl(mi + m2|n1 + n2) and of the Z, x Zp-graded Lie
superalgebra gl(my, ma|ny, ny) are all the same, but of course the
bracket is different in all of these cases.

One can check that Str[A, B] = 0, where

Str(A) = tr(a(o,o)) + tl’(b(op)) — tr(C(070)) — tr(d(op)) is the graded
supertrace in terms of the ordinary trace tr. Hence

sl(my, ma|n1, n2) is defined as the subalgebra of elements of
gl(my, my|n1, np) with graded supertrace equal to 0.



Zo % Zo-graded supertranspose AT of A

Let A € sl(my, ma|n1, ny) C End(V) of degree a € Zy x Zp; V* -
dual to V/, inheriting the Zy X Zy-grading from V; (-,-) - the
natural pairing of V and V*. Then A* € End(V*) is determined
by:

(Ayb,x) = (=1)"Pyp, Ax), Vb€ Vi, Vxe V. (1)

This is extended by linearity to all elements of sl(m1, ma|n1, n2). In
matrix form, this yields the Z, x Z»-graded supertranspose A’ of
A:

ao 0) b{l 1) _C(l 0) d(o,l)

AT — agl 1) (0 0) C(to 1) déll,o) ’ 2)

351 0 — go 1) o (00) ~o(LY

3i0,1) —b1,0) — (1 1) %o0,0)
a' - ordinary matrix transpose. One can check (case by case,
according to the Zy x Zy-grading) that the graded supertranspose
of matrices satisfies

(AB)T — (_1)a-bBTAT



Orthosymplectic Z, x Z,-graded Lie superalgebras of type B

The Zy x Zy-graded Lie superalgebra osp(2my + 1,2ms|2n1,2n5)
consists of the set of matrices of the following block form:

m  my mi my 1 ni o Mmoo
(50 (11) %00) 1) %00} Llro) Bo Yoy Howy | ™
1) 00y 2 00) Awa) Lo Yoy Yo Hio) | ™
00) 311 %00 211 %00) bro) o) Hio) Ho) | ™
2(11) 3(00) (1) 200) A1) boy) Loy Yo blio) | ™
A= [5,1] _[5,2] _[5,3] _[5.4] _[5,5] b[5,1] b[5,2] b[5,3] b[5,4] 1

90,0) 9(1,1) 9(0,0) 9(1,1) 90,0) “(1,0) P(0,1) “(1,0) P(0,1)

o) 03 S1o) o) 1) Kooy i) doo) iy | m
1) o) lon) o) o) ) oo i ooy | 2
o) o) S0 o) (10 o) %in) Yoo i | m
clo1) Loy o) (o) o dun) Yooy din) Yooy ) ™



Orthosymplectic Z, x Z,-graded Lie superalgebra

05]3(2/771 + 1, 2/7’12|2I’I17 2[72)

such that
ATJ+JA=0
where
0  Im4m O 0 0
Imy+my 0 O 0 0
J= 0 0 1 0 0
0 0O O 0 Iny+n,

+
0 0 0 —lpsn, O

Note: the row and column indices of the matrix as an element of
s[(2my 4+ 1,2m|2n1,2n7) have been appropriately permuted. This
was done in order to preserve an analogy with the matrices of
osp(2m+1|2n) (my 4+ mp = m, ny + ny = n), and in order to have
a proper relation with parafermions and parabosons.



osp(2my + 1,2my|2ny, 2ny)

Concretely, osp(2my + 1,2m5|2n1,2n;) consists of matrices which satisfy

ooy = o, - Ay = 2y o = A o) =~

3[127’13)] = fagll’j])t, aEi:lll) = 738’721];; 35)7,?)])’ a%’fé]), ag’;]) and aEé:é]) skew symmetric,
ooy =~ - D = —dD s ey = el - Aan) = ) dog) =0
domy = —dn) - dim) = din) > A = di ded) = —dfn) -

dfy =~ ol = —ai dlo) dbe) i) and dfsd) symmetric
i = by com = —bled s g = bie s ot = bl i = e
o =D = ol ol = o g = —bfl B = e
el = bl ol = o) e = o) o = bl i) = el

41 _ B321t [42] _ ,[4,2]t [4,3] _ [121F [44] _ ,[22]F [45] _ [5,2] ¢
o) = ~h(}1) - (o) = a0y » o) = ~h(o)1) + o) = a0y » o) = o)



Orthosymplectic Z, x Z,-graded Lie superalgebras of type B

Matrix conditions look complicated at first sight; they are not
difficult to work with. Special cases:

m When my = np = 0, the Zy x Zy-graded Lie superalgebra
0sp(2my + 1,0/2n1,0) just coincides with the ordinary Lie
superalgebra osp(2my + 1|2ny) (with appropriate Z; grading).

m When m; = np = 0, the Zy x Zy-graded Lie superalgebra
0sp(1,2mz|2n1,0) coincides with the Zy x Zp-graded Lie
superalgebra denoted by pso(2my + 1|2n1), or (up to a
rearrangement of row and column indices) by
osp(1,2mz|2n1,0) (Tolstoy).

m When n; = ny =0, osp(2my + 1,2m»|0,0) reduces to the Lie
algebra so(2my +2my + 1).



Orthosymplectic Z, X Z,-graded Lie superalgebras of type B

m When my = mp = np =0, 0sp(1,0[2n1,0) reduces to the Lie
superalgebra 0sp(1]2n1). Similarly, when my = my = np =0,
0sp(1,0[0,2n2) reduces to the Lie superalgebra osp(1[2n5).
Note however that for m; = my = 0, 0sp(1,0(2n1,2n,) does
not reduce to a Lie algebra or a Lie superalgebra, but remains
a Zo x Zp-graded Lie superalgebra. This last case is
interesting in parastatistics.



Orthosymplectic Z, X Z,-graded Lie superalgebras of type C and D

By deleting row 2my + 2my + 1 and column 2my + 2my, + 1 in:

m m m m 1 n o n m
3(50) Ara) 00 At A00) Koy Bos) Bio) Bod) |
A1) 400y ey A00) 20 blon) Aroy bom oy |
300 1) Y00 A01) %00 bro) o) b bony | M
3(11) 00 A1) %00) A1 L) bro) B Bio) | ™
A= | 46w a0 260 20 20 Yo Yo o) bow) | 1
cto) S ) Som o) Yoy A Yoo dudy | m
Son) Siro) o) o) o ) doo) Ay doo) | m
o) Son) o) Som Sao) Yooy din Yoo Aan) | m
con) S0y o) <o) o i) doo) i G0y m

and the corresponding conditions, one obtains the Z, x Zj-graded Lie
superalgebras osp(2my, 2m,|2ny,2n,), the Zy x Zp-graded Lie
superalgebras corresponding to the Lie superalgebras of type C and D.



Example: Z, x Z,-graded parafermions

Generators from Zy x Zy-graded Lie algebra so4(2n + 1):
7 =V2(gant1—€ni1nti)s  fi7 = V2emirj—enijoni1), j=1,...,n
Subspaces:
g0,1) = Span{fk:ta k=1,..., q}
91,00 = span{fki7 k=gqg+1,...,n}
8(0,0) :span{[ff,f,"], E&n=+4, k,/=1,...,gand k,/ =qg+1,...,n}
g1 = span{{f",if,"}7 En=+, k=1,...,q9, =q+1,...n}
Parafermion relations for j, k,/=1,...,qorj,k,/=q+1,...,n
1
(15, &7, ] = (e—n)zcmf6 —5(e— PR, Eme=For £1.
But the “relative commutatlon relations” between the two sorts:
1 .
{5 606 =5 (ef n)20uf + 2(675)25,-,;;1, &me=+or £1.

G=1,...,9, k=gqg+1,....n, I=1,....nor
j=q+1,....n, k=1,...,q, I=1,...,n)



Example: Z, x Z,-graded A-statistics

Generators of the Zy x Zy-graded Lie algebra sly g n—q0(n + 1):

- _ + _ N
aj =eyjy1, 3 = €11, J=1....n
- _ + _ P
90,1 = Span{aj =ejr, 3 =¢€t11, j=1,..., q},
g 1,0) — span{a._ = €1,+1, afr = €j+1,1, J =q + 1) [ERE) n})
(1,0) ' J

90.0) = span{la;,a, ], j,k=1,....,qand j,k=q+1,...,n},
g1y = span{{a;, at, {ajr, a },j=1,...,9and k=q+1,...,n}.
Ordinary A-statistics for each sort separately
[aj“,a;f =la;,a,]=0,
[[ajr, al,a ] =d0pal + (5k,aj“,
[[aj—'i_’ a;]> al_] = —0jka; — 03y,

U,k,/=1,...,qgand j,k, I =qg+1,...,n)



Example: Z, x Z,-graded A-statistics

The relative relations between the two sorts of operators are purely
in terms of nested anticommutators:

{af ait ={a;,a} =0,
{{ a; >ak} a } 5k/aj+>
{{aj ,a, },a) }=0dja, .

G=1,...,9, k=q+1,...,n, I=1,...,nand
j=q+1,....n, k=1,...,q9, I=1,...,n)



Example: Z, x Z,-graded parabosons

Zy X Zy-graded Lie superalgebra osp(1,0[2n1,2n5)
set of generators for osp(1,0|2n1,2n2):
b = \/E(el,i-%—l — €ntmytit1 1) b = \/i(el,n1+nz+i+1 +eir11), i=1,...,m+n
Note: b,-i € 9@, =1,...,m, and b,-i €00y, i=m+1,....,m+m
the two sets of elements satisfy the common relations of parabosons:
[{b5, b}, bi] = (e = €)dib}! + (e — 1)duib}.

1,6 & € {+,—}, either j,k,1 € {1,2,...,n1} or else
IR NS {n1+l,.‘.7n1+n2}.
the mixed triple relations between the two families of parabosons:

{165, b1, b} = —(e — )b} + (€ = n)dubsf,

where j=1,....m, k=m+1,....m+n, =1...,n 4+ n or else
Jj=m+1...om+4+m k=1....m,1=1...,m + n.



Example: Z, X Z,-graded A—superstatistics

consider the Zy x Zj-graded Lie superalgebra sl(1,0[ny, ny)
define: af =611, a =eri+1,I=12,...,nm+nm

a,-jE €ga,0, i =1,...,n; a,-lL €gou, f=m+1,....,m+m
ifi,j,ke{l,2,...,m}ori,j,ke{m+1,m+2....nm+m}

{ i J } {al ) J }
{af, a; a; },ay] = dpat 5,-J-aj,
[{ i _/ } ak] - /kaj + 6’_/8/:

mixed relations between the two families are as follows:
a7 ,a ] =[a7,a7] =0,
{[a7 a7 a0} = dpay,
{[al’ J ] ak}_élka .

i€{1,2,...,n1},j6{n1+1,...,n1—|—n2}, ke{l,...,n1—|—n2},
orelseie{m+1,....m+n} je{l,2,...,m},
ke{l,...,n+ m}.



Conclusions / Summary

m natural structure to consider, renewed interest

m interesting definition, both of Z, x Z,-graded Lie algebras and
Lie superalgebras
m reasonable definition of sl, 4, s(n) and so0, 4., s(n),

s[(my, ma|ny, np) but we need more for better structure
(roots, root space decomposition,. . .)

m our main result: classical analogues of Lie algebras and Lie
superalgebras of type B, C and D as Zy x Zy-graded Lie
algebras and Z, x Zj-graded Lie superalgebras

m applications in quantum statistics



