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Executive summary

1 Ultimate goal: Set-theoretic version of representation theory for
semisimple Lie groups.

2 This is well-known for compact s.s. Lie groups K : Crystal bases.

3 This talk is about crystalization for the AN group (or for expppq).
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Crystal bases
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Irred. representations of a compact semisimple Lie group

K — compact semisimple Lie group (connected, simply connected)

g “ kC — complexification of its Lie algebra
ñ irred. unitary rep’ns of K ” irred. rep’ns of g.

Theorem

Irred. rep’ns of g are classified by highest weight λ P P`.

Explicit structure. . . ?

Weyl character formula (1925): Action of Cartan subalgebra h.

Gelfand-Tsetlin (1950): Explicit formulas for action of simple root
vectors Ei , Fi , but for glnpCq only.

Pand-Hecht, Wong (1967), & many others: Then same for on,
then spn, then all classical g.

Kashiwara, Lustzig (1990): Crystal bases (asymptotic formulas +
much more)
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Example: g “ sl3pCq

To understand an irred. rep. of sl3pCq, need to know the action of:

the Cartan subalgebra: h “

$

&

%

¨

˝

a1 0 0
0 a2 0
0 0 a3

˛

‚

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

a1 ` a2 ` a3 “ 0

,

.

-

.

Any irred. rep. of g has a basis of common eigenvectors for all H P h
—“weight spaces”

the simple root vectors: F1 “

¨

˝

0 0 0
1 0 0
0 0 0

˛

‚, F2 “

¨

˝

0 0 0
0 0 0
0 1 0

˛

‚.

Each Fi maps weight spaces to weight spaces.
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Example: V p2$1 ` 2$2q for g “ sl3pCq
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Example: V p2$1 ` 2$2q for g “ sl3pCq — operator phase
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q-numbers

Definition

rasq :“ qa´q´a

q´q´1

“ qa´1 ` qa´3 ` ¨ ¨ ¨ ` q´a`3 ` q´a`1 (a terms) if a P N

NB: When q “ 1, rasq “ a.

Also, rnsq! :“ rnsq rn ´ 1sq . . . r2sq r1sq, etc.
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Quantized envelopping algebras (Drinfeld-Jimbo)

Ex. g “ slpn ` 1,Cq,

Upgq is generated by elements Ei ,Fi ,Hi ,

Ei “

˜

0
. . . 1

. . .
0

¸

, Fi “

˜

0
. . .

1
. . .

0

¸

, Hi “

¨

˚

˝

0
. . .

1
´1

. . .
0

˛

‹

‚

,

with the Chevalley-Serre relations:

rHj ,Ei s “ αi pHjqEi

rHj ,Fi s “ ´αi pHjqFi
αi :

ˆ

a1
. . .

an`1

˙

ÞÑ ai ´ ai`1

rEi ,Fj s “ δijHi

E 2
i Ei˘1 ´ 2EiEi˘1Ei ` Ei˘1E

2
i “ 0

F 2
i Fi˘1 ´ 2FiFi˘1Fi ` Fi˘1F

2
i “ 0

where: r2sq “ q ` q´1, rHsq “
qH´q´H

q´q´1 .

Rmk. Actually, one uses Ki “ qHi instead of Hi as generators.
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Example: V p2$1 ` 2$2q
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Example: V p2$1 ` 2$2q
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Tensor product of crystals

The crystal limit (q Ñ 0) simplifies not just the action of the generators,
but also the Clebsch-Gordan coefficients, branching rules, . . .

Theorem (Tensor product rule)

If pL,Bq, pL1,B1q are crystal bases for V ,V 1, then pLb L1,B ˆ B1q is a
crystal basis for V b V 1, with action

f̃i : b b c ÞÑ

#

pf̃ibq b c , if ϕi pbq ą εi pcq

b b pf̃icq, if ϕi pbq ď εi pcq

where εi pbq “ maxtn | ẽni b ‰ 0u and ϕi pbq “ maxtn | f̃ ni b ‰ 0u.
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Example: Tensor product of sl2 representations
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Example: Tensor product of sl2 representations
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Example: Tensor product of sl3 representations
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Example: Tensor product of sl4 representations
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“Crystallization” in analysis:
Quantized algebras of functions
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Quantized algebras of functions

OpK q “ tpolynomial functions on Ku
“ txξ| ¨ |ηy | ξ, η P V (irred. integrable g-modules)u

C pK q “ OpK q}¨} — C˚-closure
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Quantized algebras of functions

OpKqq “ tpolynomial functions on Kqu

“ txξ| ¨ |ηy | ξ, η P V (integrable Uqpgq-modules)u

C pKqq “ OpKqq
}¨}

— C˚-closure

More generally, we can define OpXqq and C pXqq for any X “ K{H with H
a Poisson subgroup.

Remarks.

. . . , Neshveyev-Tuset (2012): The algebras C pKqq form a
continuous field of C˚-algebras for 0 ă q ă 8.

. . . , Giselsson (2020): C pKqq are all isomorphic for q P p0,8qzt1u.

The OpKqq are not, though.
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Quantized algebras of functions: q “ 0 limit

Theorem (Woronowicz ’87, Hong-Szymanski ’02, Giselsson (’24))

For Xq “ SUqp2q, CPn
q , SUqp3q, the continuous field pC pXqqq extends to

q “ 0,8.
All fibres for q ‰ 1 are isomorphic, and they are graph C˚-algebras.

Remarks.

Again, the OpXqq are not all isomorphic.

OpX0q is a Leavitt path algebra
(= algebraic analog of a graph C˚-algebra).

More precisely:
§ C pCPn

q q is the AF-core of a graph C˚-algebra,
§ C pSUqp3qq is a higher-rank graph C˚-algebra.

Recent work by Brzeziski, Krähmer, Ò Buachalla & Strung shows all
quantum flag varieties Xq give graph C˚-algebras.
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Graph algebras

pΛ0,Λ1q — directed graph.

Write Λ “ tpaths in the graphu

NB. It’s a category with length function d : Λ Ñ N.

Definition

The Leavitt path algebra KP˚pΛq is the universal ˚-algebra generated by
projections pv (v P Λ0) and partial isometries se (e P Λ1) satisfying:

1 pv are mutually orthogonal projections

2 s˚e se1 “ δee1pspeq
3 pv “

ř

rpeq“v ses
˚
e

The graph C˚-algebra C˚pΛq is the enveloping C˚-algebra.
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Examples

Classic examples

C˚p q – C pTq

C˚p q – T (Toeplitz alg.)

Quantized function algebras (q ‰ 1)

C˚p q – C pSUqp2qq —Woronowicz

C˚p q – C pYqq — Hong-Szymanski

Y “ canonical T-bundle over CPn

Question: What are these graphs?
What about higher rank?
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Higher rank graphs

Definition (k-graph)

A k-graph is a category Λ (of paths) with a morphism d : Λ Ñ Nk (degree
or coloured length) satisfying the factorization property:

dpeq “ m ` n ñ e “ e1e2 uniquely with dpe1q“m, dpe2q“n.

Notation:

Λn :“ d´1pnq — paths of coloured length n P Nk .

Λp0,...,0q is the set of vertices.

Λp0,...,1,...,0q is the set of edges of colour i .

eg,
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Higher rank graph algebras

Definition

The Kumjian-Pask algebra KP˚pΛq of a k-graph Λ is the universal
˚-algebra generated by projections pv (v P Λ0) and partial isometries se
(e P Λ‰0) satisfying see1 “ sese1 and:

1 pv are mutually orthogonal projections.

2 s˚e se1 “ δee1pspeq when dpeq “ dpe 1q.

3 pv “
ř

rpeq“v
dpeq“n

ses
˚
e for any n ‰ 0 fixed.

The higher rank graph C˚-algebra C˚pΛq is the enveloping C˚-algebra.
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Crystallized algebras of functions

Theorem (Matassa-Y.)

K — connected compact semisimple Lie group.
The continuous field of C˚-algebras pC pKqqqqPp0,8q extends to q “ 0,8
with C pK0q – C pK8q – C˚pΛq for some explicit higher rank graph Λ of
rank rkpK q.

Remarks

For K “ SUp3q, this is a result of Giselsson.
He also shows C pSUqp3qq – C˚pΛq for every q P r0,8szt1u.
Conjecture: This is true in generality.

Can replace K by the canonical torus bundle Y over a flag manifold.
The algebra of functions on the flag manifold itself is the
gauge-invariant subalgebra. At q “ 0,8, this is the AF-core.
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Crystallized algebras of functions

Examples

C pSU0p3qq – C˚pΛq, where Λ “
‚

‚ ‚

‚ ‚

‚

C pSpqp2qq – C˚pΛq at q “ 0, where Λ “
‚

‚ ‚

‚

‚ ‚

‚

‚ ‚

‚

Robert Yuncken (IECL Metz) Crystallizing compact s.s. Lie groups Sofia, 28 May 2024 33 / 35



Crystallized algebras of functions

Examples

C pSU0p3qq – C˚pΛq, where Λ “
‚

‚ ‚

‚ ‚

‚

C pSpqp2qq – C˚pΛq at q “ 0, where Λ “
‚

‚ ‚

‚

‚ ‚

‚

‚ ‚

‚

Robert Yuncken (IECL Metz) Crystallizing compact s.s. Lie groups Sofia, 28 May 2024 33 / 35



The r -graph of a crystallized function algebra

Q: How to compute these k-graphs?

A (roughly): The union of all irreducible crystals defines an r -graph with

length given by highest weight:

b P Bpλq ñ dpbq “ λ P P` – Nr .

composition given by tensor product projected to highest weight
component:

b P Bpλq, b1 P Bpµq ñ

bb1 “

#

b b b1 if b b b1 P Bpλ` µq Ă Bpµq b Bpλq,
H else.
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Thank you.
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