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Chern-Simons Duality

❖ Topological:  Correlators of Wilson loops inv under small deformation


❖ Level-rank Duality: non-perturbative


• Rank  of gauge group SU(N)


• Level  of the action


• Correlation functions:

N

k

❖  Chern-Simons Theory


  



Chern-Simons Matter Duality

 

❖ Couple to fundamental matter


• No longer topological, but slightly broken ( ) higher spin symmetry


• Expected to extend to a duality between bosons and fermions

1/N

extensive evidence, especially at large N

‣ correlation function of local operators

‣ spectrum of monopole/baryon operators

‣ thermal free-energies

‣ S-matrices

‣ relating non-susy dualities to well-established susy ones

[Witten, Minwalla, Prakash, Trivedi, Wadia, Yin, Aharony, Gur-Ari, Yacoby, Maldacena, Zhiboedov, Giombi, Gaiotto, 
Kapustin, Hsin, Seiberg, Naculich, Schnitzer, Mlawer, Naculich, Riggs, Schnitzer, Camperi, Levstein, Zemba, 
Bedhotiya, Prakash, Gurucharan, Kirilin, Prakash, Skvortsov, Radivcevic, Jain, Yokoyama, Sharma, Takimi, Mandlik, 
Inbasekar, Mazumdar, Giveon, Kutasov, Benini, Closset, Cremonesi, …]



Chern-Simons Matter Duality

 

❖ Why such duality?


• Pure Chern-Simons: framing regularization (normal point-splitting)


• Planar Limit:                  with                             fixed  


• Couple to fund source: dependence on framing        fractional statistics  <latexit sha1_base64="YBzKvMku38iemG9/qfDJKiCqAyc="></latexit>$
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N ! 1
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framing vector: normal to the loop



Chern-Simons Matter Duality

 

❖ Statement of the Duality:


• CS couple to fundamental boson or fermion


• Both theory has conformal fixed points: UV and IR, related by RG            


• The most fundamental observable: the mesonic line operator  

<latexit sha1_base64="GvAX3eDfwN9/JPqtq3N/XdX6IzQ="></latexit>
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<latexit sha1_base64="YF1dYCNTTK4fhahUgvDvJWTMiWQ=">AAACDHicbVDLSgMxFM3UV62vqks3wSLUTZlRUTdC0Y24qmAf0BlLJpNpQzPJkGSEMswHuPFX3LhQxK0f4M6/MdN2oa0HAodzzuXmHj9mVGnb/rYKC4tLyyvF1dLa+sbmVnl7p6VEIjFpYsGE7PhIEUY5aWqqGenEkqDIZ6TtD69yv/1ApKKC3+lRTLwI9TkNKUbaSL1y5eY+rdqHWS91ZQRDIrML10fSjRV1cSB0TkzKrtljwHniTEkFTNHolb/cQOAkIlxjhpTqOnasvRRJTTEjWclNFIkRHqI+6RrKUUSUl46PyeCBUQIYCmke13Cs/p5IUaTUKPJNMkJ6oGa9XPzP6yY6PPdSyuNEE44ni8KEQS1g3gwMqCRYs5EhCEtq/grxAEmEtemvZEpwZk+eJ62jmnNaO749qdQvp3UUwR7YB1XggDNQB9egAZoAg0fwDF7Bm/VkvVjv1sckWrCmM7vgD6zPH3Cum0U=</latexit>

J (0)
fer =  ̄ ·  

<latexit sha1_base64="MtfS3WsT0ZEyxYihl9i6xZG4sG8=">AAACE3icbVDLSsNAFJ3UV62vqEs3o0WoIiVRUTdC0Y24qmAf0LRhMpm0QyeZMDMRSsg/uPFX3LhQxK0bd/6N08dCWw9cOJxzL/fe48WMSmVZ30Zubn5hcSm/XFhZXVvfMDe36pInApMa5oyLpockYTQiNUUVI81YEBR6jDS8/vXQbzwQISmP7tUgJu0QdSMaUIyUllzz8LaTlqyDzE0dEUKPy+zSiXu04/io2yXC2XWwz9VQOnLNolW2RoCzxJ6QIpig6ppfjs9xEpJIYYakbNlWrNopEopiRrKCk0gSI9xHXdLSNEIhke109FMG97Xiw4ALXZGCI/X3RIpCKQehpztDpHpy2huK/3mtRAUX7ZRGcaJIhMeLgoRBxeEwIOhTQbBiA00QFlTfCnEPCYSVjrGgQ7CnX54l9eOyfVY+uTstVq4mceTBDtgDJWCDc1ABN6AKagCDR/AMXsGb8WS8GO/Gx7g1Z0xmtsEfGJ8/IvaduA==</latexit>

J (0)
bos = �† · �,

fundanti-fund



❖ Classify the conformal line operators: straight-line


❖ Classify the operators on the lines and the ones the lines can end 

on @ finite coupling: exact spectrum at finite coupling


❖ Evolution equation for deformation of the line: 1st order


❖ Line bootstrap: spectrum + evo eqn uniquely determine the expectation 

values of the mesonic line operators


❖ Duality: same evo eqn, same spectrum in both theories 

Results

 

<latexit sha1_base64="bqFwv205uVWJr1+Tzebu3G2jnKE=">AAACInicbVDLSgMxFM34tr6qLt0Ei9CClhkVHzvRjcsKVoVOKZn0ThuayQzJHbUM/RY3/oobF4q6EvwY0wfi60DgcM653NwTJFIYdN13Z2x8YnJqemY2Nze/sLiUX165MHGqOVR5LGN9FTADUiiookAJV4kGFgUSLoPOSd+/vAZtRKzOsZtAPWItJULBGVqpkT8sdjZ9afNNVvKpLyFELVptZFrHNz4tbn3ZWz7CLWZGtFSv2CmVGvmCW3YHoH+JNyIFMkKlkX/1mzFPI1DIJTOm5rkJ1jOmUXAJvZyfGkgY77AW1CxVLAJTzwYn9uiGVZo0jLV9CulA/T6RsciYbhTYZMSwbX57ffE/r5ZieFDPhEpSBMWHi8JUUoxpvy/aFBo4yq4ljGth/0p5m2nG0baasyV4v0/+Sy62y95eeedst3B0PKpjhqyRdVIkHtknR+SUVEiVcHJHHsgTeXbunUfnxXkbRsec0cwq+QHn4xMEvaNf</latexit>

(k,�) $ (�k,�� sign(k))
<latexit sha1_base64="66MzpYItK7se4FKesE70oi8P3sg=">AAACDHicbVDLSgMxFM3UV62vqks3wSLUhWVGRd0IRTcuK9gHdIYhk8m0oUlmSDJCGfoBbvwVNy4UcesHuPNvTNsRtPVA4HDOudzcEySMKm3bX1ZhYXFpeaW4Wlpb39jcKm/vtFScSkyaOGax7ARIEUYFaWqqGekkkiAeMNIOBtdjv31PpKKxuNPDhHgc9QSNKEbaSH654jITDpEfXf6w4ChzJYeK9sSoOvCDQ5Oya/YEcJ44OamAHA2//OmGMU45ERozpFTXsRPtZUhqihkZldxUkQThAeqRrqECcaK8bHLMCB4YJYRRLM0TGk7U3xMZ4koNeWCSHOm+mvXG4n9eN9XRhZdRkaSaCDxdFKUM6hiOm4EhlQRrNjQEYUnNXyHuI4mwNv2VTAnO7MnzpHVcc85qJ7enlfpVXkcR7IF9UAUOOAd1cAMaoAkweABP4AW8Wo/Ws/VmvU+jBSuf2QV/YH18Aw4Vmvw=</latexit>

�f = �b � sign(kb)
<latexit sha1_base64="1oVhguoc+hA+b0Xp/sIDG5MQof4=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMV+wFpKJvtpl262Q27E6WU/gwvHhTx6q/x5r9x2+ag1QcDj/dmmJkXpYIb9Lwvp7C0vLK6VlwvbWxube+Ud/eaRmWasgZVQul2RAwTXLIGchSsnWpGkkiwVjS8nvqtB6YNV/IeRykLE9KXPOaUoJWCzh3vD5BorR675YpX9WZw/xI/JxXIUe+WPzs9RbOESaSCGBP4XorhmGjkVLBJqZMZlhI6JH0WWCpJwkw4np08cY+s0nNjpW1JdGfqz4kxSYwZJZHtTAgOzKI3Ff/zggzjy3DMZZohk3S+KM6Ei8qd/u/2uGYUxcgSQjW3t7p0QDShaFMq2RD8xZf/kuZJ1T+vnt6eVWpXeRxFOIBDOAYfLqAGN1CHBlBQ8AQv8Oqg8+y8Oe/z1oKTz+zDLzgf35O3kXU=</latexit>)

Insertion of the displacement operator



Results

❖ Duality: two point function of the displacement operator 
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<latexit sha1_base64="rPJurknt/WUj/Zik6/0pwPAToE0=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlU1GVRFy4r2Ac0IUym03boJBlmJkqJ/RQ3LhRx65e482+ctFlo9cDA4Zx7uWdOKDhT2nG+rNLS8srqWnm9srG5tb1jV3fbKkkloS2S8ER2Q6woZzFtaaY57QpJcRRy2gnHV7nfuadSsSS+0xNB/QgPYzZgBGsjBXY18yKsR2GIrqeBJ6gUgV1z6s4M6C9xC1KDAs3A/vT6CUkjGmvCsVI91xHaz7DUjHA6rXipogKTMR7SnqExjqjys1n0KTo0Sh8NEmlerNFM/bmR4UipSRSayTynWvRy8T+vl+rBhZ+xWKSaxmR+aJBypBOU94D6TFKi+cQQTCQzWREZYYmJNm1VTAnu4pf/kvZx3T2rn9ye1hqXRR1l2IcDOAIXzqEBN9CEFhB4gCd4gVfr0Xq23qz3+WjJKnb24Besj28uAZP1</latexit>D?
<latexit sha1_base64="ll8MiXKCnPk6iU4vmCepGnZz4ME=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeiF48V7Ae0oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzU7gkqhwL75Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n83On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwxs+4TFKDki0WhakgJiaz38mAK2RGTCyhTHF7K2EjqigzNqGSDcFbfnmVtC6q3lX18qFWqd/mcRThBE7hHDy4hjrcQwOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD1q+j5c=</latexit>
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boundary operators of minimal dimension 

displacement operator

Straight-line expectation value

and opposite transverse spin
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Relation to  depends on theoryλ

❖ We will assume 


     (The other sign is related to this by parity)
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�f 2 [�1, 0]



Part I: Duality



Bosonic Line Operators

❖ At conformal fixed points, the line can still have RG flow


❖ The naive Wilson line is not conformal! e.g @2-loops


❖ At conformal fixed points: bi-scalar adjoint


❖ RG:  is stable, while  is unstableα = 1 α = − 1

<latexit sha1_base64="5mclGpbQkXdR2BTMDv+0Qi89030=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKexKUC9C0IvHCOYBu0uYncwmQ+bFzKwQlnyGFw+KePVrvPk3TpI9aGJBQ1HVTXdXohg11ve/vdLa+sbmVnm7srO7t39QPTzqGJlpTNpYMql7CTKEUUHallpGekoTxBNGusn4buZ3n4g2VIpHO1Ek5mgoaEoxsk4KI8TUCN1Eigf9as2v+3PAVRIUpAYKtPrVr2ggccaJsJghY8LAVzbOkbYUMzKtRJkhCuExGpLQUYE4MXE+P3kKz5wygKnUroSFc/X3RI64MROeuE6O7MgsezPxPy/MbHod51SozBKBF4vSjEEr4ex/OKCaYMsmjiCsqbsV4hHSCFuXUsWFECy/vEo6F/Xgst54aNSat0UcZXACTsE5CMAVaIJ70AJtgIEEz+AVvHnWe/HevY9Fa8krZo7BH3ifP9exkPo=</latexit>

↵ = ±1
<latexit sha1_base64="6zJW89AFkuPCerFxHHeukChDQOg="></latexit>

W↵[C, n] ⌘
h
Pe

i
R

C
(A·dx+i↵ 2⇡�

N ��†|dx|)i

n



❖ Straight line with two boundary operators:


❖ Adjoint operators on the line: 


❖ Classification of boundary operators 

• Infinite straight-line breaks conformal symmetry to


• Quantum number:  scaling dimension       and transverse spin

• Complete set @tree level: light-cone coordinate

Mesonic Line Operators (Bosonic)

<latexit sha1_base64="s7bvSnVS5RMN9tZJZnPPz8frNY0=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9kVUS9C0YsHxQr2A7pLyabZNjSbDUlWKEv/hhcPinj1z3jz35i2e9DWBwOP92aYmRdKzrRx3W+nsLS8srpWXC9tbG5t75R395o6SRWhDZLwRLVDrClngjYMM5y2paI4DjlthcPrid96okqzRDyakaRBjPuCRYxgYyX/7jLzCebofty97ZYrbtWdAi0SLycVyFHvlr/8XkLSmApDONa647nSBBlWhhFOxyU/1VRiMsR92rFU4JjqIJvePEZHVumhKFG2hEFT9fdEhmOtR3FoO2NsBnrem4j/eZ3URBdBxoRMDRVktihKOTIJmgSAekxRYvjIEkwUs7ciMsAKE2NjKtkQvPmXF0nzpOqdVU8fTiu1qzyOIhzAIRyDB+dQgxuoQwMISHiGV3hzUufFeXc+Zq0FJ5/Zhz9wPn8ALVqRIw==</latexit>

M = OL
<latexit sha1_base64="UzEPC1pRGWJFRxZmIfuTvoulbSg=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BL96MYh6YLKF3MkmGzM4uM7NCWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJoqxOIxGpVoCaCS5Z3XAjWCtWDMNAsGYwup76zSemNI/kgxnHzA9xIHmfUzRWekw7FAW5nXTvu8WSW3ZnIMvEy0gJMtS6xa9OL6JJyKShArVue25s/BSV4VSwSaGTaBYjHeGAtS2VGDLtp7OLJ+TEKj3Sj5QtachM/T2RYqj1OAxsZ4hmqBe9qfif105M/9JPuYwTwySdL+ongpiITN8nPa4YNWJsCVLF7a2EDlEhNTakgg3BW3x5mTTOyt55uXJXKVWvsjjycATHcAoeXEAVbqAGdaAg4Rle4c3Rzovz7nzMW3NONnMIf+B8/gAVnJCL</latexit>

OR
fundanti-fund

<latexit sha1_base64="JXYjU7ECyv6ojuHVK4O91fky2VM=">AAACGXicbVBNSwMxEM3Wr1q/qh69BIvgqeyKqBeh6MWDYBXbCt1Ssum0DWazSzIrlqV/w4t/xYsHRTzqyX9j+kFR64PAm/dmmMwLYikMuu6Xk5mZnZtfyC7mlpZXVtfy6xtVEyWaQ4VHMtI3ATMghYIKCpRwE2tgYSChFtyeDvzaHWgjInWNvRgaIeso0RacoZWaeTf1OZP0ot/0Ee4xFUqB7h9P1CsfRQhmUp838wW36A5Bp4k3JgUyRrmZ//BbEU9CUMglM6buuTE2UqZRcAn9nJ8YiBm/ZR2oW6qYXddIh5f16Y5VWrQdafsU0qH6cyJloTG9MLCdIcOu+esNxP+8eoLto4a9Nk4QFB8taieSYkQHMdGW0MBR9ixhXAv7V8q7TDOONsycDcH7e/I0qe4VvYPi/uV+oXQyjiNLtsg22SUeOSQlckbKpEI4eSBP5IW8Oo/Os/PmvI9aM854ZpP8gvP5DUkNoRg=</latexit>

Oinner = OR ⇥OL

<latexit sha1_base64="UqPrKqDFoMLJUeVRkHL0Wh6vY2E=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahBSlJKeqy6MaFi/pIW2hCmUyn7dDJJMxMhBK6ceOvuHGhiFv/wZ1/46TNQlsPXDiccy/33uNHjEplWd9Gbml5ZXUtv17Y2Nza3jF395oyjAUmDg5ZKNo+koRRThxFFSPtSBAU+Iy0/NFl6rceiJA05PdqHBEvQANO+xQjpaWueXh3XaqeJG6A1ND34e2k7CoaEAmdkl3umkWrYk0BF4mdkSLI0OiaX24vxHFAuMIMSdmxrUh5CRKKYkYmBTeWJEJ4hAakoylHepOXTL+YwGOt9GA/FLq4glP190SCAinHga8702vlvJeK/3mdWPXPvYTyKFaE49mifsygCmEaCexRQbBiY00QFlTfCvEQCYSVDq6gQ7DnX14kzWrFPq3UbmrF+kUWRx4cgCNQAjY4A3VwBRrAARg8gmfwCt6MJ+PFeDc+Zq05I5vZB39gfP4ApqCWww==</latexit>

SL(2,R)⇥ U(1)
<latexit sha1_base64="LQxUP5vN33bpXHfjKZ3JmROFUHE=">AAAB7XicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GNRDx4r2A9oQ9lsJ+3aTTbsToQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNCrVHBpcSaXbATMgRQwNFCihnWhgUSChFYxupn7rCbQRKn7AcQJ+xAaxCAVnaKVm9xYksl654lbdGegy8XJSITnqvfJXt694GkGMXDJjOp6boJ8xjYJLmJS6qYGE8REbQMfSmEVg/Gx27YSeWKVPQ6VtxUhn6u+JjEXGjKPAdkYMh2bRm4r/eZ0Uwys/E3GSIsR8vihMJUVFp6/TvtDAUY4tYVwLeyvlQ6YZRxtQyYbgLb68TJpnVe+ien5/Xqld53EUyRE5JqfEI5ekRu5InTQIJ4/kmbySN0c5L8678zFvLTj5zCH5A+fzB2N6jwU=</latexit>

�
<latexit sha1_base64="I2EnglkAuTqI9OZxElDDgEuBRQE=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4CmlMl00g6dTMLMjVBCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZrwfkRHSoSCUbSS70cUx6Gmk8zMBtWaW3fnIKvEK0gNCjQH1S9/GLM04gqZpMb0PDfBfkY1Cib5rOKnhieUTeiI9yxVNOKmn80zz8iZVYYkjLV9Cslc/b2R0ciYaRTYyTyjWfZy8T+vl2J408+ESlLkii0OhakkGJO8ADIUmjOUU0so08JmJWxMNWVoa6rYErzlL6+S9kXdu6pfPlzWGrdFHWU4gVM4Bw+uoQH30IQWMEjgGV7hzUmdF+fd+ViMlpxi5xj+wPn8AZi/khA=</latexit>s

<latexit sha1_base64="ZDVif65yfG12qurfJ6s6UiEmElA="></latexit>

O
(n,s)
R, tree =

1
p
N

⇥

(
@n
x3
R
@s
x+
R

� s � 1

@n
x3
R
@�s
x�
R

� s  0

Classical spin. No mixed derivative

<latexit sha1_base64="bdY5L9riIgcBiP1YimD6er7QH38=">AAACDXicbVDJSgNBEO1xjXGLevQyGAVFiTMhqBchqAePEcwCSQw9nUrSpKdn6K4RwyQ/4MVf8eJBEa/evfk3dpaD24OCx3tVVNXzQsE1Os6nNTU9Mzs3n1hILi4tr6ym1tZLOogUgyILRKAqHtUguIQichRQCRVQ3xNQ9rrnQ798C0rzQF5jL4S6T9uStzijaKRGart2AQJpo4ZwhzEqgMFNvCsP9N7g1D3M7sv9vu43Umkn44xg/yXuhKTJBIVG6qPWDFjkg0QmqNZV1wmxHlOFnAkYJGuRhpCyLm1D1VBJfdD1ePTNwN4xStNuBcqURHukfp+Iqa91z/dMp0+xo397Q/E/rxph66QecxlGCJKNF7UiYWNgD6Oxm1wBQ9EzhDLFza0261BFGZoAkyYE9/fLf0kpm3GPMrmrXDp/NokjQTbJFtklLjkmeXJJCqRIGLknj+SZvFgP1pP1ar2NW6esycwG+QHr/QuUi5s8</latexit>

�(n,s)
tree = 1/2 + n+ |s|



❖ Boundary operators @ finite coupling

• Complete set of operators: total number cannot jump!


• Ordinary derivative becomes covariant derivative


• Operators related by path derivatives: same anomalous dimension


• Bottom of the tower: four operators


• No relation between different towers!

Mesonic Line Operators (Bosonic)

<latexit sha1_base64="vSiontCSi1398mQCJ+Nimw1v/W4="></latexit>

O
(n+1,s)
L W . . . = �x3

L
O

(n,s)
L W . . .

<latexit sha1_base64="p9MmFc5IZWzmBR2KaF4wxiq1B5Q="></latexit>

O
(0,�s�1)
L W . . . = �x�

L
O

(0,�s)
W . . . , s � 1

<latexit sha1_base64="9CCpYXrDjbW4Or5mXmSZv0AvAUc="></latexit>

O
(0,s+1)
L W . . . = �x+

L
O

(0,s)
L W . . . , s � 0

<latexit sha1_base64="Agejf9Xsg6EvnXyfVDJ+/PY26Ug=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0VopZZEirosunEhWME+oIlhMp22QyeTMDMRSsg/uPFX3LhQxK0bd/6N0zYLrR64cDjnXu69x48YlcqyvozcwuLS8kp+tbC2vrG5ZW7vtGQYC0yaOGSh6PhIEkY5aSqqGOlEgqDAZ6Ttjy4mfvueCElDfqvGEXEDNOC0TzFSWvLMQydJHIwYvE69q7ukZFWsclqZk47scuqknlm0qtYU8C+xM1IEGRqe+en0QhwHhCvMkJRd24qUmyChKGYkLTixJBHCIzQgXU05Coh0k+lPKTzQSg/2Q6GLKzhVf04kKJByHPi6M0BqKOe9ifif141V/8xNKI9iRTieLerHDKoQTgKCPSoIVmysCcKC6lshHiKBsNIxFnQI9vzLf0nruGqfVGs3tWL9PIsjD/bAPigBG5yCOrgEDdAEGDyAJ/ACXo1H49l4M95nrTkjm9kFv2B8fAN695wE</latexit>

{O
(0,0)
L ,O(0,�1)

L }

<latexit sha1_base64="T5gBNvU27E5n5FKVI+UyqcFkYbg=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtlJJIUZdFN+6sYh/QxDCZTtqhk0mYmQgl5Bvc+CtuXCji1pU7/8Zpm4W2HrhwOOde7r3HjxmVyrK+jaXlldW19cJGcXNre2fX3NtvyygRmLRwxCLR9ZEkjHLSUlQx0o0FQaHPSMcfXU78zgMRkkb8To1j4oZowGlAMVJa8syKk6YORgxeZ97tfVq2qlYlq85JdiVzMs8sWTVrCrhI7JyUQI6mZ345/QgnIeEKMyRlz7Zi5aZIKIoZyYpOIkmM8AgNSE9TjkIi3XT6UgaPtdKHQSR0cQWn6u+JFIVSjkNfd4ZIDeW8NxH/83qJCs7dlPI4UYTj2aIgYVBFcJIP7FNBsGJjTRAWVN8K8RAJhJVOsahDsOdfXiTtk5p9Wqvf1EuNizyOAjgER6AMbHAGGuAKNEELYPAInsEreDOejBfj3fiYtS4Z+cwB+APj8wcX2pvZ</latexit>

{O
(0,0)
R ,O(0,1)

R }



❖ Methods & Results

• Resum pert theory: exact anomalous dimensions  


• Lifting the line to 1/2-BPS line in              CS matter theory


• Four bottom boundary operators fits in 1/2-BPS multiplets of the line SUSY


• Line 1/2-BPS condition relates spin to dimension


• Spectrum:


• Exact transverse spin:


• Stable under RG: adjoint operator on the line with minimal dimension

Mesonic Line Operators (Bosonic)

<latexit sha1_base64="p/3FhO1t77w5Tx2uYgDftGVSMmM=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0Q1IsQ9OJJIpgHJkuYnUySIbOzy0yvEJb8hRcPinj1b7z5N06SPWhiQUNR1U13VxBLYdB1v52V1bX1jc3cVn57Z3dvv3Bw2DBRohmvs0hGuhVQw6VQvI4CJW/FmtMwkLwZjG6mfvOJayMi9YDjmPshHSjRF4yilR7TDqOS3E2uyt1C0S25M5Bl4mWkCBlq3cJXpxexJOQKmaTGtD03Rj+lGgWTfJLvJIbHlI3ogLctVTTkxk9nF0/IqVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/ST4WKE+SKzRf1E0kwItP3SU9ozlCOLaFMC3srYUOqKUMbUt6G4C2+vEwa5ZJ3XqrcV4rV6yyOHBzDCZyBBxdQhVuoQR0YKHiGV3hzjPPivDsf89YVJ5s5gj9wPn8Ar9yQSA==</latexit>

N = 2

<latexit sha1_base64="Ne/6FuAcIgwSXBINXquy9sRQz8Q=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUKnWmFHUjFHXhsoJ9QGcsmTTThmYyQ5IRyrQf4MZfceNCEbd+gDv/xkw7C60eCBzOOZfce9yQUalM88vILCwuLa9kV3Nr6xubW/ntnaYMIoFJAwcsEG0XScIoJw1FFSPtUBDku4y03OFl4rfuiZA04LdqFBLHR31OPYqR0lI3X7CvCFPoLi7yI3k4ObeOKyVeGts+UgNPoGEsJ2OdMsvmFPAvsVJSACnq3fyn3Qtw5BOuMENSdiwzVE6MhKKYkUnOjiQJER6iPuloypFPpBNPj5nAA630oBcI/biCU/XnRIx8KUe+q5PJknLeS8T/vE6kvDMnpjyMFOF49pEXMagCmDQDe1QQrNhIE4QF1btCPEACYaX7y+kSrPmT/5JmpWydlKs31ULtIq0jC/bAPigCC5yCGrgGddAAGDyAJ/ACXo1H49l4M95n0YyRzuyCXzA+vgF9SJqs</latexit>

�(n,s) = 1/2 + n+ |s|

Classical spin

<latexit sha1_base64="wnRqvc5neqxOw6ZR2O9MYcAYewc=">AAACKHicbZBNS8NAEIY3flu/qh69BIugVEoiil7Uoh48eKhitdDUsNlO6+JmE3YnYgn9OV78K15EFOnVX+L246CtLyy8PDPD7LxBLLhGx+lYY+MTk1PTM7OZufmFxaXs8sqNjhLFoMwiEalKQDUILqGMHAVUYgU0DATcBg+n3frtIyjNI3mNrRhqIW1K3uCMokF+9tg7A4HU9xCeMA25bB/2yV266Ww7W23/Ij8Erg7dvCfMijo9cv1szik4Pdmjxh2YHBmo5GffvXrEkhAkMkG1rrpOjLWUKuRMQDvjJRpiyh5oE6rGShqCrqW9Q9v2hiF1uxEp8yTaPfp7IqWh1q0wMJ0hxXs9XOvC/2rVBBsHtZTLOEGQrL+okQgbI7ubml3nChiKljGUKW7+arN7qihDk23GhOAOnzxqbnYK7l7BudzNFU8GccyQNbJONolL9kmRnJMSKRNGnskr+SCf1ov1Zn1ZnX7rmDWYWSV/ZH3/AAEMpKI=</latexit>

�min = �(0,0)
L +�(0,0)

R = 1 + � > 1
<latexit sha1_base64="8fv3X3k74WiuCuMYny7niRYp6so=">AAACE3icbZDLSsNAFIYn9VbrLerSzWARqkhJpKjLohsXglXsBZoYJtNJO3QyCTMToYS8gxtfxY0LRdy6cefbOL0oWv1h4Oc753Dm/H7MqFSW9WHkZmbn5hfyi4Wl5ZXVNXN9oyGjRGBSxxGLRMtHkjDKSV1RxUgrFgSFPiNNv386rDdviZA04tdqEBM3RF1OA4qR0sgz91IHIwYvMu/qJi1Z+9Zu5igaEvnNz7+4ZxatsjUS/GvsiSmCiWqe+e50IpyEhCvMkJRt24qVmyKhKGYkKziJJDHCfdQlbW050mvddHRTBnc06cAgEvpxBUf050SKQikHoa87Q6R6cro2hP/V2okKjt2U8jhRhOPxoiBhUEVwGBDsUEGwYgNtEBZU/xXiHhIIKx1jQYdgT5/81zQOyvZhuXJZKVZPJnHkwRbYBiVggyNQBWegBuoAgzvwAJ7As3FvPBovxuu4NWdMZjbBLxlvnzvUnH4=</latexit>

O
(0,0)
R ⇥O

(0,0)
L



❖ General non-straight line: evolution equation

• Conformal symmetry dictates the form of the mesonic operator:   


• Expanding the smooth deformation:                               around straight-line 


• Chiral displacement operator: exact dimension two and spin one!

Mesonic Line Operators (Bosonic)

<latexit sha1_base64="BMmdMwVfnxx5J6WTVHJ96JGv0Pg="></latexit>

D
O

(0,0)
L WO

(0,0)
R

E
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✓
n+
L

n�
L

n�
R

n+
R

◆�
4

⇥
F (0,0)[x(·)]

|xL � xR|
1+�

Conf inv functional of 
the path

<latexit sha1_base64="XYgNYdIoc8s7yp7WaUuomPNyD6k="></latexit>

�W =

Z
ds |ẋ(s)| vµ(s)P [Dµ(s)W]

<latexit sha1_base64="rulMRinRZSWy2Jr8AvJmzpL4Qw4=">AAACCnicbVBLSwMxGMzWV62vVY9eokWoCGVXFD0WvXisYB/QXUo2m21Dk82SZItl6dmLf8WLB0W8+gu8+W9M2xW0OhCYzHwfyUyQMKq043xahYXFpeWV4mppbX1jc8ve3mkqkUpMGlgwIdsBUoTRmDQ01Yy0E0kQDxhpBYOrid8aEqmoiG/1KCE+R72YRhQjbaSuvX9X8XAo9JHHUaK0gN/342FOunbZqTpTwL/EzUkZ5Kh37Q8vFDjlJNaYIaU6rpNoP0NSU8zIuOSliiQID1CPdAyNESfKz6ZRxvDQKCGMhDQn1nCq/tzIEFdqxAMzyZHuq3lvIv7ndVIdXfgZjZNUkxjPHopSBk3kSS8wpJJgzUaGICyp+SvEfSQR1qa9kinBnY/8lzRPqu5Z1bk5Ldcu8zqKYA8cgApwwTmogWtQBw2AwT14BM/gxXqwnqxX6202WrDynV3wC9b7F7NImZ8=</latexit>

x(·) 7! x(·) + v(·)

<latexit sha1_base64="0R6csogg+OP4+jh5CarvjJwwe88="></latexit>

D+ = �4⇡�O(0,1)
R O

(0,0)
L

<latexit sha1_base64="jlLBXp9TgAaUDNa+VbMVdpVNk1o="></latexit>

D� = �4⇡�O(0,0)
R O

(0,�1)
L

1st order equation!

Anomalous dim/spin cancelled between RL operators!
<latexit sha1_base64="ro7I0WUSWnZfidt+30QcdAU551I="></latexit>

) �(D±) = 2 , s(D±) = ±1



❖ Final missing ingredient: the boundary equation


• @Tree level: 


• @ Finite coupling:               primary/descendent related by   


• Different tower cannot mix! (Opposite anomalous spin/dimension)


• Bootstrap: 

Mesonic Line Operators (Bosonic)

<latexit sha1_base64="kGFTkA8w68rgPOHZeHy73EIX1sM=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyxCBSkzRdFl0Y0LF/XRB7RDyaSZNjTzIMkoZeynuHGhiFu/xJ1/Y6adhbYeCBzOuZd7ctyIM6ks69vILS2vrK7l1wsbm1vbO2ZxtynDWBDaICEPRdvFknIW0IZiitN2JCj2XU5b7ugy9VsPVEgWBvdqHFHHx4OAeYxgpaWeWby7LlePk66P1dB10e3kqGeWrIo1BVokdkZKkKHeM7+6/ZDEPg0U4VjKjm1FykmwUIxwOil0Y0kjTEZ4QDuaBtin0kmm0SfoUCt95IVCv0Chqfp7I8G+lGPf1ZNpRDnvpeJ/XidW3rmTsCCKFQ3I7JAXc6RClPaA+kxQovhYE0wE01kRGWKBidJtFXQJ9vyXF0mzWrFPK9bNSal2kdWRh304gDLYcAY1uII6NIDAIzzDK7wZT8aL8W58zEZzRrazB39gfP4AfTaS2w==</latexit>

SL(2,R)
<latexit sha1_base64="MJWmNYblvinGGLs8U+xM856+y+U="></latexit>

�x�
L
O

(0,s+1)
L W . . . = �̄O

(2,s)
L W . . . , s � 0

Unique operator! same spin, twist reduced by 2
<latexit sha1_base64="CkCvIOts7Cvl+E3VENtm6yTFaos="></latexit>

�x+
L
O

(0,�s�1)
L W . . . = �O

(2,�s)
L W . . . , s � 1

<latexit sha1_base64="SFYkie44ZDI80FQKpz5CDl/QqDk=">AAACE3icbZC7SgNBFIZnvcZ4i1raLAZBLMJuULQRgjaWUcwFsiGcnUySIbM7m5mzSljyDja+io2FIrY2dr6Nk2QLTfxh4OM/58zM+f1IcI2O820tLC4tr6xm1rLrG5tb27md3aqWsaKsQqWQqu6DZoKHrIIcBatHikHgC1bz+1fjeu2eKc1leIfDiDUD6Ia8wymgsVq5Y++Wd3sISskHbzCIoe35DOHC80FNKXE9aW4ojlq5vFNwJrLnwU0hT1KVW7kvry1pHLAQqQCtG64TYTMBhZwKNsp6sWYR0D50WcNgCAHTzWSy08g+NE7b7khlToj2xP09kUCg9TDwTWcA2NOztbH5X60RY+e8mfAwipGFdPpQJxY2SnsckN3milEUQwNAFTd/tWkPFFA0MWZNCO7syvNQLRbc04Jzc5IvXaZxZMg+OSBHxCVnpESuSZlUCCWP5Jm8kjfryXqx3q2PaeuClc7skT+yPn8A1c2evg==</latexit>

) � = �̄ =
1

2



❖ What is the dual fermonic line operator? 


• To leading order in , boson adjoint decouple, naive Wilson line is good 


❖ Classification of boundary operators 


• Complete set @tree level:

1/N

Mesonic Line Operators (Fermionic)

<latexit sha1_base64="s7bvSnVS5RMN9tZJZnPPz8frNY0=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9kVUS9C0YsHxQr2A7pLyabZNjSbDUlWKEv/hhcPinj1z3jz35i2e9DWBwOP92aYmRdKzrRx3W+nsLS8srpWXC9tbG5t75R395o6SRWhDZLwRLVDrClngjYMM5y2paI4DjlthcPrid96okqzRDyakaRBjPuCRYxgYyX/7jLzCebofty97ZYrbtWdAi0SLycVyFHvlr/8XkLSmApDONa647nSBBlWhhFOxyU/1VRiMsR92rFU4JjqIJvePEZHVumhKFG2hEFT9fdEhmOtR3FoO2NsBnrem4j/eZ3URBdBxoRMDRVktihKOTIJmgSAekxRYvjIEkwUs7ciMsAKE2NjKtkQvPmXF0nzpOqdVU8fTiu1qzyOIhzAIRyDB+dQgxuoQwMISHiGV3hzUufFeXc+Zq0FJ5/Zhz9wPn8ALVqRIw==</latexit>

M = OL
<latexit sha1_base64="UzEPC1pRGWJFRxZmIfuTvoulbSg=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BL96MYh6YLKF3MkmGzM4uM7NCWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJoqxOIxGpVoCaCS5Z3XAjWCtWDMNAsGYwup76zSemNI/kgxnHzA9xIHmfUzRWekw7FAW5nXTvu8WSW3ZnIMvEy0gJMtS6xa9OL6JJyKShArVue25s/BSV4VSwSaGTaBYjHeGAtS2VGDLtp7OLJ+TEKj3Sj5QtachM/T2RYqj1OAxsZ4hmqBe9qfif105M/9JPuYwTwySdL+ongpiITN8nPa4YNWJsCVLF7a2EDlEhNTakgg3BW3x5mTTOyt55uXJXKVWvsjjycATHcAoeXEAVbqAGdaAg4Rle4c3Rzovz7nzMW3NONnMIf+B8/gAVnJCL</latexit>

OR
fundanti-fund

<latexit sha1_base64="cgFumr+L9Afrd+GXcXHH1yA8F+k="></latexit>

O
(n,s)
R =

1
p
N

⇥

(
Dn

3D
|s|� 1

2
+  +(xR) s � + 1

2

Dn
3D

|s|� 1
2

�  �(xR) s  �
1
2



❖ Straight line with two boundary operators:


❖ Matching: same spectrum & same evolution equation!

Mesonic Line Operators (Fermionic)

<latexit sha1_base64="s7bvSnVS5RMN9tZJZnPPz8frNY0=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9kVUS9C0YsHxQr2A7pLyabZNjSbDUlWKEv/hhcPinj1z3jz35i2e9DWBwOP92aYmRdKzrRx3W+nsLS8srpWXC9tbG5t75R395o6SRWhDZLwRLVDrClngjYMM5y2paI4DjlthcPrid96okqzRDyakaRBjPuCRYxgYyX/7jLzCebofty97ZYrbtWdAi0SLycVyFHvlr/8XkLSmApDONa647nSBBlWhhFOxyU/1VRiMsR92rFU4JjqIJvePEZHVumhKFG2hEFT9fdEhmOtR3FoO2NsBnrem4j/eZ3URBdBxoRMDRVktihKOTIJmgSAekxRYvjIEkwUs7ciMsAKE2NjKtkQvPmXF0nzpOqdVU8fTiu1qzyOIhzAIRyDB+dQgxuoQwMISHiGV3hzUufFeXc+Zq0FJ5/Zhz9wPn8ALVqRIw==</latexit>

M = OL
<latexit sha1_base64="UzEPC1pRGWJFRxZmIfuTvoulbSg=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BL96MYh6YLKF3MkmGzM4uM7NCWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJoqxOIxGpVoCaCS5Z3XAjWCtWDMNAsGYwup76zSemNI/kgxnHzA9xIHmfUzRWekw7FAW5nXTvu8WSW3ZnIMvEy0gJMtS6xa9OL6JJyKShArVue25s/BSV4VSwSaGTaBYjHeGAtS2VGDLtp7OLJ+TEKj3Sj5QtachM/T2RYqj1OAxsZ4hmqBe9qfif105M/9JPuYwTwySdL+ongpiITN8nPa4YNWJsCVLF7a2EDlEhNTakgg3BW3x5mTTOyt55uXJXKVWvsjjycATHcAoeXEAVbqAGdaAg4Rle4c3Rzovz7nzMW3NONnMIf+B8/gAVnJCL</latexit>

OR
fundanti-fund



❖  mesonic operator and its dual


• Same anomalous spin   


• Different spectrum of boundary operators 


• Chiral displacement operator: exact dimension two and spin one!


• Dual? @ ,            and            have dim 0 and spin  

α = − 1

λb = 1, λf = 0 ±1/2

Other Mesonic Line Operators

Chirality flipped!
<latexit sha1_base64="Tz6AsDKoFvuc/kjaUNjNxTXp6ms=">AAACBXicbVDLSgNBEJyNrxhfUY96GAxCBAm7ougx6MWDYATzgOy6zM52kiGzD2ZmlbDk4sVf8eJBEa/+gzf/xkmyB00saCiquunu8mLOpDLNbyM3N7+wuJRfLqysrq1vFDe3GjJKBIU6jXgkWh6RwFkIdcUUh1YsgAQeh6bXvxj5zXsQkkXhrRrE4ASkG7IOo0RpyS3u2g/MB8W4D6lNCcfXQ/fqLi2bh+bB0C2WzIo5Bp4lVkZKKEPNLX7ZfkSTAEJFOZGybZmxclIiFKMchgU7kRAT2iddaGsakgCkk46/GOJ9rfi4EwldocJj9fdESgIpB4GnOwOienLaG4n/ee1Edc6clIVxoiCkk0WdhGMV4VEk2GcCqOIDTQgVTN+KaY8IQpUOrqBDsKZfniWNo4p1UjFvjkvV8yyOPNpBe6iMLHSKqugS1VAdUfSIntErejOejBfj3fiYtOaMbGYb/YHx+QMom5ev</latexit>

eO(0,0)
L

<latexit sha1_base64="tY3WURw81Pb5RoF6pq024NSOd2A=">AAACBXicbVDLSgNBEJyNrxhfUY96GAxCBAm7ougx6MWbUcwDsusyO9tJhsw+mJlVwpKLF3/FiwdFvPoP3vwbJ8keNLGgoajqprvLizmTyjS/jdzc/MLiUn65sLK6tr5R3NxqyCgRFOo04pFoeUQCZyHUFVMcWrEAEngcml7/YuQ370FIFoW3ahCDE5BuyDqMEqUlt7hrPzAfFOM+pDYlHF8N3Zu7tGwemgdDt1gyK+YYeJZYGSmhDDW3+GX7EU0CCBXlRMq2ZcbKSYlQjHIYFuxEQkxon3ShrWlIApBOOv5iiPe14uNOJHSFCo/V3xMpCaQcBJ7uDIjqyWlvJP7ntRPVOXNSFsaJgpBOFnUSjlWER5Fgnwmgig80IVQwfSumPSIIVTq4gg7Bmn55ljSOKtZJxbw+LlXPszjyaAftoTKy0CmqoktUQ3VE0SN6Rq/ozXgyXox342PSmjOymW30B8bnDzHjl7U=</latexit>

eO(0,0)
R

non-trivial topological spin connection

Answer:



❖  mesonic operator and its dual


• Matching: same spectrum & evolution equation!


• Unstable under RG: minimal dim adjoint operator on the line

α = − 1

Other Mesonic Line Operators



Part II: Bootstrap



❖ Evolution equation is powerful!


• Spectrum + evolution equation uniquely determine the expectation values 

of the mesonic line operators


• Deformation of the line = conformal pert theory


✤ At given order of the deformation, list all relevant/marginal operators


✤ Fix coefficients by demanding conformal symmetry 


✤ Any appropriate scheme is allowed: differ by counter term coefficients 

Bootstrapping Mesonic Line Operators



❖ Evolution equation dictates the expectation value!


• Result:


•     is the dimension of any of the four bottom operators. For instance,


•                               : 2pt function of displacement ops on circular loop

Bootstrapping Mesonic Line Operators

<latexit sha1_base64="bzWLhMkg+9sTuqecAP98fDsIjSk="></latexit>⌦⌦
OL|Di(xs)Di(xt)|OR

↵↵

hhOL|ORii
=

⇤(�)

x4
st

✓
x10xst

x1sxt0

◆2�
<latexit sha1_base64="rPJurknt/WUj/Zik6/0pwPAToE0=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlU1GVRFy4r2Ac0IUym03boJBlmJkqJ/RQ3LhRx65e482+ctFlo9cDA4Zx7uWdOKDhT2nG+rNLS8srqWnm9srG5tb1jV3fbKkkloS2S8ER2Q6woZzFtaaY57QpJcRRy2gnHV7nfuadSsSS+0xNB/QgPYzZgBGsjBXY18yKsR2GIrqeBJ6gUgV1z6s4M6C9xC1KDAs3A/vT6CUkjGmvCsVI91xHaz7DUjHA6rXipogKTMR7SnqExjqjys1n0KTo0Sh8NEmlerNFM/bmR4UipSRSayTynWvRy8T+vl+rBhZ+xWKSaxmR+aJBypBOU94D6TFKi+cQQTCQzWREZYYmJNm1VTAnu4pf/kvZx3T2rn9ye1hqXRR1l2IcDOAIXzqEBN9CEFhB4gCd4gVfr0Xq23qz3+WjJKnb24Besj28uAZP1</latexit>D?

<latexit sha1_base64="rPJurknt/WUj/Zik6/0pwPAToE0=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlU1GVRFy4r2Ac0IUym03boJBlmJkqJ/RQ3LhRx65e482+ctFlo9cDA4Zx7uWdOKDhT2nG+rNLS8srqWnm9srG5tb1jV3fbKkkloS2S8ER2Q6woZzFtaaY57QpJcRRy2gnHV7nfuadSsSS+0xNB/QgPYzZgBGsjBXY18yKsR2GIrqeBJ6gUgV1z6s4M6C9xC1KDAs3A/vT6CUkjGmvCsVI91xHaz7DUjHA6rXipogKTMR7SnqExjqjys1n0KTo0Sh8NEmlerNFM/bmR4UipSRSayTynWvRy8T+vl+rBhZ+xWKSaxmR+aJBypBOU94D6TFKi+cQQTCQzWREZYYmJNm1VTAnu4pf/kvZx3T2rn9ye1hqXRR1l2IcDOAIXzqEBN9CEFhB4gCd4gVfr0Xq23qz3+WjJKnb24Besj28uAZP1</latexit>D?
<latexit sha1_base64="ll8MiXKCnPk6iU4vmCepGnZz4ME=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeiF48V7Ae0oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzU7gkqhwL75Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n83On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwxs+4TFKDki0WhakgJiaz38mAK2RGTCyhTHF7K2EjqigzNqGSDcFbfnmVtC6q3lX18qFWqd/mcRThBE7hHDy4hjrcQwOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD1q+j5c=</latexit>

h
<latexit sha1_base64="OcGC9/YSUbbxrs5aTGZ4yqfy7jQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeiF48V7Ae0oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzU7ikqhwL75Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n83On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwxs+4TFKDki0WhakgJiaz38mAK2RGTCyhTHF7K2EjqigzNqGSDcFbfnmVtC6q3lX18qFWqd/mcRThBE7hHDy4hjrcQwOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD2P0j50=</latexit>

i
<latexit sha1_base64="ll8MiXKCnPk6iU4vmCepGnZz4ME=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeiF48V7Ae0oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzU7gkqhwL75Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n83On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwxs+4TFKDki0WhakgJiaz38mAK2RGTCyhTHF7K2EjqigzNqGSDcFbfnmVtC6q3lX18qFWqd/mcRThBE7hHDy4hjrcQwOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD1q+j5c=</latexit>

h
<latexit sha1_base64="OcGC9/YSUbbxrs5aTGZ4yqfy7jQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeiF48V7Ae0oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzU7ikqhwL75Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n83On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwxs+4TFKDki0WhakgJiaz38mAK2RGTCyhTHF7K2EjqigzNqGSDcFbfnmVtC6q3lX18qFWqd/mcRThBE7hHDy4hjrcQwOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD2P0j50=</latexit>

i
<latexit sha1_base64="8LVrqJucQl9xNwsjgr7UF8xAfX0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4+7jMo=</latexit>=

<latexit sha1_base64="p+6L2yY8W3/Rt/TYPvGG47jD6oE="></latexit>

⇤(�) = � (2�� 1)(2�� 2)(2�� 3) sin(2⇡�)

2⇡

Normalization-independent!

<latexit sha1_base64="LQxUP5vN33bpXHfjKZ3JmROFUHE=">AAAB7XicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GNRDx4r2A9oQ9lsJ+3aTTbsToQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNCrVHBpcSaXbATMgRQwNFCihnWhgUSChFYxupn7rCbQRKn7AcQJ+xAaxCAVnaKVm9xYksl654lbdGegy8XJSITnqvfJXt694GkGMXDJjOp6boJ8xjYJLmJS6qYGE8REbQMfSmEVg/Gx27YSeWKVPQ6VtxUhn6u+JjEXGjKPAdkYMh2bRm4r/eZ0Uwys/E3GSIsR8vihMJUVFp6/TvtDAUY4tYVwLeyvlQ6YZRxtQyYbgLb68TJpnVe+ien5/Xqld53EUyRE5JqfEI5ekRu5InTQIJ4/kmbySN0c5L8678zFvLTj5zCH5A+fzB2N6jwU=</latexit>

�
<latexit sha1_base64="chbqHorueQf9ilPK5G9eH9R7vcA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxgv2ANpTJdtMu3Wzi7kYooX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFWUNGotYtQPUTHDJGoYbwdqJYhgFgrWC0e3Ubz0xpXksH8w4YX6EA8lDTtFYqd1FkQzx2uuVK27VnYEsEy8nFchR75W/uv2YphGThgrUuuO5ifEzVIZTwSalbqpZgnSEA9axVGLEtJ/N7p2QE6v0SRgrW9KQmfp7IsNI63EU2M4IzVAvelPxP6+TmvDKz7hMUsMknS8KU0FMTKbPkz5XjBoxtgSp4vZWQoeokBobUcmG4C2+vEyaZ1Xvouren1dqN3kcRTiCYzgFDy6hBndQhwZQEPAMr/DmPDovzrvzMW8tOPnMIfyB8/kDgnmPng==</latexit>

↵ = 1
<latexit sha1_base64="tXWuHQ7bBNR3lObuC+1pULcobnE=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSxCRahJKepGKOrCZQX7gCaEyWTSDp1MwsxEKLELf8WNC0Xc+hvu/BunbRbaemDgcM493DvHTxiVyrK+jYXFpeWV1cJacX1jc2vb3NltyTgVmDRxzGLR8ZEkjHLSVFQx0kkEQZHPSNsfXI/99gMRksb8Xg0T4kaox2lIMVJa8sx954YwhS7L9onDdCxAnn98WvXMklWxJoDzxM5JCeRoeOaXE8Q4jQhXmCEpu7aVKDdDQlHMyKjopJIkCA9Qj3Q15Sgi0s0m94/gkVYCGMZCP67gRP2dyFAk5TDy9WSEVF/OemPxP6+bqvDCzShPUkU4ni4KUwZVDMdlwIAKghUbaoKwoPpWiPtIIKx0ZUVdgj375XnSqlbss0rtrlaqX+V1FMABOARlYINzUAe3oAGaAINH8AxewZvxZLwY78bHdHTByDN74A+Mzx+0wZSf</latexit>

� = (1 + �b)/2
<latexit sha1_base64="Gkn22GPWrB85RFTJUDQ/RUGupWI=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR6sKa1KJuhKIuXFawD2hCmEym7dDJJMxMhBK78FfcuFDErb/hzr9x2mahrQcGDufcw71z/JhRqSzr28gtLC4tr+RXC2vrG5tb5vZOU0aJwKSBIxaJto8kYZSThqKKkXYsCAp9Rlr+4Hrstx6IkDTi92oYEzdEPU67FCOlJc/cc24IU+iydHrsMB0LkOcfnVQ8s2iVrQngPLEzUgQZ6p755QQRTkLCFWZIyo5txcpNkVAUMzIqOIkkMcID1CMdTTkKiXTTyf0jeKiVAHYjoR9XcKL+TqQolHIY+noyRKovZ72x+J/XSVT3wk0pjxNFOJ4u6iYMqgiOy4ABFQQrNtQEYUH1rRD3kUBY6coKugR79svzpFkp22fl6l21WLvK6siDfXAASsAG56AGbkEdNAAGj+AZvII348l4Md6Nj+lozsgyu+APjM8fuwOUow==</latexit>

� = (3� �b)/2or



Outlooks
❖  Bootstrap the connected correlation functions

Spectrum of single trace local operators

+ Spectrum of boundary operators

+ Evolution equation

<latexit sha1_base64="ll8MiXKCnPk6iU4vmCepGnZz4ME=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeiF48V7Ae0oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzU7gkqhwL75Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n83On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwxs+4TFKDki0WhakgJiaz38mAK2RGTCyhTHF7K2EjqigzNqGSDcFbfnmVtC6q3lX18qFWqd/mcRThBE7hHDy4hjrcQwOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD1q+j5c=</latexit>

h
<latexit sha1_base64="OcGC9/YSUbbxrs5aTGZ4yqfy7jQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeiF48V7Ae0oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzU7ikqhwL75Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n83On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwxs+4TFKDki0WhakgJiaz38mAK2RGTCyhTHF7K2EjqigzNqGSDcFbfnmVtC6q3lX18qFWqd/mcRThBE7hHDy4hjrcQwOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD2P0j50=</latexit>

i<latexit sha1_base64="TE5lTzTJebBAHvwXgLq7Q5MIFH0=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KomKeix68VjBfkAbymYzaZdudsPuplhC/4kXD4p49Z9489+4bXPQ1gcDj/dmmJkXppxp43nfzsrq2vrGZmmrvL2zu7fvHhw2tcwUhQaVXKp2SDRwJqBhmOHQThWQJOTQCod3U781AqWZFI9mnEKQkL5gMaPEWKnnul0DTyanUgigBqJJz614VW8GvEz8glRQgXrP/epGkmYJCEM50brje6kJcqIMoxwm5W6mISV0SPrQsVSQBHSQzy6f4FOrRDiWypYweKb+nshJovU4CW1nQsxAL3pT8T+vk5n4JsiZSDMDgs4XxRnHRuJpDDhiyv7Lx5YQqpi9FdMBUcRmoHTZhuAvvrxMmudV/6p68XBZqd0WcZTQMTpBZ8hH16iG7lEdNRBFI/SMXtGbkzsvzrvzMW9dcYqZI/QHzucPVcmUHw==</latexit>

connected

Now,  plays a role!J(0)

❖  Solve the path dependence explicitly

❖  Derive the holographic dual: Vasiliev's higher-spin theory.

❖  Better regularization scheme?



Thank you!


