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Why the name?

o First appear in the book: Heun, Karl (1839), ” Zur Theorie der
Riemann’schen Functionen zweiter Ordnung mit vier
Verzweigungspunkten”, Mathematische Annalen, 33: 161

@ Natural generalization of the hypergeometric function, the Lame
function, Mathieu function, the spheroidal wave functions

@ Numerous applications: Schrédinger equation with anharmoic potential, linear
perturbations of black holes, transversable wormholes, quantum Rabi models,
confinement of graphene electrons in different potentials, quantum critical systems

etc
Very promising area
The Heun Project / 3 of research in theory,
http://theheunproject.org/ i 3 numerics and

applications!




Some bibliography

@ Seminal theoretical works:
A. Erdlyi, F. et al., "Higher Transcendental functions vol. 3"
(McGraw Hill, NY, 1953).
Ronveaux, A., ed. (1995), "Heun's differential equations”, Oxford
Science Publications
S. Y. Slavyanov and W. Lay, "Special Functions, A Unified Theory
Based on Singularities,” Oxford Mathematical Monographs,2000.

@ Applications (astrophysics):
P. Fiziev : Class. Quant. Grav.27:135001, 2010 Phys. Rev. D 80:
124001 (2009) J. Phys. A: Math. Theor. 43 (2010) 035203
Class.Quant.Grav. 23 (2006): 2447-2468

@ Numerics (MAPLE):
Edgardo Cheb-Terrab: Journ. of Phys. A: Mathematical and
General 37: 9923-9949 (2004)
For more: https://theheunproject.org/bibliography.html



The hypergeometric function

The hypergeometric function is a solution of the following ODE:
z(1—-z)wW"(z) + [c — (a+ b+ 1)z]w'(z) — abw(z) =0

This equation has 3 regular singular points z = 0, 1, oo with solutions
according to the Frobenius method:

Around z =0 Around z =1 Around z = oo

2Fi(a, b, c; z) oFi(a,b,1+a+b—c;1—2z) =z 3Fi(a,1+a—c,1+a—b;1/z)

21{2F1(1+a—c, H+b—c,2—<; z) (l—z)c’*bgFl(c—a, c—b, 1+ z*bgFl(b, 1+b—c,14+b—2a;1/2)
c—a—b;1-2)

n 1,n=0
here 2F1(a, b, c; z) = 3209, (2albhn 2% iith (g), =
where 2Fi(a, b, €:2) = 3 2po TG o with (4) g(g+1)..(g+n—-1),n>0
Confluent Hypergeometric equation:

2w (2) + (c — 2)W'(z) — aw(z) = 0

With singularities: z = 0 — regular and z = co — irregular and solutions:
CGiM(a,c,z) + Gz'"M(a+1—¢,2 — ¢, 2),

the Kummer function:

M(a, b,z) =>72, gz;:% = limp_y00 2F1(a, b, ¢; 2/ b)




The type of the singularities matters!

For an ODE of the form:
P(x)y"(x) + Q(x)y(x) + R(x)y(x) = 0,
the point xp is singular if Q(x)/P(x) or R(x)/P(x) diverge at x = xg.

@ The point xp is regular singularity if the limits limy_,, gg ;(x — Xp)

2 exist and are finite.

and limy_, %(X — Xp)
@ Otherwise, it is irregular or essential singularity.

@ The point xp = oo is treated the same way under the change x =1/z.
Singularities are characterized by their s-rank.

Depending on the s-rank and number of singularities, one can consider
classes of ODEs!



Hypergeometric class of equations

Table: The hypergeometric class of differential equations

Name Eq. Equation Singularities s-rank
y7(z)=0 z=o00 {1}
Euler equation (z — zl)zy”(z) + A(z — zl)y/ (z) + By(z) =0 regular: z = z;, oo

1,1
or {1/2,1/2}
Confluent case y''(z) + Ey’(z) + Dy(z) = 0 z=o00 {2}

Generalized Legendre (1= 22)y""(2) + 2(s — (m + 1)2)y’(2) + Ay(z) = 0 reg. z=—1,1,00 {}

Gauss eq. 2(1 — 2)y"(z) + (c — (a+ b+ 1)z)y’(z) — aby(z) z=0,1,00 {1/2,1/2,1/2} or
{1/2,1,1} or
{1/2,1/2,1}
Confluent hyperg. 2y""(2) + (c — 2)y/(2) — ay(z) =0 z=0,00 {1/2,2} or {1, 3/2]
or {1/2,3/2}
Weber equation y'(@2) + (A —2)y(z) =0 z=o00 {3}

Airy equation y''(z) —zy(z) =0 z =00 {5/2}




The general Heun equation

d? ol 5 e | dH(2) afz—q
EH(Z)_}— [z+z—1 +z—a] dz +z(z—1)(z—a)H(Z):0 (1)

Heree=a+08—~v—40+ 1.

Regular singularities: z =10, 1, a, co.

Solution of the type y = >"72 ¢ 2" defines a 3-term recursion:
—qo+aya=0,Pc1 — (@ +g)cr + Rcri1 =0,0=1
Pr=(r=14+a)(r—1+8),Q =r((r—1+7)1+a)+ad+e¢),R =(r+1)(r+7)a

Its group of symmetries is of order of 192. (for the hypergeometric ODE,
it is n1271 = 24).

Under the process called confluence of singularities, one obtains 4 different
types of confluent Heun functions with fewer singularities but of higher
s-rank.
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General Heun function (GHE)
Singularities: regular={0, 1, a, co}

afz —q
2c-D(—a)

s d
ety } L+ Hz) =0
z—1 z—a]) dz

Confluent Heun function (CHE)

Singularities: regular={0, 1}, irregular={co1}
dz

—af

H(z)+{ +—+t} —H(z>+( q) H(z) =0

N

N

Biconfluent Heun function (BHE)
Singularities: regular={0}, irregular={c02}

a2 1+al d
——H(2)+|2z—8+——| —HEZ)+|v—a—2—
dz2 z dz

(1+a>u+a)

Doubleconfluent Heun function (DHE)
Singularities: regular— {}, irregular={—17,1: }

a4 2z + az?

— 223

d2
71-1( )—

d

— H(z)+

5+ (20 + v)z + B22

(z+ 12 - 1?2

(= —

D3+ 13

H()=0

~ -

Triconfluent Heun function (THE)
Singularities: regular={}, 1rregular7{003}

a2 5 d
Z_H(2)— (v + 82%) — H(2)+ (o + Bz — 32)H(2) =0
dz2 dz




The confluent Heun function

One starts with the general Heun equation:

e | dH(z) afz—q
dz  z(z—-1)(z— a)
redefines 8 = [3a, e = €a, ¢ = ga and takes the limit a — oo to obtain:

T - (= 225 -2) Lue) - (LS4 D e =0 @)

d? ~ )
H + o+ H(z) = 2
dz? (2) [z z—1 z-—a (2)=0, (2)

z—1 =z z
Series solution:y = Zfoo ¢, z" defines a 3-term recursion:
8 = k(k - 4p+7+5— 1) =0, £ = ~(k+1)(k +7), h” = 4p(k + = 1)
8 e dVdY e =0 e =0,@ =1
In Maple notations, the default solution ofthis ODE is denoted as

HeunC(a, 3,7,0,m, 2)

S-homotopic transformations give 16 exact local Frobenius type solutions:

atz+ 085 P+ ’YE
H=e% "2 z,”2 z > HeunC(oaa+, 088+, 0V, 0+, N4, Z+)

> FunctionAdvisor(HeunC)



> vith(athenatic:

The Heun functions in Maple

Numerical problems:

@ no known integral representations

@ not all the identities known

@ converging series solution only inside the radius of convergence
Implementation in Maple:

@ Direct numerical integration of the ODE (the default method)

@ A sequence of concatenated Taylor series expansions

[etnsorsocs, &bt

Couldutbe, Bvalf, Get, It SearchFuncrion, Sequences, Seres |

="3. 000000000

cPUtme ring evaluation. 455 seconds

573 — 0 7202406450 |

@

@




Black holes

Definition: A black hole is a region of the space-time whose boundary is

causaly disconnected from the rest of the Universe. Classically nothing can
escape, even light.

Einstein solutions: the Schwarzshild metric (non-rotating)
(s=2M,G =1,c=1):

ds®> = (1 —rg/r)dt> — (1 — re/r)"tdr* — r?(d6? — sin(0)?d¢?)  (4)

and the Kerr metric (rotating) (¥ = r? + azcos(0)2, A=r?—rr+ad).

dsz—(l—f)dt—%dr —YdO® — (P a4+ B

According to observational data:

rsrasin(6)?
>

sm(@) do” +2 dtd¢ (5)

):

@ Stellar black hole:4 — 15Mg

@ Medium-size black holes: 1.10%—4.10*My
@ Super-massive black holes: 1.106—9.10°M,,
@ Double and triple systems of SMBH




Why are they so interesting?
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@ Gravitational waves finally SR 1 W
il
observed — so far, only from w
systems of stellar black holes!
What do we know? ’ 2

e The mystery of GRB — %ﬁ Static limit
Eiso~ 1053erg, t~ sec, tfiares ~ 105Sv

/APJ, 778:54, 2013, ApJ 766:30, 2013/ )

Ergosphere

Outer event
[ horizon

— What is the central engine?
— Jets formation — how and why? E ‘

Inner event
horizon

Ring singularity



The ringing of the black holes /reuosky (1072)/

Linear perturbation of the Kerr metric for W = e/(“Wttm®)S(9)R(r) is
described with the Teukolsky equations.
The Angular Teukolsky Equation (TAE):

1—u? B

2
( (lfuz) S,m,u) + ((aouu)2 + 2awsu+ s Ejm—5° — (m-+su) ) Sm = 0, (6)
and the Radial Teukolsky Equation(R):
d’Ru€,m F(1ts) 1,1 dRoem | | K2 3
dr? A ry o or—r- dr (r=ry)(r—ro)

is ! + 1 K — —X\—4iswr M:O (")
r—ry r—r_ (r=ro)(r—r2)

where A =r2 —2Mr+ a2 = (r—r_)(r—ry), K= —w(r® + a®) — ma,
A=E —s(s+ 1) + a’w? + 2amw and u = cos(h).
For EM perturbations: s = —1. For GR: s = —2.

The two horizons are: r = M 4+ M2 — a2, Unknowns:w, E!l!




Solutions in terms of the confluent Heun function

The solution of TAE:

51,2(0) = e™12%27 ﬂu/z 712/2HeunC(a1 2,812,71,2,012,Mm,2,212) (8)

where z; = cos(6/2)?, zo = sin(0/2)?, and the parameters are:

For the case m = 0: For the case m = 1:
a1 = —ap =4 aw, a; =ar = —4aw,
pr=p=1, Br=7=2
n=-r=-1, Nn=p5=0,
51:—52:430.), (51 :—52:430.),

m(w) =m(—w) =1/2 — E —2aw — a°w® mw) =m(-w)=1—E —2aw — a°w’



The solutions of TRE:

R(r)=CiRi(r) + GRx(r), for (9)
Ru(r) = e (r—ry) = (r—r_)" HeunC(a, 8,7,6,7, 2)
Ro(r) = €% (r—ry) 2 (r—r_)" HeunC(a, 8,7, 8,7, 2),

r—r4

where z = ey

and the parameters are:

2i(w(a® + r,?) + am) -

2i(w(a® +r_?) + am) 1

a:72i(r+fr_)w,5:f e l,y= e ,
6= —2i(r+ — rf)w(l - (r7 + r+) w) ,

1 1 .
n ZEW [4w2r+4+ 4 (lw—2w2r7) r+3+(1—4aw m—2w232—2E) X

(r+2+r72) +4 (iw r.—2iw r++E—w232—%> ror.—4a (m+w a)z} .



Boundary conditions: /Fiziev(2009), Staicova and Fiziev (2010, 2015)/

For the TAE we require regularity on the sphere. This means the Wronskan
of the 2 solutions S$1(6) and Sx(6), should be W[S1(0), S2(6)] = 0, or:

HeunC'(a1, 81,71, 01,71, (cos (7/6))?)

W[517 52] =
HeunC(au, 81,71, 01, M1, (cos (77/6)) )
Heunc (a2, ﬁ27 Y2, 527 72, (Sln (77/6)) ) =0 (10)
HeunC(az, B2, 72, 62, 2, (sin (7/6))?)
For TRE:
QNM - bIack hole boundary conditions): R» is valid for

(
R(w) & (—3pmz;» 0) and sin(arg(w)+arg(r)) < 0.
QBM - (q uaS|bound boundary conditions): R is valid for

R(w) € (— e 0) and sin(arg(w)+arg(r))> 0.
TTM modes are missing in the EM case

BC: | o'y o
TTM/left or right/

D+ % €

QBM

QNM




EM Quasi-Normal Modes (s = —1) for a=0 /oss. and Fiziev (2015),
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Figure: a) QNM and QBM modes for m = 0,/ = 1 b) boundary condition for
them: sin(arg(w) + arg(r))



The spectrum for a € [0, M] /fiev and D.s. 2015/
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Spurious Modes os wa e cossy

sip(af(w) + arg(r))
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Figure: (a) Unphyisical modes (crosses) with QNM and QBM (diamonds) for a = 0,
m =0,/ =1,2. (b) Boundary condition for them sin(arg(w) + arg(r)) (c) the mode
with n = 3 for a € [0, M)

In order to distinguish the spurious modes from the physical ones, one needs to test
their numerical stability. Physical modes should not depend on r! Our tests showed that
the spurious modes indeed depend on r.



Gravitational QNMs: the case s = —2

The spectral system:
HeunC’ (4 aw,2—m, m+2, —8 aw, n+,zA))
HeunC (-4 aw,2—m, m+2,-8 aw, n+,zA)
HeunC’ (4 aw, m+2,2—m, 8 aw,n’,1 — za) (1)
HeunC (4 aw, m+2,2—m, 8 aw,n? ,1 — zA)
where the derivatives are with respect to za, 6 = 7/3 and
ni=2+1/2m? - E+4aw— a%w?, zp = sin2(%). TRE:

W(0) =

R(r)zHeunc< i ‘*) (12)
ry —r—

with B= (ry —r_)/(ry +r-),Q2 = Mw,C = a/M and r+ = M £ vVM? — a2 and
o= —4iBQ, = V;me:_iv;?— 5= —8BQ(Q+1) (13)

1
2B2
10 B2Q? — B?m? + 2 AB? + 4 CmQ + 4 Q2 + m?

(— 2B*Q% —8iB3Q — 802RB3 — 8iB2Q—

Qe = 81620 — 4 B2Q2 + B2m® & (4iBCm — 4 BCmQ+
8iBQ —8BQO?) —4CmQ +4B*>—4Q% — m?



The spectrum for the gravitational QNMs

0 02 04 06 08 1 12 14 16 18 : L ,
-0.1 0 0.1 0.2

R(o) ! % (0)

Figure: The Gravitational QNMs for m=0,1,-1,2, —2



What happens if we impose qualitatively new boundary conditions?
For the solutions of the the TAE, we use the new requirement that the
confluent Heun functions should be polynomial. The polynomiality
condition reads:

5
g, B
(0%

s+ N+1=0. Ansi(p) =0.

Here, the integer N > 0 is the degree of the polynomial and Apy1(u) is
three-diagonal determinant specified in Fiziev 2009

The polynomial requirement for the angular solutions fixes the following
relation between E and w:

s—1EX(w)=—(aw)? — 2 aw m=*2 1/ (aw)*+aw m. (14)



The spectra compared

Staicova and Fiziev:
Astrophys. Space Sci. (2011) 332  Astrophys. Space Sci. (2015) 358
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Figure: Left: Jets modes Right: QNM

The new boundary conditions change qualitatively the spectrum!



The analytical fit

-0.54

o4 loglal

107 107 10" 10”10

Figure: Comparison between our numerical results plotted with blue (red) crosses
and the analytical formula (violet lines) in the cases N = 0, 1.

The best fit for our numerical data for the lowest modes is:

Wp=0,1,m = (—m+iNv/b?> —=1)Qy, N=0,1.,Q4 =a/2Mry, b= M/a
(15)



Comparison between Jets modes & QNM for a > 0
1D
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Figure: Left: Jets modes (m = 0, —1), Right: QNM (m =0,1)
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While for the Jets modes we are able to reach a > M without finding the
symmetrical with respect to the real axis unstable modes, the QNMs and
the QBMs are completely symmetrical.



The solutions of the TAE

YSO jet HH 111, Orion Nebula, HST

Figure: The angular part of the solution (left) and jets observed in Nature (right)

Using the polynomial singular condition instead of the regularity condition
offers us a simple though approximate way to model collimated outflows!



We have applied the confluent Heun function to:

@ Black holes and naked singularities in the (proper) jets case (EM). We
have found a new spectrum and natural mechanism for collimation.

@ Black holes QNMs and QBMs (EM). We have found that the
spectrum obeys the symmetries of the metric. Also we have found
spurious spectrum.

@ Black holes QNMs and QBMs (GR) We have found the non-zero
imaginary part of the 8th mode.

Using the Heun functions we were able to both reproduce old results
independently and qualitatively results.

Despite the numerical challenges, the Heun functions are promising tool in
any field of physics.



Thank you for you attention!
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Connection between coefficients in Ronveaux Eq. (1) and the definition in
Maple:

a:_eRaﬁzvR_la’y:(sR_
§ = —aRBR + R /2(yR + 6F),n = —eRyR /2 + gF — 1/2(+F% - 1)

From Fiziev, arXiv:0902.1277 The A,(u) condition:

p—q 1(1+8) 0 0 0 0
Na  p—g+la 2(248) ... 0 0 0
0 (N-1)ao  p—gs+2a ... 0 0 0
: : : : : : . (19)
0 0 0 B 1 1+('\ 2)a (N=1)(N-1+0) 0
0 0 0 20 p—gn+(N-1)a N(N+p3)
0 0 0 0 la p—qnp+Na

1
gh=(—-1)(n+B+7),6=p+v— 6+v+2,n a(ﬁ;)_ﬂ_w
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