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2.1 Linear algebra 61 - 79

Linear algebra 61 62 Introduction to quantum mechanics

2.1 Linear algebra

Notation | Description
i Complex conjugate of the complex number z.
Q+iy=1—i
|2} Vector. Also known as a ket.
(i Vector dual to |¢9). Also known as a bra.
e (ple) Inner product between the vectors |¢) and [¢)).
- [) @ |4) | Tensor product of @) and [¢)).
: @0 |@)r) | Abbreviated notation for tensor product of |¢) and |¢)).
Zn A* Complex conjugate of the A matrix.
AT Transpose of the A matrix.
2 2 2+ 2| At Hermitian conjugate or adjoint of the A matrix, AT = (AT)*.
+ ; = : s 2.2) a b | a
A s ¢ a] =[5 7]
(p|AlY) | Inner product between |} and A|¢)).
. o Equivalently, inner product between Af|) and |v).
z = ) (21) Figure 2.1. Summary of some standard quantum mechanical notation for notions from linear algebra. This style of

notation is known as the Dirac notation.
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2.1 Linear algebra

Linear algebra 69

70
2.1.6 Adjoints and Hermitian operators

Introduction to quantum mechanics

61

Suppose A is any linear operator on a Hilbert space, V. It turns out that there exists a
unique linear operator AT on V such that for all vectors |v), [w) € V',

([v), Ajw)) = (AT|v), |w)). 232)
This linear operator is known as the adjoint or Hermitian conjugate of the operato

A. From the definition it is easy to see that (AB)! = BTAT. By convention, if |v) i
a vector, then we define |v)f

(A = (v]AT.

{v|. With this definition it is not difficult to see that

¥
(Z a,-Af) = ZG:AT
P=3li)il

k
i=1
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Suppose A is any linear operator on a Hilbert space, V. It turns out that there exists a (Z a,Af) = Z(L?AT_ (2.33)
unique linear operator AT on V such that for all vectors |v), [w) € V', i i

(o), Alw)) = (A1 [o), [w)). (2.32) e
This linear operator is known as the adjoint or Hermitian conjugate of the operato Y= Z l4) (i (2.35)
A. From the definition it is easy to see that (AB)! = BTAT. By convention, if |v) i =l

a vector, then we define [v)T = (v|. With this definition it is not difficult to see that
(Al = (o] AT,
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Linear algebra 69

2.1.5 Eigenvectors and eigenvalues
An eigenvector of a linear operator A on a vector space is a non-zero vector |v) such that
Alv) = v|v), where v is a complex number known as the eigenvalue of A corresponding
to |v). It will often be convenient to use the notation v both as a label for the eigenvector,
and to represent the eigenvalue. We assume that you are familiar with the elementary
properties of eigenvalues and eigenvectors — in particular, how to find them, via the
characteristic equation. The characteristic function is defined to be ¢(A) = det |A — Al|,

A diagonal representation for an operator A on a vector space V' is a representation
A = %7, Aili)(i], where the vectors |¢) form an orthonormal set of eigenvectors for A,
with corresponding eigenvalues A;. An operator is said to be diagonalizable if it has a
diagonal representation. In the next section we will find a simple set of necessary and
sufficient conditions for an operator on a Hilbert space to be diagonalizable.
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2.1.5 Eigenvectors and eigenvalues

An eigenvector of a linear operator A on a vector space is a non-zero vector |v) such that
Alv) = v|v), where v is a complex number known as the eigenvalue of A corresponding
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2.1.5 Eigenvectors and eigenvalues

An eigenvector of a linear operator A on a vector space is a non-zero vector |v) such that

Alv) = v|v), where v is a complex number known as the eigenvalue of A corresponding
to |v). It will often be convenient to use the notation v both as a label for the eigenvector,
and to represent the eigenvalue. We assume that you are familiar with the elementary
properties of eigenvalues and eigenvectors — in particular, how to find them, via the
characteristic equation. The characteristic function is defined to be ¢(A) = det |A — Al|,

A diagonal representation for an operator A on a vector space V' is a representation
A = %7, Aili)(i], where the vectors |¢) form an orthonormal set of eigenvectors for A,
with corresponding eigenvalues A;. An operator is said to be diagonalizable if it has a
diagonal representation. In the next section we will find a simple set of necessary and
sufficient conditions for an operator on a Hilbert space to be diagonalizable.
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Alv) = v|v), where v is a complex number known as the eigenvalue of A corresponding
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characteristic equation. The characteristic function is defined to be ¢(A) = det |A — Al|,

A diagonal representation for an operator A on a vector space V' is a representation
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Kronecker product

ng

AnB ApB ... A,B
AnB  ApB ... AyB

AR B= . i i mp. (2.50)
A'ml B AmZB v Amnn

Exercise 2.28: Show that the transpose, complex conjugation, and adjoint operations
distribute over the tensor product,

(AaB)r =A*"@RB; (Ao BT =AT® B";, (A® B)' = At @ Bt.(2.53)
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Exercise 2.28: Show that the transpose, complex conjugation, and adjoint operations

distribute over the tensor product,

(AaB)r =A*"@RB; (Ao BT =AT® B";, (A® B)' = At @ Bt.(2.53)
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w(A) =D A (2.59)

<xercise 2.37: (Cyclic property of the trace) If A and B are two linear operators
show that
w(AB) = uw(BA). (2.62)

ixercise 2.38: (Linearity of the trace) If A and B are two linear operators, show
that
(A + B) = w(A) + w(B) (2.63)

and if z is an arbitrary complex number show that

tr(zA) = ztr(A). (2.64)
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<xercise 2.37: (Cyclic property of the trace) If A and B are two linear operators
show that

w(AB) = uw(BA). (2.62)
ixercise 2.38: (Linearity of the trace) If A and B are two linear operators, show
that

(A + B) = w(A) + w(B) (2.63)
and if z is an arbitrary complex number show that

tr(zA) = ztr(A).

tr(A®B) = trA tri

(2.64)
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with inner product (that is, a Hilbert space) known as the state space of the
system. The system 1s completely described by its state vector, which is a unit A
vector in the system’s state space. 2.2 The postulates of quantum mechanics
Postulate 2: The evolution of a ¢/osed quantum system is described by a unitary

transformation. That is, the state i) of the system at time #, is related to the

state [¢/’) of the system at time ¢, by a unitary operator U which depends only on

the times #; and t,,
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system. The system 1s completely described by its state vector, which is a unit
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Postulate 2: The evolution of a ¢/osed quantum system is described by a unitary
transformation. That is, the state i) of the system at time #, is related to the
state [¢/’) of the system at time ¢, by a unitary operator U which depends only on
the times #; and t,,
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Postulate 1: Associated to any isolated physical system is a complex vector space
with inner product (that is, a Hilbert space) known as the state space of the
system. The system 1s completely described by its state vector, which is a unit
vector in the system’s state space.

Postulate 2: The evolution of a ¢/osed quantum system is described by a unitary
transformation. That is, the state i) of the system at time #, is related to the
state [¢/’) of the system at time ¢, by a unitary operator U which depends only on
the times #; and t,,

W) = Ulw) - (2.84)

Postulate 3: Quantum measurements are described by a collection { M, } of
measurement operators. These are operators acting on the state space of the
system being measured. The index m refers to the measurement outcomes that
may occur in the experiment. If the state of the quantum system is |¢)
immediately before the measurement then the probability that result m occurs is
given by

p(m) = (Y| M, My |) (2.92)

and the state of the system after the measurement is

4‘1'[1): [U)

. (2.93)
(| M My |2
The measurement operators satisfy the completeness equation,
S MM, =1. (2.94)

m
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Postulate 4: The state space of a composite physical system is the tensor product
of the state spaces of the component physical systems. Moreover, if we have
systems numbered 1 through 7, and system number ¢ is prepared in the state
), then the joint state of the total system is |1} @ [1s) @ -+ @ [1y,).
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2.4 'The density operator

Postulate 1: Associated to any isolated physical system is a complex vector space
with inner product (that is, a Hilbert space) known as the state space of the
system. The system is completely described by its density operator, which is a
positive operator p with trace one, acting on the state space of the system. If a
quantum system is in the state p; with probability p;, then the density operator fo
the system is >, pip;i.

Postulate 2: The evolution of a closed quantum system is described by a unitary
transformation. That is, the state p of the system at time ¢, is related to the state
7' of the system at time #, by a unitary operator I/ which depends only on the

times t; and t, . .
p =UpUT. (2.158)

Postulate 3: Quantum measurements are described by a collection {M,,} of
measurement aperators. These are operators acting on the state space of the
system being measured. The index m refers to the measurement outcomes that
may occur in the experiment. If the state of the quantum system is p immediately
before the measurement then the probability that result m occurs is given by

p(m) = (M M,, p). (2.159)
and the state of the system after the measurement is
M pM,
_EmPm (2.160)

tr( M3 M, 0)
The measurement operators satisfy the completeness equation,

SN MM, =1 (2.161)
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of the state spaces of the component physical systems. Moreover, if we have
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AKCMOMUWTE, N3NON3BaHW B TO3M KypC Luenar:

1) [la ce nocTUrHe aHanorus, NpyM KOSITO efHa KBaHTOBa CUCTEMa [a M3rnexaa KaTo Knacuyecka BeposTHOCTHA
(cTaTncTUuecka) cucTema, B KOATO He e prKCHpaHo onpepesieHo BEPOSITHOCTHO pasnpenesnienne, a oTHanpes e 3ajafeHo
caMo NPOCTPaHTBOTO Ha CbbUTUATA (T.€., T.Hap. "M3MEePUMO NPOCTPAHCTBO" B TEOPWUSA Ha BepoATHOCTUTE). Cnep ToBa
LonycKaMe, 4e MOXe [la UMaMe pasfnyHU BEPOSTHOCTHU pasnpeaeneHns Bbpxy CbOUTUSATa U TAX MM Hapuyame
"cbcTOAHMA" Ha pasrnexjgaHaTa ctaTUCTUYECKa cUcTeMa.
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1) [la ce nocTUrHe aHanorus, NpyM KOSITO efHa KBaHTOBa CUCTEMa [a M3rnexaa KaTo Knacuyecka BeposTHOCTHA
(cTaTncTUuecka) cucTema, B KOATO He e prKCHpaHo onpepesieHo BEPOSITHOCTHO pasnpenesnienne, a oTHanpes e 3ajafeHo
caMo NPOCTPaHTBOTO Ha CbbUTUATA (T.€., T.Hap. "M3MEePUMO NPOCTPAHCTBO" B TEOPWUSA Ha BepoATHOCTUTE). Cnep ToBa
LonycKaMe, 4e MOXe [la UMaMe pasfnyHU BEPOSTHOCTHU pasnpeaeneHns Bbpxy CbOUTUSATa U TAX MM Hapuyame
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"kKnacuyecka ctaTmMcTuyecka cuctema'. Mckame T8 ga 6bAie YacTeH cnydan B HallMTe aKCMOMM.

3) CuctemuTe M3yyaBaHu, B KBaHTOBaTa Guanka Tpsabea Aa 6bAaT ApYr YacTeH cnydai Ha akcMoMKUTE Ha KBaHToBaTa
TEOPWs!, HO 3ae[lHO C TsIX UCKaMe fa MMa M "XMbpuaHu" MOAenun, KOUTo Aa cbyeTaBaTt U ABaTta rpaHUYHK cnydas: HanbAHO
KNnacu4eckms U YNCTO KBaHTOBMS. MocneHOTO e NonesHo, koraTto TpsibBa fa ce NpaBu napanen Unn npexoq Mexay
KNacu4ecku 1 KBAHTOBW NMOHATHS.



