Aggebmic approacg VLD ‘Z%é’ variaﬂonaé’

caleulus

/l/c'éo/ag M. /[/i&a/m/

_{. Basic caleulus in olif{ereufiaf geamevlr(‘{

let M S ij> be an open subset with
coordinates x=(x*) € M. Introduce the

basic vector f'i’e(ds on M

A
9&3/4 i o.x M

and the basic /—-forms dac ¥

A gememf vector field on M ta bos the
form Xﬂ(x> axﬂ and it genaraf€5
a (/oca/) flow on M :

X = (x4) > (?Eg/;(x)) = Fg)(x)

E.

Hence) X7 (X) = % '3:(/5 (x)

E=0



7=

Tge primtxrg meanihg o’f a yector jf‘ie&{
X: X/A(X) 93:,4 1S 6S a éinear OPQFCAff'or

X: CT(M) = C7(M)
f = X(f):= X" ,{

on the vectsr space C(M) of
a& smooth -fwmc%ions f* M—R , which

are decivations in the sonse fhat

X(ﬂf,?.) B X(JCI)JCJ " UClX(fz)
(X satisfies the Mii (‘u/e)

NN




Uote that conversely , 1f X is a
Ziné’ar operafor OV Coo(M) S Wﬁlf’ﬁ
satisfies 1he lelbniz rule then X
LS um‘iué/g represew%ab& in the form

X'—'— X/A(X) axﬂ , as the coeficlend

funcdions Xﬂ(x) can pe dedermined
as X/A(X) = X ae?‘?wg oh x” :

fs an application of the last resuld
one observes that if X,= X;M(X) 0 M
ana/ X2'= X;(X) axﬁ are two vector
fields on M then their comutator
X= [Xl 5 on] , S OFQraq‘ors an‘Inj on
COO(N> , s o derivation agalw and
nence , is a vector f}e/o(, One obtains

X= X/M(X) axﬂ for
X#(x) = X[ (x) 9gp X2(x)
- X, (%) 80 X/(x)



A geneml (externa /) r-form on M has
‘L%e form

= (x) dac P - dact'r

ﬂ’.,.ﬂp
(vno‘ée g O(xH c[xv = alx“/l lev
= — daxV dx/ )
HerQ ) r/‘*;”‘/"r‘(x) = COO(M>

e M) - the space of alt c-forms
on M

Tﬁe Je Rﬂam !exéeriorz c(?-f-ferevn‘h'a 1S

dy = 9, 1 Cf’__‘ﬂp(x) dac” dac?r - doct'r
and d?é QH{(H) ) o[zy= 0 .
Havinj a (/oca/) jf/ow
Ty ()= (T,

one %as ah induced Eu(gbﬁfé a(:'éion

on forms :



F ) 2F (x)
FXp(x)= O ) )
( )X(X) a'xﬂl axﬂr

" PV:"' "r( 5E(’ci) (X)) o -

I'f inoluces fﬁé’ Lte c/eriva'éive Z_X?
of ¢ along Hhe vector field

X = X/A(x> 0 u

that genemées the Llw ?(Jg),
bg 'Mé’ ’Porwwla

One caleulates the explicit form of

LX? ,7{,7 /4(\( x) dactr - docHr

Wﬂgr@ HI)/JP(K) =



D
Recall that Q° (M) S F@OQF(M)
(where SZO(H) ;= Cw(/“/>) s a

graded commutative algera ,i.e.,
f e QM) aund e Q%(M)
thew pf, =0, € Q12 (M)
avd 7§, = ()"t 8,
One checks that +4he Lie derivatives
Ly s 2°(M) = 2°(M) are

derivations 0{3 the a%ebm SZ. (M)
o‘f Jegree 0. The latter means that

a) LX : QF(H) —> Szr(H) (preserves
the olegrees ).

) Ly (p2) = Ly (B) 1 * 8 Ly (1)
(l,eibnii rule )



Ih par-[:icufar) O SZO(H) — COO(M> 5
Lx acfs as a yector {iefd ) l.e. ,

In 3ener‘a€ . a linear operator
A: Q° (M) — Q° (M) is said 4o pe
o defivation of de%ree pe 2 i5§

(the gradeaf Leibniz ru(e) ) where
g€ 24(M) (4=1,2).

An exaMp/e of derivation of dé’gree /
is the exterior diffecential :

0[(5’1?&) - d(m fg ("’)r‘ 't d(vl)



Aﬂo‘éﬂer examf;/é LS v"/'ce “iota -

oPera’fwh”

1y (M) = 2 (M)
defined for a vector ;f;efd X ) which

(S a derivation o{ order -1

TﬁIS operaj‘ion LS Je??ned bg

- Y M ... M-
ix Y’ rﬂ"r_ﬂr" dor GIJC et ;
)
r/” 1 Me-) (xr)
_ V
- f;_—' X (x) Ff”:" > /,,P(x)



The Cartan formula is easi% proven
bg the foﬁowimg two observations:

l) ch A, and AJL are two o’eri’va%)oms
of Q° (M) of dogrees Pi an o P 5
respective Fg then their @W
commutator , defined bg=

A A= AA - (0P AR,
s a derivation of Q°(M) of
JOgree P,'I’ Pi'

2) QF° (M) LS 3é’né’ra’£eaf , @S an aygé’bra
bg _QO(M> = (®(M) and all Ja¥.
Therefore | to prove an Ed@n{;ié{
between two derivations it is
enoug& fo check it for funtions
$€C?(M) and all dx



Bg the Cartan formufa i € fo/fows a/so
that _
Lxd = dLy
since LXOI - (clzx XO’>CJ
= ded = d LX

-IV' :FQC‘lL , One can PFO\/Q ’é%a'é Cp
commm‘es Wf'fﬂ? alﬂj (4060/) Jcpou/ ‘}Eﬁ):

X o K
d?(la)"?(,&)d

/Voﬁe also that i+ N is a mam?foﬁ(
with (/omf) cordinates y = (ga) and

F:-N—>M: (3"') —> (x'”=5”‘(y))

T 1

LS a smoofﬂ map 'Ulé’lﬂ il‘: induces o

order
~ Qr(/v) (%r)

déocinaa{ (h 'Hlé’, Same Wag as —\For ‘.NOWS‘

pull back map :

F*: Q (M)



Im pam[icufar) gcor a SubMaw;fo(q/
[V > M

J'*X = s 8‘ |l\/ S col/(.ec( o resteiction

of ¥ on N,



Im‘egmf ion

Volume forms on M are called +4he
exterior forms N\ E SZP(H) o«f Qa -foP
degrae D =dim (M) .

Tﬂem A\ = aC (x) a{:r’ c!JED

and we daflne

S/\ 3 Ei (x) doxc! - dx®
M M

(hofe: this definition relies on au
orien%a%iom on M prov?d(’d bé‘ 'Wle
order dax! - o/a:D).

Mo re genera Wé{ Cid (¢ is dn exterior
jfor‘m on M o4 dagrae o(im ﬂ/) :For on
ociented Submamifo(o’ 4 /]/ — M)
then (¥ is a volume form on N and
we Sed :

by § 1

Stokes? theorem S dy = S
r N ¢ oN X






L. Basic caleulus on bundes

let MSRY and FC IRM be open
subse%s)set‘ E = MxF and consider the
teivial bundle f=(E p:E->M M)
with coordinates x = (x") eM and

U= (UA) € F. Inéroduce {ﬁe basic vector

aud the basic |-forms da®  du?
A gé’neme vector f}é’/d oW E faéé’s
'{%é’ farm :

Z = Xﬂ(x,u> Oyt Y? (x,u) 9 1
and it 30140!‘07‘?5 a (Zoca/) ;f/ow on E

(e, u) = (?(15)(% u>) G(a—:) (%, “))




The £low
(x,0) = (Fieyx,), Gy, ),
is called vertical 5§ ?(,5 (X, u) = xt

and 4@1400) 44 X}A(x,u> =0 .
-Tﬂen) the genera ILr'Mg vector f;efo(
Z = YA (X, u) 911/’ s also called

veréica/

ﬁg Mow
(X,u) > (?(JE.)(X) u>} 6(5) (X’ u>)
s called verically consistent iff

g‘u afepé’nd.s owfg o} X and ﬁenm
i X depend ovly on .

Then | the genera ILf'Mg vector field
2 - X/M(X> a,x/” X YA (X)’M> auﬂ

1S a[SO caffed veréica// consisfenf




Note: vertical consitency of a map (flov)

means that fibers are not Zeared

vY Y v b vy

M

/mee a&o 'Mmf Qverg Ver‘f:caf f(ow
a VQC’/'OF 'Pté’gd 1S afsa Qa Verf:cagjg

")

Conststont.
The comFosifioms of maps (g%'w.s)
and the commutators preserve these

Cafegar‘ies.



ﬂ/oﬁe {that every ver%:‘ca%g consistent
ma/o g'{f E — E anaces a u‘niqu.e

WmF ?Jf M— M : Wilicg ‘Wméas 1he

and vice versa , the commui'aﬂvffg o][

the above d}agram esures that ihe ma p
?{ ES V@Fficafgg COWSES'/'eMi' ;

Sommffmes g{ 1S ca//é’a/ . in of
fﬁe Wla'b SCJ to E

gXam/o/e - {he fang?hﬂae /}H of F
on ‘Me 'éamgemﬂm( bundle E = T(M)

(}'n this case : T(ﬁ) = M x IRD) :
((z*), (u*)) =

((?’ﬂ(m | ( zi’:(x) WD




Tﬁe 'éangenfiag éi-f‘ﬁ o'F ‘Me ‘IMa"P
F:M—>M is denoted bg
FT.T(M) — T(M).

15 ?(Jé)i M— M is a (/ocaf) f/ow
3en€rafed b(g the vector field

X '-‘-Xﬂ(x) ou

then the *éangeniia/ {141 (5 is o f/ow
O n T(M) gemera'éed b;‘ X(T):
X" (6) 9 *+ 00 X () u? 3,

Anoiﬂer eXa’WtZé’ 1S {Ae flﬂ 04 X to
T(/‘/{) ﬁDFOV?O{QO” bg O pamfe{ frams(Pof{

X=X )0 ut 0L ) X0 usd,,
Vote: [ X XO)=[X,,Xx,]17

X7 X=X, X7
FR(X, X, 9,

g



Sections: note Lhat every “Liold ”

Yy : M —=> F (E,é’,) a smooth map
— F‘) can be equiva /enfﬁﬁg seen

as a section of the teivial bund/le

f=(E)p:E*H)M)) F=MxF
i.€.  as a smooth map

P M —>E-MxF

Y o~
X > (x ¥ (x))
such tha po = la[ Thus

c®( M JF) = C%()
K_——y—_./ S
the set of all smooth the set of all

maps M —> | sections of &
Iy jfacf) 7 maps M 4o the 3rapﬂz of ¥

PV V) V) V) V) V) V)

< > M
<)



9. Fields’ fransforrna{fons

a) Fiefa/s’ fran57(0rma7ln‘ons under ver%lcm{f{/y
consistent gcgows ,

ﬂssume we éave Q (foca f) ver%lcm/{y
consistent f(ou/ on E :

(x, 1) > (Fx),6(x,u))
(F=F,),6 =6y, ). Under this fou

the 701'666{5 (or) the mwf‘z*icomponef f;efd)
u=Y(x) are transformed to new fields

n’= W’(x’) accordlmg 1o the l‘u&,
v (F(x) = 6(x,¥(x)

—
x



b) Generatized f1elds’ -gramgjca rma tlons

Assume we have a (/ocaf) flow on E :

(x u)lﬁ ( ) xu))

(‘}J: '}(JE) )G - G(g) >._ﬁgé‘f4€’r with a
{field u = ‘-V(x)) this induces

the -érawsjcormeo( o
fields for u’>=9’(x?)

g“ef‘fe ctive” vertica &’3

consistent transformatiow

Here: 7 (SCJ(X,‘V(X)» - G(X)(’V(X))
F(x) = F (x,¢ (x)

Y (x’) = ¥(x?)



IR R ARR

Let us a/i{'feremi‘:'or{e in & at €=20
(/Vofe: 8:/=?(J£) G:G q/) '
) (€) 7 ) q/(z‘.))

?*(LV) _ ?/(LV)
» (€) and G(q/) = G((&q/)) but
o not depemi on £ . )

find fez‘) as be{ore)

0 T M
> Fe) (%, %) o X’M(x,u>
P A
0E G(E)(XJM) £=~‘0= YA (X 7/(>




_ Y/ A
Z=X (x,u) o ut Y (x,u) 0,/
- the vector field on E 3enera%ing the -}gow.

0 (¥) \/ _

D (T L, = X (e )

0 () \F

£ (G(g) ) - = YA(X)LV(X))
- Xﬂ(x,q/(x)) 0« (Vpr(x)

The above result Las the follo wing

geomeéric infer‘prefa%ion ..

VY Y v vty

X" - Xﬂ(x)q/(x)) 0. 1
2'=2"= L (69) 3,
2h=zh=2 - 20



/

whece 2
= (Y’q (x,u) - X’M(x,u> 0_x q/(x)ﬂ) au,q
= (Y# () - X" (x,) ut ) 9,
z—:’h = Xﬂ(x,u> 0 x

+Xv(x,u>a v(,‘/(x)'qau,q

= X" (x u)( ,‘+u’a’8u,q)

o{efmeo‘ omfg over {ﬁe QCié’pa/}S 3rapﬂ )i.é’.)
for X ‘M) X ‘-V(X

/4 B axMW(x)
Mote that 2h s fangemtia( to the

gra,oﬂ of & To prove Lhis one firgt
observes that o vector f}e&( 2 s
'éamgem’-m/ Yo the grafﬁ iff 2V =
i, i ¥ (x,q’(x)) : Xﬂ(x,q/(x)) 0 x y
Vext | the necessary and sufficient
condition for 4he ladter is

)



v A _
zid uf =0 (\//4)
Wger‘e Jvu'ﬂ‘ = O(MA - M: 0(1‘/4
({Or‘ U;i :ax},(q/ﬂ)

(S ‘L{Af SO cagfec/ Ver"HCaZ 6{:']('1(@ rfmﬂ""a{
of u?. But then one checks that

/[/0{2 f/lalf ( ¥ ‘),L/u's \S’echlow u;\, is mnot

an independent coordinate but a functiow
in x. Later  we shall introduce the

so called fet buvndlee where Mﬁ. :
fog'}ﬁer with w | will become an

)

ina(p/pewa(ewf uariab& .



c) FieMS” variations

/ fields’ transformation gemerafeo/ bg a
vertical flow on E

(x,u) > (x}G(x,u))

(G = G(g) ) S ¢q ffed a fie/ais’ variation

z/no{t?r evercg fie/c’s’ Va rfmfsam W e ob{-aim
A 0ne Pa,raiVMQ'H’r‘ Qcamiéy Of fflé’//_g ()V'g

(’V.Q (X) = ‘-V)(X) ; Sucln that

Yo _0 (x) = W (x) - the nitial fi1eld

Note that Hor every Lrelds v = @ (x) and
oaund For every 0ue parameter (fo-mu'ér Yo (x)
such thot Y, _ o (x) = W (x) there exists
a fields’ transformation {hat gene rates

the oune Farg,mf?"}’{’r Qﬁmmi% q/‘g (X) '

Hevce  with a S‘fijzn‘ abuse of Fhe nodation
we shall call every one parameter fom! %
Wy (x), such thot W _o (x) = ¥ (x),

& $relds’ variahoun of ¥ (x)



9, Mu/zzfindice.s
a) Scljmmeéric mu/zliina(ex

e O"H"')/’fﬂ) } (/49'(’)’“’/46'(”))
Koo 920 = (i,
aﬁ Y(x) = 91,44”' 9. p, ¥(x)

b 4

= avaﬂ Y (x) =

3 ¥ (x)

2,
X'ﬂ:: xMJ...me :> xVX_ﬂ:XVﬁ

%J/O F)S fOl”W?UZOI | ¥ symmefr;c ‘Wlul'??f ind .

J E
‘-V(x) = -ﬁZ m a.ﬂ (V(xo) (X-Xa) |
= W(x,) + 2 —— B4 ¥(x,) (x-x,)F
vl

where fi stands for a wultiiudex with |f| 21
We 0'/50 ngi nsée %ﬂe g;WS’fé"VI)S' Comvewlliow:

«ty w.=2 xE3 y

E H bl
xﬁaﬁw :=ZX’E8. Y
: Y

K



b) A/oms(lfmvne%ric mu Hl indces

xDP
r=(r,.,r) € 10,2 1 M

) 2 )

|_f:_‘ - r4+”‘+r\? ) Ep' (07"'71)"')())

where 1 stands for o wmultiivdex with ‘_f:“ 21

and 1=l

XT 9. ¥ ::gxﬁar Y

X"Ea- 4 f:ZXEaFLV

M »
B I



c) The correspondence .

r=(r,.,)

f;j': #{ﬂdr: f} Jor J= yo o, P

d) ﬂ/egafive (or, Empossib&) mu(-{fim/;ces.

The nowsgrmmet‘ri‘c index I' = (r‘“,,.)rp)
is called negm‘i Ve (or, impossib&) i £

all V;j afe Lm‘egers and some of HAhem

are negca'bive_ We set that e\/erJ turm in

o Sum )wglicﬂ- contains O wejm{ive mult -

inde x , equa&‘ ‘éo 2¢ro . For €X0 Wlfgé’ :




QL{OWQVQF onhe lqé’et!.S' Sowmé PF@COIM'[TOM:

f r s nejafive but s

and 4+ S are wOmwega%:ve (aC‘Caro”Vlg to

‘M? previous comvemt:‘o m)

I is convenient 4o sel

L= (F‘),,.)Fp) ?’Q "J(’f r(i 2 Y (Vd>
ond r25 {f r-520

’mus) r is wOwnegaf:‘ve tJH r>o0 ;
Cis wegaz‘ive it r 20
For o S‘gmme’[ric multiindex M= (,4“,,_)}4”>

and V=l)...)]> we set

HMANV 2o be the ngme{'ri'c multiindex
correspomo’/mg o r-e, f M=C.
This KNV s lnegaﬂve t‘?’F r-¢ey
Vl?(c]cn'ﬂve , /Me gon#(’r— | S aﬂso éclv';l/aﬂfml
to the fact that v doos wot appear in 1)
lst of J=(pyys ) - Othorwise, p\w

(S ob—taiwed bg r?wnovimg one G’m-l-rg o& V. in
the /154 o,F ﬂ ,

1S



e) Muldiindex MNewton's binomial formugoy
and the binomi‘a/ [eibnie rule

[ e A— -

[@i Jg-l be an assacim’)ue a/geﬁra and
74“...) AJD be a .S‘ell 6{ mufuagfg Cammor’/fmj
deri‘va'f:‘oms ov J?",) |.e.

14& (ab): A&(a)b tq A‘f(b) j(7/c:f)t’:>€ S



f) (ombinatorics

LR AWARVIER
with ’_D4=fl>

To prove this note Hhot

D
] /“D; (l- xﬁt) |
= (l-f)'p - >

_ (:D;)rt.)

x = x? = |
lx' =x” = |
1 - N n

(-1) (D>%



U Jet bundles

Reca”) E=MxF

OPQV‘ OPQY‘

Séf E(n):: M)(]I)( F(')x...x l:("l) |

D
wheee FE o RYPH (ol e denote
the coordinates in F(&) 1)3 (Uﬁ) WAQFQ
74 = '),___)A/ ana{ _ﬁ 1S QA ngme’{'r{c M\A!‘/l{"‘
}ndex thg\ l_ﬂ l — f( gquiVageh'{@) oné

can work with nowsgmme%r;c multiind)ces
ﬁ = u’; ff M=
Thus ; the coordinates on E(n) are

(X) u("")) ) where X = (I“’)ﬁ=4

) = (uﬁ>ﬂ=l),“ v, |_ﬁ| <n
with the comvention U™ = ')Cor the
ewpty wultiindex u (e, jcor |ﬁ| =0 ).
There are matural projections

p, : EM) sy g (n-1)

(x, u™) > (x, ul=-D)



¥
d E(l)%--c

E(!)
%4 ¢

m—— M E—

P
F «—
p Y

M:

Tﬁe puffbacl’s 03‘: jcunc-h'(m.s afoug ]on,

. ':: CM(E(n-I)) Cs COO(E(n))

\/ \/
f = Jep,

induces inclysions:

() € C2(E) € C2(EW) < -
and we set COO(E(OO)) X U COO(E(”-))
n={

’m:xs) Q func%?on € COO(E(OO)) 1S o
. - A
jcuyfcfton on X amc/ :F:VH'{'Q% WIOtVlg '(/L_ﬁ



5. Jel‘ profowga'fitoms
(CTngrHV wpog&'niekw /Mogguzahua?)

Q) Jet progo ngaf:‘oms of sections
IUC we ﬂavé a sectio n of
E=(E> préH)M>
p M —>E=MxF
W

\ —_—
X > (x ?W(x))

’Mem we obtain o section
E};\(h) . M —, E(n)
Y

v =
X |_>(X7M,(n)= (_V(n)(x))

where u™ = ¢ (x) stawnds for

A _ A
W ’&Jiq/(x)

—for ol M with |ﬂ| <n
ﬂws) while the coordinate u? serves for
the values of the gcié’fa(is (owfahpmf' ‘-VA(X)
uf‘i serves for the value of its partiol

O{Qru'va'}fV{.



b) Jet profo ngaf:'oms o{ gc/a ws /mqps
and vector f}é(cls

7435ume we ﬂave Qa (!oca[) :,Cfaw on E .
F— E: (x)u) —> (Scl(x,u%G(x,u))

(F=F G =06, ). We Look for
(/oca/) flow on E™
(x,u"™) = (?'(x, u)) @w(x, u“”))

with the pmperftes
(pr) Pu(Flx,u), 67 (x,u™))
— (?'(x, u>) G(W')(x, u(“‘”))
(ré’ca”) P, E(n) —» E(n-')).

(PQ)IOC Oljcl"?[@( W = ‘-V(x) (S 'froms{ormec/
ta a field w =Y’ (x?) under the rule

v (F(x,¥(x) = 6 (x,%(x)



Theorem 3! (goea[) 200w E(n) — E(n)

(x,u'"™) = (?J(x, u>) Gw(x, u“")))

(w)

(F=Fe), 6 =6y ) for ¥n=1,2,..

sav‘is'fgimé? the conditions (pr,) and (PQ)
tor every Lield v = ¥(x)

Proof We use an hdactlionw tn n=0_{(,2

) ') )T

(]COF n=0 we {a&e MP S“'fmrolilﬂg meP E%E)

'ASSU wme Wwe ﬂo. Ve Coms#ucf}?a(

G(h)(x) u(n))
B ( GJ’: (%, ’M(”))) A=l W, lpl<n
so that ’dﬁq/’ A('{F’(x)q/(x))) =

= G (9™ (x))

We ’lfaﬂe Q O‘Qr%\/a{ive faxv ow bo'w' s\ales
and obtain

05" (Fx,¥ () {(@xv?’ ") (x,9 ()
' (aue FP) (x,¢ (x) %WB(X)J



- (vaGﬂ(x,q/(“) (x))
; (augém (x,% ™ (x)) 2, ve ¥ ®(x)
Lot us 4ry to use the desired identity
05,0 (F(x,% (x)))
= Gy (5,9 (x)

(w+1)
at order n+! for the coustruction of G

(2,0 F)(x,u)
' (’c)uB ?/P>(x, u) uﬁ]
. (axv6§>(X,u(“>)

- (BUEQ&A)(X ) uSO_J

G:& (X, u(nH))

where we Rave rep loced ever where fa&gWB
bg uB forall B=1, N and || <+l
(beause for every Ut aud a fixed x
there afWags exists @ ffxefd ¥ such %a’é
u,(”'“) _ q/("”')(x)),



A
/Vow, in order to fmol GP,& (X) u(“”)))

(n a unique Wag (amo{ ﬂuemce) ‘fo Complf‘f'e

the pmof) one needs to invert the wmatrix
S S (ﬂxv?’p)(x,@ +(’&UB ?F'P)(x,u)uB

vV

But this is aluays possihle for a sufficiontt

Sma” 'Fﬂow Parame’éer E Since

(?('&.)(x, “>z G(é) [, “m E=fy [, “>
|
LQ'LL us Caicufa'fe 'éﬁe vector gc.!efo,

2™ = X" (x,u) 3_u
t > 2 ?ﬁ (x,u(&))?;’ 1

k=0 |o|=k Uo

(we use an explicit notation for the suwm
in o because of the restriction || € n )

that generaffes the {low

('_f(/a)(x) ?"); G(a) (X) u(h)))

w%ere



S

YA (x,u(‘&)>

) % (G(a))ﬁ(")“(n)) o

@ijfwcerenﬁavl-}nﬁ 'n E the ec?ua’fiom [ b
box at £=0 we obtaiy the jcoggo W;Mg

(ecursive i‘dé’ﬂ%i'fj :

?;} (x, ul*0) + uﬁp GJVXP(x,u>

DUB XP(X)‘M)

A B
T Uup Uy,

P

A
= Bx\,yﬁ (x)u(‘“))

FUS D g ?ﬂA (x,u("'-))

VO Uy

I‘JC one formGﬁ(g }W+FOAMCQS ,}
A i ax" i ugo-'a

x?V o “yB

Mew {ﬁe above refmliom J)QCOMQS‘

S

Yﬁp‘; (x,u0) = oD v YﬂA(X>“(“))

= uﬁp Z)x.f Xp(x)u>



6. Total derivatives and genera /}zéaﬂ
vector f}ews |

a) ﬂr generc.f}zé/ vector leld

S a »fo{'IMag series oqc Qa U(IOI‘M

N__N/Ut NA
Z_X axH+Ygau§d

) w%ere

agf Xﬂand ?0_6 bé’f'om‘f 'Zo Cm(E(m))

[.é’./ QaCA Xﬂ amol Yg o(e’oé’m&/ on X
and jc:’nf'rfefg mmng Ug :

The above introduced

c;ax,)= axv- + uvg aUB
o~

is our ficst example of a generalized vector
field . Jt is called a total derivative
(with respect o z").

Vote that a!t%augﬂ g contalns an infinite

Sum in 6 |t ims Qa weff 0{er'€6’ act/on

o~

Z(f) = X" 2, . f 4 Y2 9,4



3Cor everg 3(’6 COO(E(OO)) Since f c!e’pend
on -f'z‘ne'/'e% mang ui : vL/OWé’V?f‘) t'—F

fe C®(E®) (cc®(E@))

e

then Z(JC) - Cm(E(M)) and it is poss:‘b&
that wm > n.

AH exam/o[e (S praw'déoq [)g
b) The total derivatives @x" defined qs :

N\

fe COO(E(VL)) =) (Z)x" (DC) € COO(E(nH))
JM jﬂacf) Z)IV (DC) has the foffaw;‘mcf

which J‘us%i{;‘es {he name total derivadive
Another usefull formulas are

@x,} Ui = uﬂﬁ = ‘Mjﬂév
S A
uﬂ ﬂu

fwe set Dy Dy ™ D e



A/@'é féﬂf Ql/er‘ctj( geweraf;ged Vec-éor—
30{9(0( 2 GC‘éS as a G{erivg{iow o:f COO(E(OO))

e. Q(g,{&) B Q(DC:)JC,Q g, g (JC:J

Fur%fzr'more , it

are two genero lized veetor fields the

their commutator own fuuctious

g(f) . if g,z (f) - 7 g{ (JC)

is again a derivation provided bJ a unique
gewera/lzeq’ vector {ield

2=X"a,,+ Y20,
X" - ZI(XZ) B goz(X/;)
?Q - % (?27?9.“) ) gaz(?'?g)

(m:‘S d@{'mes fﬂé wmmuﬂéaoéﬁr‘ o«f qua
3eweraf’ieﬂo/ vector Uﬁiefa{s*

) wﬂere



AS An éexo W/:’je) one caun CG/M&“‘@
[-@.I’OC7 @x@] = 0
deee/) 4
> A
[‘@x“ ) Z)x(‘)’] = X" o Yg auﬁu

o~

then Xﬂ=@x0<(5‘g) -@xﬁ (5‘;) = (]

v A
Yg = ‘Z)x“(u720_“> B ;Z)x@ (“?ccr) = (

—— ——
A A
Uxpo Yoo

Corollary THe component Yo_'f' (x,u(ﬂ))
Of%@e Pfagohgadlf(f VQCV[OF' :,(‘;e[d Z(VL)
(r‘acursl‘w% o(mlermf'mea( at +he oud 07(

'de PFQVI'OUS' SQC’VI‘JOM) ;

?o_@ (x u™®)
= Dy (YA(x)u) -, Xﬂ(x,uD
+outh o, X (x,u) (le]=k)



M We use the recursive idemlfi—g
obtoined at the end of the previous
section and follow au iuduchiov in k.
For £=1 this formulo 3;’1/@5' d:‘recv%g et

Feguff f

YVA(X,M“))
= » YA(x,u) - uf ;Z)qup(x)?,O

= Z)xu(YA(x,u) - u, X’%x,u))
+ul e X7 (x,u)
Then | by induction Yoo (x, u+0)
= D v Y, (x,u)
@M\ - ul @xwxp(x,@
L (YA(X u) - ul Xﬂ(x,u))




14 .
C) %mperefe )gewera Z:’ 2ed vector ‘f:'e/&(s
amcl {jfaws

74 genemgl&ea/ Ve caor f;’e&{
2=X"3,,+ Y290

is called femeereo( i+ 3 n, € N st

7 (CM(E(”))) C C¥(E™) ¥nsn,
o iff YR EC(E™) Lo w16

Wﬂem n 2 N,

T%us) every Jgemfereo( genera l)sed vector
]CieM Z cau be restricted to aw ora()naré
vectnr Lield ou eacl, E(n)/ whew n2u,
and hema) induces a &vca/ f/ow O E(n).

IA/ofe : ‘;Z)x“ are not 'fempereo(



T Vertical - Rorizoutal decomposition

Lot ws call Hhe Jemmz,zpd vecdor f1elds
L v - basic horizontal fields and
f&e vecdor ﬂF\eUs au,q — basic ver{-ica./

OJ

VQC’/‘or ’F;’efois. Slhce
/(9 Y @xl} —MB /C:)UB
o

X Vo

one cawn exPamJ a gemera ) red vecdtor gciefa(

[ [)a*zL% Ways :

o~ ™

Z2=X"9 + Y3

xH = u’é
_yM 7 A

where ol X" Y2 VE € co(E@)

Tﬁé SQCOWJ equor/lej ago ve S8 C‘aﬁed
QKSG’NG 40r‘:‘%0 w‘fa/-— ver%;’Ca/ decoweas/«-}-{aw

O»P Z : ~ < (hor) S (ver)
Z = z T Z winere :




< (hor)
2 = XMZ)xH (S Caggeo/ ﬁor‘:‘&onfa(

EOI r‘f 0)[' 2 amO{
~ (ver)
z(ve V 0 ", is called ver+/caf

w of Z amO(

AS an imf)of‘f(l%"ll: G’XOVWP/A? DfF sucﬂ\ a
decom,oas‘:’é:’om fe% Us COV!$/'6/€I‘ —Z/:e

CQQCOWPOS"E"L[EOM OFF "l'éé’ SO caﬁé’a( }M{f'mi'?le
dlE"TL ,orafamgmo"iam O"}t a vem"vr‘ gcleﬁa(

2= X"(x,u) o ut YY" (x,u)
defived as -

2= 2% X (x,u) Oy + Yo 9, 4

2N

wi"/;é Yo_ﬂ calcu ga'lLeo/ | N 'éﬂe /aS'LL
Corro/arg of the previous section. [hew

we olptoin



where VA YA(X u Xﬂ(x,u)
s called characteristic of Z
(note : fere \7A & COO(EU))

o0

A/ofe : z = 2(00) is a 'febu‘pereo(
geme raé,!g?a/ vector qc)e/cf

IV\ QCOC’LL) %ﬂ'e iwf:‘u?f‘e Jef profahjctimh

(o0) ‘
2 &eeps invariant each Subspace

CR(E™")) (9 CW(E(W))) e
2 (c2(E™)) ¢ ¢ (E™)

and (w QCQCIL)

z(M[C“(E(“))) e

S (hor) (ver)
Howeuer) neither z r nor Z feeps



Weorem Cons}afer‘ Qa ver'lf:'ca[ 3eneralla—ec/

vector fiefa/ s gl |
v ;P — VO" au’:}‘

Then the neceswrg and Sugcjcfc)ewf
condition 4o have

[‘Z)xi‘)
LS {%af ~ 1 -
Vg = @gVA (’V‘ﬂ o*)

for some \774 & COO(E(OO))

ﬂe eroaf gfogfow bg 7%6 observa{-iaw -éha{’
the identities |Dyp, V] = 0 are
e?uiuafeuf ’fo 7%6 recursive f,délﬂ'“‘él'es

VO_“A/% N ‘ij}‘ (\7034) []

.

\/J =0 (Yu=1, D)

Vertical genera bized vector qu'efals
safisfgin the conditions of 4his theorew

will be called hori %Ow'fai[tit constant



Tn fact, the vertical generalized vach:

fields , which are horizontally constaut (as
0{€‘§il’?()d above) ) are afso cafled evo&rf:‘onarg

vector iie/cfs |

—

lﬁe AasSow 7[or ‘{,%fs fermiwéagg (3 fhe
j[o{[c?u/l'wj : A((Sar‘c“lnj 'éo ’ll,ile prew‘o VRS

Theorem such g evo[u 'éfamarrg vector

7&??6’ (S C!Q'/?FME”@J bg ’If;ie Coejﬁﬁclem’/s
VA = VA(x u™) | A=1,.. W

)

TAQ /amlqler S(Lf&'!l?m d(é'fermlwes Qa SJS"}QIM
of “evommrg " Py E.

"0 _ /A n
=y hxr) = VA (x, ¢ ™ (x;¢))

Fur'”lerﬂ/lofe) Since qjﬁﬂ(x'ft)

= ‘-VA(XE,-:’:) omo‘ VA — cZ) VA

i q/’q(x-)%) = V’q (x ) LV“’"‘""NX;%))

(w = |pl)



In this way, $M(X;t) can be regarded
as o CC‘FQOW ) (O’JC CO U r$€) Lhh o ggmerapléej

Selnse) jLor ‘Haé’ evoémf‘ioma I“J Ve cvdor fiew
Vi3 VO'A OyA

Another consequence of the last theorew is

M mc" commutor O')C two evo/u'/wwarg
vectoy {\QQJS 1S Qaﬁalﬂ ahp Qvogu{—fomarg
vecdor Field

e

Iholeecf X L‘F [Z)xF)V} - 0
- [@xl‘) W]

‘Mew bd m Jacobi i,cpen'H’]‘é
(2., VW] =0

xM



8. The variational bicomplex
a) @‘i-f'—fer‘cn{'faf —For‘ms o E(m)

Lé’{ us introduce £ﬂle gradeo{
commufa'f}'ve afgebro SZ' (E(m)) ) wz{cﬁl
SEVwi'go(rfg to Cm(E(m)) S an inducfive

Limit
Q° () = U o (E™)

induced bg the oliagralm

p p
« E" & E® «-

=
Yy v
M — M — M —— Y
(i.f., Q° (E(n)) is embedded frougﬂ the
puffbacé into SZ. (E(n”)) :

' (%) G @t ("),

Fr‘om a pracftcaf Faln‘t o,f vie w Sz. (E(OO))

LS g@ﬂ@ rG'éed ) as ahn afjé’bra 5 bg %ﬂle
elements of CP(E™) and the {-forms

dat dull



Under the above decomposition

d=70 ., ®dxt+79,4 ® dug
is the de Rham dilferential

d: Q° (™) — ' (E*))

which ts as before , a gradaa’ derivatioun

of Q° (E(m)) of cﬂ?gree | with

d* =0

lo) Tﬂe %ori’%om'&ag o{)'ﬁe rew%laé

We shall deqfime in this Section o new
graded decivation of Q° (E'”)) of degree |

dh: o° (E(oo)) —> o (E(oo))

Ofo(egr‘ee / Uvi'bl) the fFaﬁgow:‘mg f?r‘OFerfies
(% 2 ) and [d%3)



Tﬂeorem Tﬂe above Corw(i'tmns uni?ueé’&{
o(ez‘ermme ‘I,Lﬁe o(erivazlzau c{h

Proof. Llet us show that d™ is uniqw%
determined on all the generators of the
a/gebra Q° (E(m)). It remaivs to caleulate
it on dué We have

d"(dut) = - dd"ut

= "d(;axﬂ TH C{Iﬁ) = "J(u'q cle‘>

- du

In this way d"is extended to a unique
3radeo( derivation of Q° (E(m)) of degrepi

Sfi”? it remains to confirm the prop?rhes
(o(h-oZ) ana (olh-3) However . er; are
of the form of va M'\shimg gro de d

Comwtha’(‘o rs, ). @. :



(dh dh] = 2 (d") =0
[dh d]) = d"d + dd" =0

BM'Z' 'ééfje grad’?o/ c0mmmfa'far_¢ aAre 030\;14

S

gradaaf derivations. Honce _ it g ewouj%

‘fO C/lé’(% 7%?((1( VGHM'S% oW f%é’ gemera{‘or_g
ol the a/gpbm Q° (E(m)) L the

)

elements € C7° (E(m)) and on all dxV
and dué . The lotter Is done by o
SfrFﬂNfForwarof (0 mpm%a\flom,

C) Tﬁe Ver'fr'ca{ J«‘ﬂe ré’m'l'mz
Tt is o(eFlm.ew as O(uf: 0’ - o'h

Since  [d* d"] = 2(d")" = ¢
:[dk)d]: [0(,0’] 5020"2 |t ',Cogfou/s

that (0{0)2:0 and
47" = -d"d”  d°d = - dd"



let us caleulate
d’ul = d°(uf) = dut - d"(ud)
- dul -l dx*
d°f = df - d"$
= Opuf doc™ + 0 4T dul
~(Opnt ub 3, )4 dx*

In Par'l':{cufﬂf‘) O{UJCH = (

O(Uolué = -d 0{%‘;
= - o((o{u?.: -uéﬂo(x“)

= o{ug,,‘ o x

d°dxt =-dd"ak =-ddxt =0



Q° (E)
* C2(E@)® A [dartiduf: ¥y, o A
= Cm(E(m>)®A'[dgf;d”u§ VN>Z>A]

TAQI/I) under the isomorpin‘swn 0 U 'Uye

secovnd rtow one has:

d” = 2 & O(Uué

Ug

HOW?UfV‘) O{h 0‘005 VIO‘& GC'I‘ n o QEWF&

way i this representadion as
d"d’uf = -d"d" uf
- d”(uéﬂ o[.x;”“) = —duf, dx”
= o™ oluuéft
= ax” duéﬂ= o(ho(ué

Tﬁus, O[h has a nonzers action on duo’ai

v
as well gs on o ul



d) Tge /za»rf;}onaf—- Verfchf f)igraa/fng

let us set QPP (E(n)) = the span

of all forws on F ) of the form
£ doc - dacl'p du '2_," o U 7:.2/
wit |9;4|,.-,7\gq/l < n. Aéso)

Q(Pr?) (E(m)) - Cj SZ(F’:?) (E(”))
n=1{

= {he span of all forws on F) of 1he
UCOVM § dact - d o e d’u i’, dvui“qé
(Wff’l ho jfuriﬁer r‘e%r!c{:aws)‘



e) Useful formulas

We define jfor‘ every 3guer‘afl%ecﬂ vector
ld TS ~

eld g oXro .+ Yo

the Jraof(ecp Je rf‘ua'/ion
O (E(m)) — O (E(m))

19

‘7

We also set
Lg = deg +t5d

which is o decivation 01 QF° (E(m)) of
c!egfro?ﬁ 0
Theorenm £ o’ 7’2) - 125 O{U ()VL/O

roof We éawe ‘fﬂa

@;ax# O{ng’ﬂ‘: = thxﬂ (dl/ié -Ugﬂ O(JCH>

= uf.._,ﬂ - uéﬂ‘-: 0 .



It follows that

J*/ence) the gra ded dertvatioun

d’15 t g d of Q°(E) (of
d@gree 0) S eﬁuaf 16 0. ]
[oro//aré A d° L@ = LZ) d"” (’v‘;«)
This is since L@ [o( 7’.:2) :l and

[dv 7’2) ] [O{u ] (grao(e

Comymufa'/'ars) ; ahd f;:em bg 'Ulé graﬂ‘f?ﬂ’(
jaCobi ia{ew%‘{g one %mls :

[dv) LZ)IH] - [O{U)[O[)q’@xy :‘]
- [[du)d])q’@w] #[d7[d07 7';Z)x,,¢]]

:O D



y

nem‘em . Lei' \7 A = VGA 0 A

o “u7n}

be a vertical genera lized vector field
The gcof’/owmg conditions qre eciu/va/ew{'

(a) V is horizo n‘taffg constant | |.e.
Do, V] =0 (Mp=i,. j))
(OF)VLS apy @Vogu‘?Liomo.rg VQCflL‘or qciego' )

h _ h

(b) d s = 5 o

(¢) O{h[_w = L~dh

Proof Recall that V is horizo mﬂg

constont Lf-f cZ) (VA) — V;‘/A = [
JCOF all 'A, /4) O (acordmg to the {heorew
(W S)ectl. :7) |

To prove that (a) =) (b) note that
both terms olhzv and 1 d" vanish
on jC € Cm(E(m)) as well as on all dx™

VOIVI;S/H'Mg 0{- [O{h) 2\7] on ofué
follows frow 4he first }c(eerHg below :



(o{hzv + s dh)(dué>

- (@x!‘ Waﬂ) - Ve ) dz”

= (d"Lg - Lyd" ) (ut)

I+ also MP/:’@S (b> =) (01) and the
J’é’cowo/ c‘c{ew%rfg Gfbc?l/c? me/lé’_é’ {/70(5

(¢) => (a).

anaf%) (b) =) (C) follows jﬂf‘om the
the gra ded Jacobi idew tity  as tu the

preu:‘ows Coro%ar((f, H

[ef us introduce Jcor a Vertical
3ewer‘a ﬂ‘?eJ vector j(z'efa[ V T VOJA 0

o Oyf
i'fS' Verficaf Lie c[erivmfi‘ve

LUV " [du> Z*"V-'] = 0{02\7 + 2\7 O{U

(or‘o&’arg B If \7 = V;\ ’auﬁ LS
/?lorizohl‘a//&( constant fﬁé’lfl

F

L\? = L\’?



To prove this recall that d = O(h+ o[U
an d L\*‘? = [O[> ZVJ | On the other /zamd)

[O{h7 Z“V' = 0 (bg Theorem B)

Note that L7 ,d°u}

:(dUZauﬂ+ Zauﬁdu> O[Ub(_%
= dory 4 d'ub = dU (8085, ) =0

However | LauA duug £ (0 in some cases
L

/4@907 [_Ua O{JCH =

TEA

U v
= (d 9ur T toyn o )O{xﬂ

o

N
= ZauﬁddeM = 0

Lt}a 5: :augg.

Ug



It follows 1hat
- L% 7 O{U“é =d’ ug ° L’E) A

A
Uy uy

v ,
where d ull dre congidered ag oPermLars

o mu(i'zpf;cmi'law bg dvué on Q° (E(m))

Indeeol s One 30(;-5{- \/eri'-fies %ﬂnaf ’L%é
r‘}gﬂlf 4and S}O(QS are 3r‘adec’ dﬂrn’va'hams

OTF Q° (E(m)) O‘E dearu I and thew
evaluates both sldes ou Ahe 3emerwfms

L€ CW(E(OO))) dx™ and O[Uué .

/l/o{'é' that own an e[t?w.emé 8/‘ e Q° (E(m))
'L'AQ abm/e id?l/lylhta rea JS as

d’g = L5, ([dus) )
(O(U“é:> L%u,q §



‘f) (oordinate independen ce

Vote that +he exterior differential
on L ( ) as well as | o Q (E(oo)) 1S
invariant under any any diffeomorphism
on E (or, a local flow, or, a smooth wmop),

0., if ?{=(?',G) £ = E is a
diffeomorphisw (or, a local flow, or, a
smooth wayp) , thew

A5ad = d o ¥

({gis means , in particu o r

)

y Qv imafé’pem Jemce

of o from awg coordingte %rams-formafciom)

Howeuer) O(h and d° are not invariant
under arbr"&rar% Map S #AE—E )
as w%eg Leep track of Hhe vertical structure
of E (,‘.e)%ﬁe structure of a fiber bund&)
The wmaps H:E = E that respect the
the later steucture are e verﬂcafﬁg

consistent maps



01’!6 V?€€6€$ AOWél/ef‘ Somé PI’éC(ZM‘élOM

Siwce cﬂﬂ' and O(U are olegcmea[ on the
infinite d'e'f spaces | 1.e. , o Q.(E(oo))
one weeds to extend H* o Q.(E(OO))
accordi o to its pr‘a&mgafious.

Wﬂere G(M) (S ’f%e n-—ik PFO[OM(?Q"AOM ) aSsS
Ca(wﬁa'fé’cp % S@Cﬂl‘_ 5!)

H da = ol?m(x)
?{*dug - Ong (X7 U(S)) for & = \E"

Theorem C [et ?{ - (‘}J) G) £ =k
be a Vel"'fica% comsi'sfem{ malp (or) G
focag ffgow ) | W&?w :

g,{%odh . O{ho g,{%
?{%OO[U _ o(uo ?,{%



Proof. It is enougi» to prove one of the
above identities as ?{* afu/ays (o mmutes
with d and d=d"+ d”
Vote next that f := H*o d"
B:=d"o H*
are 8rao’ed A"~ derivatons in the sense

A((X(b) | |
= A (p) + 1) H (<) A(p)

B(oqz;) N
=B ()H(p)+ 1) H(<)D(p)

Hence | in order to prove dhat A=
one needs 4o check this om@ on the
genera tors of dhe a%efaro- Q.(E(w)) ,
ie. on F and df Afor +é CM(E(W)).
Furfﬁermore) i1 is even enoujh ‘o
check Hor jcé CM(E(W)) as then

()



d"H T = L v (?f*{) dxV
- D0 (§(F(x),6™(x,u)) dav

vl'{ewa ) the proof K CoMf@f%pcf b(7 Mo{fm’wg
‘Hlé C/NIIM? u & :FO!‘ qu %o{af Jerl‘va‘}fves

2,0 ($(F(x), 6™ (x,u™))
°F ) (@xmc) (?(x)) G(")()g u®?)

oxV

|




Simifﬂr% o the previous theore one proves

(oro Zia r‘g For everg section
Y: M —>E=MxF
W, Y
—_——
X > (x,%(x))

729 gmffer td?w‘tl'{'g I'IOIS a SH’MP& 3€0W€'{'ric
weaning : as P embeds M into E™ as

The (?rap/w of the profoz/rgated fields ‘-V(M)
theun any horizopntal differential o(hy

(s restricted o the graph as the
ord)marJ differential ou M. Heuce | the
vertical differential has aéu/aJs a zero
restriction 4o each 3rapb



9. The main idemfifg of variational

caleulus

o) The main ident; %3

let us denste QP (EM™) = the span
of all forms on F ) of the {orm
£odoc - P d“u AVENU O[Vu"’fq,-

no J“ei— muf'éfmdf(es '

Iv par-l;‘w[ar, SZ(OPIO) (E(n)) = SZ(P’O) (E(n))
Theorem There exists a unigue Cinear

map \{\(’no%e - a top degre?
S SZ(D 9)( (oo)) N SZ(;D:-QH) (E(oo))

Jej[ W?Ol 'fvf everg q/ = Wlllh
the /yr‘o/oer«fg that Hor )V‘g‘ ¢ _Q“’ 9) (E(oo))

dy=d’p = S¢ + d "N

wﬁere Jl[ (S a ﬁnear maP :

N Q5P (@) — Qff "0 (g)
I facv‘




Proo)c The nigueness follows bg the faffowiwg

Lemma [_e% A 8,0) € Sz(olo,czﬂ) (E(m))
be such that

fo ™ O{h% ol O dhﬁ
They yo = S’Qo)

7; prove the lemmo we need to show that
) S}o_g}o) = Q(OP)QH)(E(W)) and

Yo~ o ~ h(ﬁ_%)

then Py~ yo) = 0. Indeed, we observe that
if Olh((gf;-%) £ (0 then it will

VU
necessarifg contain a term with Ol Ué
for |9:| > | amd 'qune (s No Wag to

create om% O(uu’ﬂ' since
o{ho(uuz = dx™ o(uugﬂ

We continue with the existence in the theorem
alﬂd we S"&Cl rf Wl"éﬂl 'ﬁ‘e ('O/QW{«f'ég J'O(-

X c Sz(fr?) (E(oo))



(du"‘é’> Lu?)uﬂ §

T

- (Lza)g (d"u A) Lu’aug §

where (Lp), = Ly Ly

VAR X

d”y

%

we shall show Lhat
Sp = (d’u) ((_L@)o_, U’&ug y)
here (-Lg)e = (Lo, ) (La,q)

7; 1%:‘5 ?Hd we pQSS %0 MOMS'gmme'/'r.‘c
multiindices r =0 and use the formule

for (riw-éegrab'ay» b{l{ parts B of Sect.
duﬁ} - Z (L;Z))_c (Oluu A) LU@UA §

r

wﬂere (LZ))E " (szJ (szp)
and we pqssf.?d to aw ex,bﬂ‘cfzf' notation 'fOr‘
tﬁe .SUW?W’OFI"/OV) (h N O(Vld cowfiwue fo

@eep the convention for summation for

%ﬁe r‘epfa'ﬁhg iMa(Q): A Tﬁé’lﬂ:



T‘ﬂe Zeac{:'(/!g '\éerlﬂ/’ iVl {%Q aéove SUwm
ot s =0 ) Jz‘ves the expression Jor
. S*OPermfor.

Y (o(“u A) (—L;Z))i L%Ui ¥

(wﬁere Zf_BO (S asgumeo/),

)



J4 remains to prove {ho
d"p - 8¢

$20 120
9 (LZ))§ ((o(”w) (- L@)i [ " 3*)

anear% O{é’pé’wo’fMJ On (V
TZES LS because

l) [he expression after the sums in +he

aéoue G’[/ua’flaws , as Wfﬂ CTS) {éé’

expression a7f er (LZ))§_ éefang to
Sz(p;cau)(E(co)) This Jollows by

the Fact that LZ) as we? as La i
do not decrease Uue horizontal

o(agree (C'f %he ca&u&afiows | SQCGL* 8)

.-2) Since own each ferm LW ‘wﬁ’ aboue Sum One

/705 QPP/IQCI a Pfotjuc”/' (LZ))S ’fﬂa%
an/w/@s a'é /é’as'z’ Ohe Lz)‘xu (as §_%0)



:Frorv\ one ]’\amo{) and on the other A""""()
L;Z)xu - O[ {@ . {2) O(

[ because of Theorew A of Sect § and
d=d"+ O(u)  thew 55 ) it follows
that om% the $erm d* {Z)xn will
survive (as {2, d" will act on a
]Corvm vith a maximaf ﬁar‘f%owfa/ o(é’gr@e).

Tﬂus) 1he ex,oress:'ow qcor O[Uy - SY ¢S
indeed o-F 7 fFérM O{h {f’.

MSl'Vlg U«e above Observo'f';oyns one con 01(50
{ind an expression for ¢+, which ély.mr%
depends ou r



b) The variatianal a(a‘jaferem’fmf and
‘fﬁ? pre- A/Oé"ﬂlgr Currew‘{; ,

Wé’ Cﬁlg{ U:e opera%o S
S SZ((]))?')(E(OO)) e SZ((:)D"H)(E(W))

and

V/E 52(3)’?) (E(Gﬂ)) iy SZ(;“”QH)(E(OO))

construcded bJ the above %ﬁeorpm)
variational differentiol aud pre-
Moether current. Sivce & is MM?M{?
Lixed bJ Fhe  Cmain z'o/pm’/g of She
varloHonal calowbus 7

o[g;sdvy = ot o(h/l[y
1t follows that

'Z_
foraﬁar; Gl) 8 = (
b) 1§ %L{=(5E,,G) B = E isa
ver%icm% consitent map (7[/00'/)

'éﬂé’h ?{*o 8 _ 80 cé{,{%



Pr"‘:'l'mC a) Let % = O(gl We have

0=d§h= 8y4+o{h/|[y4

= Sp + d" Ny

Hence 0 =o[8y + o{olh/([y
— T

N
——A—

= §%p +d" NSy - d"d Ny
~ S'Q'y erh&z

(B(lj The unic/uemess : Sly = 0
olgf*y= Syf*wa o(hy’
#{%O{y = ?{*SXL -l-@hyv

A"
=) ?{*SX - S?f*y = o{hy”)

Sy— ~——
> |

SZ((J;}O) (E(m)) oy the ()
i Lo m o
\U%é 7 Bé construcH oy

b) ¢




Wﬂtg ?{* Maps SZ(SD]O)(E(W)) to itself
-~ fecause y’f*o[x“ =
oF " v 2T g
z d
oxr T Qu' /
OY\_{Q the vertical

camsis‘cemcg

UI’/@HCQ ?{* ofoe_q mo% decreq Se "“ne
}lori%owfmf dQ%rQe —_ b.,.{ 1 _S'Z(;)’O)(E(m))

it is meximm[ I:I

Agﬁéca'f}oms I)



10.TRe variational principle

a) Local actions
bt NEQLTV(EM™) e

/L = L (x,u®) d®x

k_-Y——/

gl dg?

and for ¥ : M — F - ié’/af)auo/
JEM -a bound (precowr,ma‘) open set

et - Syt §(#0) A
U

)

where we remind that

'J/\(“) : M — E(n)
x 5 (x, ¢ ™) (x))

(¥ (x x), Opn ¥ (x x), .. )axﬂ,“'axnnq/(x))

Olmo( ﬁ?ma?:
(?(”))%A = L(x, % ("’)(x)) d” x

qL/ere ._ '5' s called foca( action
A LS Ca@é’o' Lagmngfah fforw\.



/Vofe i 'Hve boumc(eo/ (i.e.)prewmpac{—) set

U 1S neeapeo’ ‘fo eunsure '{;}laé ‘H/lé? acc}iou (S
:Fimfe

b) TAe variational probfem

Havfmg Qa gocag dction

Sylvl=§ (90)°4
U
we look for frelds ¥ : M — F) which

Wraée fﬂe C“rtilcéic:m Sfa‘éioma Fﬂ » (n the
gcowﬁl/l/l't/Ig sén se

For every

* bound (or. precompac{) open set Jge M

¢ and Hor every f1elds’ varlation Yeyod ¥
(ie, Yie-00(x) =¥ (x), of Secst. ch) )
which vanish in a neighbourhood of 4he
bouuma(arg oV, ie, such that
F0 - a nes’jﬂbourkoad of U for which :

(-Ifz)(x) = ¢ (x) Jor ¥ xe O



we riqui re that -

< Sy

1
S

£=0

C) Tﬁe ga&r-v Zagrange Q?Mafiams
ﬁea rem Zeé

Sotvh=§ (#9)°4
U
be a local action determined by /)

Then the fields ¥ : M — [ make the
action stationary if 7%@0:/ satisfy

§/ (x, y @) (x)) =0

Tﬁese arlre f%e gu&r - Lagmmge €7M0!‘£f01/'5.

pﬁﬁ'Of, AS we Q)(pgal)mfj (V] SQCé- D?C ﬂ:ere

)

exists a v@r{;lcc}.g »F/ow oh E :

g{(&:) (x,u) P (XJG(a) (X;“'))

such that Y, - Hiye @ Then



proiangaéfon of the vertical field
V = Vpr(x,u) 9, A

that genermles the 70&1,./ ‘?f‘f(a) - Then

[_vA - LVO{A T O(tv./l

—

- p(sa+dha,) "

= iv SA +dhtv A,,



(D 0) (E(n))

ﬁe second iu'fé’(?ra/ vanishes 5(7 The ffoéa_s

theorew as V vanishes in o Meighbclurhoaa/ oA
U. T : _
o (§A), (x,9®)(x)) = 0

as all their .'m'fejmfg ajm'ws{‘ 7 campad?
SU{opor’}ea’ functHons ou M vanish B



({ Tée firé‘?f Noe ther's theorem

a) Tf!e S‘érowge‘é Vw'Hom o‘f invariance o-]- Qa

local action and its jwhiniteglmal expression

’Tée Wtos{' popufar Version 0{ the jﬁrS{'
A/oef:/l«er’s %ﬂeorem (S jCOrIMuqueJ uwo(er 'H’Ie
m oS resfr:'c'lLea/ Concv/;f)ons, /_eé

%{{(a) (x,u) (?;a)(x) ; G(a) (X,“))
be a ver%iwﬁ% consistent Flow 3ewera+eo/
b(tf 6 vector Jciefa[ (C;F .Sbec‘['gZ)

2= X"(x) o utY" (x,u) 9 4
let ¥: M —> F be a field (S(I{S’l’em) and
let ‘-V(a) be transformed f;'efjs,

We say that a (o cal action

Soivt={ (#0)2
U
(s mvariant under "%e ’F&W ?{(a) éch

S_Ua{q/(a)} = const (8) :for every

- U c M -bound open subset .
-y M- F “ffie/ols on M; Wﬂere



U£ = (a—l-s 3 b+£> .

and 1the invarignce condition reads

b b+t&
iL(x) do - QL [ (x-£)dx



Mot e ”“oa‘f Sinse

P N -4
Ye)y = g{(a)oqj ° F,

£)
1t ]Coéfows then that

‘S‘Ua{ q/(a)}
- § (&) (#9) (#) A

U£ R& ~these co Mpesa te

ecach other

[Hewce) the above (nvariance coudition reads

= d% SU{LV(a)} = [S; (@}S))*Lé /

w[:ere 2 vS 'f&pe Je+ Pl‘ogom&a{*{ow 01[ z
Slihce Me (azzlter 67%&/3 (S J‘Fue for aﬂ

U and WV we fﬁwaf@ 36’{ the gcoggou/fwg
e?wiwﬁw% nfinites mal cond | How

L;A = (



b) The A/oe,{&er theorem in the weal est form

ﬂé’orem ASSMme ‘Ma% 'éﬁe &vca/ CIC"IL\'OL)

Syivl= 1 (20)4
U
1S 'IVTValrme‘f umdle(‘ G J(\fow 3euerahd bg

a ver%ica[% congistent vector {1\9“ on

2=X"(x) 0 ut Y (x,u) 9 4

Then, for every sobtion ¥ : M —> F
O-F ’[ﬂle gu g?r' [agramge e?uaﬁo ng we
%a ve Q C/OSFG( (/.D”)*fforvm O M 7

and Z is the jet prolongobion of Z with

EILS /’IOri'QOM‘éag*’l/er‘HCag JE’C’OW}?OSI'HOV;



Lemma Tﬁe énfim'fé’a‘fmag Invariance gaw
Lé A = 0 1S eqw:‘va {ehll 4o
L;uA =—dht§uﬂ
cpl‘ao‘g1 Lé = L;h T L.“:ZU and
Ne x4 , Since zh = Xﬂ(x) ‘@x" then
L :;:Zh - Xﬁ(x) L@x/‘* T (Cl Xﬂ(x)) L D
- Xﬂ(x) (097,2) * 1 ﬂcf>
(d"X"(x)) L2
-X’A (cﬂhz@ fig d )
K7 (x

)¢ L 2.

= Cﬂhlzlq, T Z%’h (Jh

Tﬂem) Since dhﬂ. = (0 we obtaiw
L;’A = LEUA T dhtwh/\

We COM'&“Aue w:‘M '(%e £r00:£ O»F ’éﬂe "égQO”‘QIM-



O':L:%’UA +dh¢§hﬂ
= CﬂLEUA L L:‘:ZU d/l + dhtghﬂ

<~ since \ hag 0

vertical Ae% ree

= L;v 8A+ L;v O{hﬂfﬂ+ dhtéh A

J
.. ~ U
T—since 2 is

(=)

0

ver%iccef{y constant
(Cf. S)@cv(. 8€ )

T%MS) O{hg/ = LEU' SA and l’?emce)
for evers fields v : M — F

O((-f(?(zn-t))* _ (@(2”))*o{h3

= VA(X)(V(')(X)> (SA)A (X) Y (-Zh)()())

— e
5u&r-[agrom?e CJ?S,

where

e~

V’q = YA(x,u) - uf:. Xﬂ(x) is the
characteristics of Z (cof &d}) -



l

c) Gener‘a Ui2ations

The gresented proof of the Noedher's
‘l%@orem SuggeSﬁf an i‘mmea(ia"fe generapi%a{law

QSZ!PFOSé we Aave an @VO&AZ}]OMQI“J vecztor
veld 37 7 A
fie VAL Vcr 0, A e, suclh 1hat

o “ul )

Ve = D,V (o %t 3)

WQ caig \7 Q 3Qn01 f‘m&%eﬁ{ Symme*ﬁJ 'flegaf
o{ the locol actio

Sylvl=§ (90)4
U
determined é)g A i14

LV_A = dhy

for some € _Q_(D-’)O)(E(m)>
We S%aa afso caé( {/qe polr



ﬂeorem [e{ (V) Y) be a ngmei-rg
paa‘r 'Jcor ./l ‘{,Aen jcor ever;} gogxflaw o—F
1%6’ fu &'r - [agra lﬂgé e?uaﬁo ng )

v :M—F
we %ave a C/OSPd (’.D"’)"jﬂOTWI 0 In M .’

= (9=)°¢
where 3 =i _Q.(p-l’o)(E (Oo)) s defined bJ

3 = tf\“/-' N+ ¥
Proojc, We start agaiw l?g the Sjmmeérg
condidiov

0 = Lv’_/} _dhy
= cﬂL:'\"/*A T Lvd/l - d“y

;r,:”\ _since N\ has 0

vertical Aeﬁ ree

,\_./__, SA'FL’\“/*O[h\/VA - dhé"

\_—VJ

0

= I

S—since E” | S
ver%icafij constant
(CJC S@cvt 86 )

(=)

and proceed as before, B



d) The symmetry Lie algebra

Theorew Lot (V) Sf) and (V)) 8;’)
be two ngmefry pairs {or N 4hen

([N N’J L~ L\-—-},y>

LS agmn a ngmeﬁg pair‘ 01[ A |

W@ roof (S Sirqtgﬂfforwqrcl

A
- dk(L-\j— § 'L\“})Y)- ]

C&rogfarg The commutator of {two 3£nem&eed
symwefrg {ields is also a sjmmefrg fff/aﬁ



e) The coordinaie ex pression ojﬁ +4 e
\_S“(ymmefr(y condid+own

let /) = L (x,u™) d®x
doc! -+ da?
(= [ (x,u"’”‘)) d> 7" x

M

—

D et dx® ... dx?
8]\ - 5A (L) o(uA dDX ) where
E(L)(xur™) = (-D)_ 2,4 L



