Asymptotic Factorization of
the n-particle SUIN) Form
Factors

Hrachya Babujian

Yerevan Physics Institute,

Yerevan, Armenia
11-18.08.2024(14.08-21.08.,2022),Varna




Outline

1.The Motivation.

2.The aim of the Form Factor Program,
Form factor equations.

3. The S-matrix of the SU(N) Gross—Neveu
model and particle content.

4. The solution of the form factor
equations—-Master Formula.

5. The general asymptotic behavior of the form
factors—asymptotic factorization.

6. The examples of the asymptotic factorization.

7. Deep Inelastic Scattering and Integrable models-preliminary results.
8.Conclusion.




Motivation

» In QCD the calculation of the structure
functions for all values of the Bjorken variable
X is still an open problem.

On other side, the existence of exact
integrable models in 1+1 dimensional
asymptotically free theories may be relevant,
providing valuable insights into this
discussion.

- In the remarkable papers Balog and
Weisz(BW-2004) define analogs of the
structure functions in two-dimensional

integrable quantum field theories.




The Motivation.

- The Bjorken Scattering or inelastic lepton-hadron
scattering at high energies has been a very important
and crucial stage in the development of modern QCD(.
Bjorken , R. Feynman).

The essential point in these studies is the behavior of
the structure functions of the hadrons(R. Feynman).

They describe the parton (quark) structure of the
hadrons and the nature of the interaction between the
quarks inside of the hadrons.

The amplitude of the lepton-hadron interaction
consists of two parts, where the lepton part is well
known.

- The hadron part , whose invariant decomposition




Motivation

- |. the example of the O(N) sigma model
they(BW) consider form factors of the current
operator(related with structure function)
which are accurately computed over the
whole X range.

- Also authors employ the so called cluster
behavior(factorization) of the for factors to
calculate the same structure functions.

- Here we learn how to calculate the different
asymptotic behavior of the form factors in
SU(N) Gross—-Neveu model.




Motivation and Structure functions

» We should point out that the first investigation
of the cluster behavior(factorization) of the exact
form factors was performed by F . Smirnov in
case of the sine-Gordon, SU(2¥ Thirring model
and O(3) sigma model

» The structure functions are define by Balog-
Weisz as follows

) Wlwab;cdef(p’ CI) —
an ) 2xei ™ < ap|U, 00,0, ()b, p >

The Bjorken variable




The aim of Form Factor Program .

» If we know the exact two particle S-matrix, it
means we in principle know the in and out
states of the theory . If we know the in and out
states then one can calculate the exact form
factors of the local field ¢(x) in 1+1 dimensional

exact integrable QFT (A. Polyakov)
» <o |lpx) 10,,0,,...05 >(in or out)

» First papers was Vergiles, Gryanik-in sinh-Gordon
model and A. Zamolodchikov in sine-Gordon model.

» M. Karowski and PWeisz formulate the form factor
program or bootstrap program. Final equations for
form factors formulated by F. Smirnov.




The Form Factor Program

» The bootstrap program for integrable
guantum field theories in 1+1 dimension

» classifies integrable quantum field t
models and in addition it provides t

neoretic
neir

explicit exact solutions in term of a

Wightman functions. The results are obtained

in three steps

» 1.The S—-matrix is calculated by means of

general properties such as unitarity

and

crossing, Yang-Baxter equations and
additional assumption of maximal analyticity.

» This means that two particle S-matrix is an

\ i"‘

analytic function in the physical plane



The Form Factor Program

» And possesses only those poles there which are
physical origin. The only input which depends on
the model is the assumption of the particle
spectrum . Usually it belongs representations of
symmetry.

» 2.Generalized form factors which are matrix
elements of local operators

y out< p,,’,... 01 lX)Ipq, ... p, > in

» are calculated by means of the S matrix . More precisely,
the equations (i)-(V), given below

» are solved . These equations follow from LSZ -

assumptions and again the additional “assumption

analyticity”.




The Form Factor Program

» 3.The Wightman functions are obtained by
inserting a complete set of intermediate
states . In particular the two point function

» for a hermitian operator ¢(x) reads

F <01 @)Q(0) I>=X5o— [ 322 ... [T22

2(&)1 .

» 1< 0 l@(0)Ipy, ... pp > N2 exp(-ix2, p;)

» Up to now proof that these sums converge does not
exists.




The Form Factor Equations

Form factor equations formulated in final form by F.Smirnov.
We will call them as Karowski-Weisz-Smirnov Equations.

» First introduce the notation
r» <0 | (p(()) |91 ,62,.....61\[ >:‘p(61 ,62,.....6N)

v

» (i)Watson Equations
4 (P(el,ej, ) =(p(9],91, )S(Gl — 9])

» (ii)Crossing relations
» @(6,+im,0,,....6y)=p(,0,,....6y, 6; —in)

» (iii) Recursion relations
ReS(elz — lTl’)(p(el ,62,.....6N):2iC12‘P(, 63,61\[)(] _SZn,...Sz3)

(iV) Bound state form factor equations



The Form Factor Equations

» If there are also bound states in the model the
function (64, 0,,....6y) has additional poles.
For instance the particle 1 and 2 form bound
state (12),there is a pole at

» 81, =1 (0 <n<m).

» Res(81; =n)p(6,,06,,....0y)=

» YD ( 6(17),03,....0y)

» Where Y(12) js the bound state intertwiner.

» (V) Naturally, since we dealing with relativistic
quantum field theories we finally have




The S-matrix of the SU(N) Gross-

Neveu model.Particle content.
(p(91 + M, 62 + [.l,GN-I-[.l):
Exp (su)@(6,,06,,....0y)
Where s is the spin of the local field.
- The two particle S — matrix is Sa,fy(e): 6a”6ﬁ5b(0)
+6,°85"c(6)
Where a,B,y,6=1,...N denote fundamental particles. We also
introduce
—0y _ oy . 4 é é | 4
Sap | (0)=Sa5™ (8)/2(0)=8, 85°b(6)/a(6) +64°85"c(8)/a(6)
o6 1 ()
NN — I'(1i—+-—)
a(6)=b(6)+c(0) =—2% N
M3 MO~y =2 )

21im




The S-matrix of the SU(N) Gross-

Neveu model.

_b(G) e _c(@) -—in _2m
b (9) a(@) 6-in’ C(e)_a(e) - 6-in’ n= N
This S-matrix satisfy to Yang-Baxter
equation and in addition unitarity also
crossing relation.

The particle spectrum of the chiral SU(N)
Gross—-Neveu model consists of N-1
multiplets of particles of mass




The particle spectrum of SU(N)

chiral Gross-Neveu model.

Which correspond to all fundamental SU(N)
representations of the rank r=1,2,...N-1 with

representation spaces V(" of dimension D= (1;’)

Let (@)=(ay,..a;), (1<a; <a, < <a, <N) be
particle of rank r. We write

(eV =3N1pv® vO = ¢P

Where (a) form basis of V. Particle of rank r is a bound
state of r particle of rank 1. The antiparticle correspond to
(a)isa (a)=(aq,...ay_,),

(I<a;<a,< ..ay_, <N)



The Particle spectrum of SU(N)
chiral Gross-Neveu model

(particle of rank N-r) such that the union of the

set of indices satisfies

{ay,...a }uiaq,...ay_-}={1,...N}

We believe it is also verified by direct
calculation(1 /N expansion) that form factors
calculated using this SU(N) invariant S-matrix
correspond to the quantum field theoretical model
which described by Langrangian of the chiral SU(N)
Gross-Neveu model

_ 2 _ _
L=Y) ., ¥, iyo¥; +97((21iv=1 P¥; ) -CiLiPiys? )P




The solution of the form factor
equations. Master formula.

» Minimal form factors.

To construct the form factors we need the minimal
form factors F(8) for two particles

e'e) dt L 1
F(8)=cexp{ [, ST ensinh(¢(1 —)(1 — cosht(1 —
E 6(3) 6 =5 6
—))}: 1 0 1 0 _17 C=F(|T[)= 3 1.5
T o ar CG—W)

Where G(z) is Barnes G-function. The F(x) it is minimal solution
of the Watson equations

F(0)=F(-8)a(0), F(im-0)=F(im+0), a(8)=c(0)+h(6)




The solution of the form factor
equations.

» The function @ satisfies
[TN=& d((-6-ikn) =[18=g F(8+ikn) =1

with the solution
1

(6)= = (=51 +-0)

F(-0)F(im+0) 20Tt N 2in
Where
dt

— _ 00 t t
F(6)=cexp{f0 N ensinh (= (1 — cosh (1 —
1 1 0 3 1 0

0 v G G ) o F 21 _ 1
— )= m i’ F=F(im) = G2(1 —=




The solution...

» Here we use other minimal form factor which
is minimal form factor for a particle and an
anti-particle satisfying to equation

F(8)=-F(-8)b(int-9)
and also we define the T —function

1 1 zsinh(g)
O(2)D(-z) 2m2 r(1—%+%)[‘(1—%—%)

Using these functions we now are ready step by
step construct the solution of the for factor
equations.

T(z)=



The solution...

» n particle form factors:

The matrix element of a local operator O(x) fora
state of n particles of kind a; with rapidities 6,

<0|0(x)|84,...0, >gi"=exp{—ix(p1,...pn}FgO(g)

AL

which is a co-vector valued functlon with
components F O(G)) The form factors satisfy the

form factor equatlons Solutions of these equations
can be written as follows:




The solution....
» As usual we split off the minimal part

Fo (8)=NnF (8)Ky"(8) , F(®)=ITi; F(8;)
where g=(a1,...an) , g=(61,...6n) and F(B) is defined by

Watson equation . The K-function is given by an “off-shell”
Bethe Ansatz in terms of the multiple contour integral

Ko (8)=$d z h(8,2)P°(8, 2)W.(8,2)

with z=(zy, ... z;,) and gﬁd&z%gﬁdzl,....gﬁdzm




The solution...

» The integration contour is complicated and on can
get in our paper . The scalar function h(gé) depend

only on the S-matrix and not on the specific
operator O(x)

h(gg)ZH?=1 H}n=1 D(0; — Zj) H?ij t(z; — z)

The dependence on the specific operator O(x)
is encoded in the scalar p-function Po(g,é) which is in
general a simple function of e® and eZ:.




The solution...

» Bethe State.
» The state Y, in our solution is a linear

combination of the basic Bethe Ansatz
co-vectors

We (02) = Lp@woL (6,2) with 1<B; <N
as usual in the context of the algebraic

Bethe ansatz the basic co-vectors are
obtained from the monodromy matrix




The solution...

» T12..m.0 (3,2)2510(91 —Z),...8p0(0n — 2)=

Al,...n(g;Z) Bl,___n(g,Z) 5 - B .
Cl,...n(g; Z) Dl,...n,By(\_eJ Z) ) — IY —




The solution...

» Where the S—-matrix is definec
index 0 means the auxiliary s

above and
nace where are

multiplied the S-matrices in ¢

efinition of the

monodromy matrix .The reference co-vector

is defined as usual by wBg=0
wg=8a11, 6%1

It is eigenstates of A and Dy

wA(g!Z): 1 y wDBy(giz)ZSBy H?:

, which implies

1b(0; —2)w

Where indices 1,2,....n are suppressed.




The solution...

» Then the basic Bethe ansatz co-vectors above are
defined as

0o(0, 2)=(CPn (0, 2 ) .. CP1 (0, 21))g , 1< By <N

The technique of the “nested Bethe Ansatz” means
that for the coefficient LB(E,) in above formula one

makes the analogous construction as for
Ka(g),where now the indices 3 take only the values

2< B; <N. This nesting is repeated until the space




The solution...

» Of the coefficients becomes one dimensional.
The final result is

K. (8)=$d z h(8,2)P°(8,2)(6,2)

with the complete h-function

h(gié) — H;y:_()z h(Z',Zj+1); {9:8




The solution...
» And with the complete Bethe ansatz state

Llj(x(e Z) (le Z)WN 1 (ZN 2 N 1)

Wt 2D xug:(g,g )

where gz(zj,...zN_l) ,afz(z{,...z,{j) and

W

qv_1=(N,...N). It is well known that “off-shell’

N——

Bethe Ansatz states are highest weight states if
they satisfy certain difference equations . If
there are n particles the SU(N) weights are

My~ 1,y 1) =




Rapidity space clustering

» =wO+L(1,1,...1)
where n,=m,n,, ns3,...ny_, are the numbers of
the C operators in the various levels of the

nesting, w? is the weigh vector of the
operators O and L=1,2,... Note that w=(3,1,1... 1)

correspond to vacuum sector.

» We shift k of the rapidities in the form factor Fao(g)

to oo and define
0 =(0; +W,...00+W,01 41, ... 0,1 )=(0+W, D)
\-vJW L —/




Rapidity space clustering

» We investigate the behavior of the E2(8 ) for
(W) \wJW
W- oo .The result is of the form

E9 (8 ) co O(k l, W)FA (e) Fy (e)

\wJ

We calculate the functions c55°(k, I, W) for

several operators . Here we con5|der several
fields which we will define in details with all
quantum numbers.




Rapidity space clustering
0 Examples of fields.
The SU(N) Noether current.

JE=Ugy* (Ta)g W°

Transforms as the adjoint representation with
highest weights w’/ = (2,1, ...1,0).The N*-1
generators of SU(N) satlsfy

[Ta; Tb]:ifabcTc ,tr(Ta) =0 vtr(TaTb):% Sab

The conservation law d,J,=0 , implies that J;(x)
may be written in terms of the pseudo potential

Ja) as J(x) = "0, Jq(x)




Rapidity space clustering

» With quantum numbers

Charge Q/’=0

Weight vector w/ =(21,...1,0)

Statistics factor o/=1

Spin S/ =0

Due the Swieca et all, the bound state of N-1
particles is to be identified with the anti-particle.

This means that the anti -particle @ of a funsamental
narticle o of rank 1 is a bound state of rank N-1




Rapidity space clustering

» @=(p)=(py,...pn-1), With p; <...<py_1, pi#
The charge conjugation matrix is given by

CBa:CBpﬂz---pN—l:CaBZSBpl,pZ;---pN—l
with CgzC*Y=85".In terms of fields this means

LT]B:CB(p)Lljpl "'Llij_l'
For the current we also use

— 1 —
]O‘(p) _qj(p)yuq]a_ﬁ CUPIC )5 Oy, PP

Ja = CB(p)(Ta)g JoP)
Because the Bethe ansatz yields highest weight

states we obtain the matrix element of highest
component




Rapidity space clustering

) J(X):]m(x) =]1(12...N—1)(x)
» For the p-function of the current for the
operator J we have

2,

)*

b P](E) Z) exp(mnl)(]_[ - exp(—— ))(Hl 1 exp(
(N 1) 1
(127" exp( T

» The general weight formula of the Bethe
states implies that the numbers of
integrations in master formula satisfy

.N-1




Rapidity space clustering

0 Energy momentum THY,
We write the energy momentum tensor in terms of
an energy momentum potential
TH=RW(id,)T(X), R" (p)=-P"P’+g" P>
With
charge Q' =0
weight vector w!=(0,...0)
statistics factor o/ =1
spin sT=0
We propose the p-function of the potential T(x)

(D)

e ]

T _ pTy_pT- pTy_
PT = PTe-pT-, Pla=S—g,




Rapidity space clustering

» The general weight formula of Bethe states
implies that numbers of integrations are

nj=n(1-2) j=1,..N-1
o The iso-scalar ¢(x).
- With the quantum numbers

charge 0%=0
weight vector w®=(00...0)
statistics factor oP=e~M

spin sP=0




Rapidity space clustering
» And the p-function

» PO@ z)=e N ([T, exp(—(1 — DO [T, %)
» And with numbers of integrations

» nj =n(1-2), j=1,..N-1

o The fundamental field y*(x) of the chiral SU(N)
Gross—-Neveu model with the gquantum numbers

» charge Q¥ =

» weight vector o¥ =(1,0,...0)

» Statistics factor oV=e'" 2




Rapidity space clustering

» The p-function of the highest component =y for
n=1 mod N is
in 1 1 Zi(l)
} p"’ze 21“(“?:13_5(1_N)9i )(H:}zlle 2 )
» The weight formula for this field is ¥ = (1,0...0)
» wich implies that the numbers of integrations are

ynj=n-1DA-2), j=1,.,N-1

1 1
1,—5(1-1)6

» 1 — particle matrix element — E,%(8)=8le >

0 Spinor y“(x) field.




Rapidity space clustering.

» charge QX =
» weight vector wX=(1,1,...1,0)
_ . 1
» Statistics factor ¥ — ! MN—R)
i x_lr_1
b Spln S 2(1 N)

» The p-function of the highest weight component
x =x" for n=N-1 mod N is
oiNGN_1 +n1)

z;(®
(]2, % )T e )
~(1-)o

» One particle matrix element Fg* (6)=6§ ez

(N-1)

» PX=




Results.

.The result is of the form
FO(O )= 5°(k,1, W)FA (e) Fy (9)
1. Partlcle number n=0 mod N and k=0 mod N.

Vo

v

yields ~ .
»EMQ w0 =20 fapcFo!(B) Fi(B)
yields ~ .
FPO )w——o  FP@)F®)

w  Sw

yields 2 _ <
R B )w——o DR (D)F(8)

%4




Results.

2. Particle number n=0 mod N and k=1mod N,
for the fields Current and energy momentum
tensor.

3. Particle number n=1 mod N and k=0 mod N
for the Fermi field.

4 .Particle number n=1 mod N and k=1 mod N,

» again for the fermi field.

These results one can see in our paper in (BFK).




8.Deep Inelastic Scattering and
Integrable models-Preliminary results.

» 1.We have prove that in 1+1 Integrable QFT’s

» at small x the structure functions are
factorized to functions of x and gA2.

» 2.We also prove that in the experimental
results for the structure functions(HERA) has

» Factorized again to functions of x and gA2.

» 3.We have prove the Balog-Weisz conjecture
that —at small x all structure functions in
asymptotically free 1+1Integrable QFTS
behavior as XA(=1)(In)A(-2)!!




Deep Inelastic Scattering and Integrable
models-Preliminary Results.

» 4.Bjorken Scaling for the structure function
exist in some region of gA2 and this is feet
with HERA experimental dates.

» 5.We have many interesting recommendation
for the future experiments in order to clarify
the behavior of the structure functions at
small x and small gA2.




Conclusion.

» We investigate the rapidity clustering of exact
multi-particle form-factors of SU(N) chiral
Gross-Neveu model . For some examples of
local fields , in particular the Noether current,

» The energy momentum tensor , the
fundamental spinor field etc, we explicitly
demonstrate the clustering or factorization
phenomena. We connect this phenomena with
Bjorken scaling and scattering.




