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BFKL Powoson DLAP (D7)
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e At the LO:

* At NLO:

6(v) = — K
. singirﬁ(fgw (3 ! (1 ’ ;Jé) e 23%?11%))
SO va-nf

Jaroszewicz, 1982
Lipatov 1986
Kotikov,Lipatov 2002

Fadin, Lipatov 1998
Kotikov,Lipatov 2002
Kotikov,Lipatov 2000

% - ?QE) % (X°(7) =¥ (7)+ ' (1—7)) - (%.— 19_0%9 x(
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U de dt
— 7y g —In(1—t
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S o [T A14y) (1) P(n+2-7) - P(])
;( ) [ (n+7) HR



BFKL at NNLO

oo
S =—-1+ Z gzn [Fn (%) + F, (_%_1)] NG, Levkovich-Maslyk,Sizov
n—1 Phys.Rev.Lett. 115 (2015)

1
=
256" °
555 S_41 51531  S_32 555 21
s T2 T3 T3 4
S_451 | S-35 3532 35-31:1
+ 1 + 3 -+ 1 5 S15-2.1.1
35 _55 S S_55:8
+S9 21 +35_2111— 42 2Dy Tl
8 4
S_ 7S_ S_5S 518
9 2.1 3 291 152
+m |: ] N ) R 19 + A8 :| Found frOm
" 781, . 75, . 7S 18 S integrability
3 4 8 4 16
4oL, — 72 log?2 N log*2 (S_y — Sy) — n* 251 51
H 12 19 B VT TG
log”2  72log®2  2xtlog?2 w33 49(s _
- - ~T58 TS oy,
60 36 45 24 32

Confirmed by an independent calculation by Caron-Huot, Herran
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We of course need integrability to do this



Historical path for N=4 SYM

. Classical
Qngms O.f Y M Perturbative integrability of
[> integrability: teorability i ) del
Lipatov’'s BEKL integrability in string 6-mode
- N=4 SYM on AdS5xS5,
quasiclassics

Hamiltonian

Bena,Polchinski,Roiban Arutyunov,Froloy

, ) Kazakov,Marshakov, Minahan, Staudacher,

Lipatov . er)ahgn,Zarembo, Zarembo, Frolov, Tseytlin Janik
Faddeev,Korchemsky Beisert,Kristijanssen,Staudacher Schafer-Nameki Hernandez
Beisert,Kazakov,Sakai,Zarembo Roiban, Ts

NG,Vieira Beisert,Eden,S
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Some results of QSC

Spectrum Of |OCa| OperatOI’S Structure ConS’[an’[S [NG, Kazakov, Leurent, Volin “13]

A
35

2

Cy

30
25
20 States with S=2 and various L's
A
]
data from [24] with 2 states
n=3
[NG, Julius, N.So n=2
> - n=1
i i | 10 states + 1 integrated correlator
i
. : >
i
20 ; s
T e
Z- 4
i g | | 1 g
¢ % 5 10 50 100
I o] 10 states + 2 integrated correlators
10— !
[Ekhammar, NG, Ryan ‘24] <- See Simon'’s talk [Cavaglia, NG, Julius, Preti ‘21]

And beyond...

[Basso Georgoudis Sueiro '22]



4 pt correlation functions in N=4

[Cavaglia, NG, Julius, Preti ‘23]
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Back to BFKL

Twist 2 — N=4 SYM Pomeron Trajectory, non-perturbative:

Gromov,FLM,Sizov 2015

~ 2000 data points 2



Higher R-charge — new physics?

Twist 3 [Klabbers, Preti, Szecsenyi 23]
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Twist 4

Coupling

S 3 operators
g=0.1 P

| Tr(D*Z4
| 2 operators
| T(D*Z%)

Twist 6
A operators

Red trajectory is one of an infinite set of trajectories
that doesn’t bend at the branch point
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ABA vs ABBA
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Examples of the states

=4 HA) 4 2y =

2n% g 4
2g-4g" x(A)- Tg +g* [24 X' (8)+ 3 7 x(A) +28 :(3)) +0(g)
L=4:

10 S (va)? +2x%) 4
23 g- 2 g x(A) - & \)/; ) gt (369 X" (&) +8 x(A)® + 18 7% x(A) + 531 {(3) +

81

g5 (5 x(8) (9360 x"(A) — 115 x(A)® + 32472 x(A) + 3312 £(3)) + 2376 n*) o
+
1620 /3 J

4
“2(E07 (1+ DY) 1+ D) g~ 5 8 (07 (1= V7T + 07 =4 177 + 1)) chica)) +

2 5
L—5 : o V=T (14 1)@ (7(-2+5 41 = 0¥ =317 +2-1%7) 2 = 18 =1 (=1 - 1) chi(a)?) -

1
o (057 (14 J=1) (98(~7+43 Y=T = 50(~1)" +40 (- )" — 25 (- )*" + 10 (- "7 chi”(a) +
32(_1 + T 217 & (1Y - (=) +(=1"7) chi(a)® +7(-7+21 J=1 -28 (127 + 24 (-1 — 14 (-1)"" +4(-1)5”)x2 chi(A) +

49 (-114101 Y=1 - 112177 + 80 (- ¥ = 56(- *" + 32~ 1)¥") £3))) - loslm 24
(V=1 (1+3=1) (5880 (= 1)*" - 1) chica) (5(5— 11 J=T +5 (1) chi’(&) + (1 -3¢ J=T + 1) &3)) - 150(-25-2 Y=1 +2(- )" +25 (- *7)

chi(a)* - 210(~16 - 63 Y=1 + 63 (=17 + 16 (~1)*") a* chi(a)? + 49119+ 346 J=T =35 (- ¥ - 276 (- )" + 49 (- 1" +70(-1)*") n*)) -
1
6 7] 7 27 0 Av2 7 217\ ohi?” 7 217
segars 48 (14 47T (4410 I (177 - 1) ehica)? (8(17-15 YT +17 -177) chi” (@) + (113 +26 =1 + 113 -1)7) £3) +
343 (42(370- 495 Y=1 +389 (-1 = 185 (1) = 19.(= )*7 + 125 (= )% ) chia) + 10 =1 (~95 + 118 =T - 18- )" +.95(-1)*")
2 chi”(8) + 12285 (= 1) £(5)+ 17136 (=1 £(5)~35595 (=1)*" £(5)+ 54054 (~1)*7 £(5)- 83475 =1 £(5)+ 71190 £(5)+
920 (-1 2 £(3)-340 (-1)" 7 £(3)- 630 (=17 2 £(3) + 1600 (-7 % £3)-2180 =1 2 £(3)+ 1260 7 £(3))+
288 J=1 (-5-27 V=1 +27 (-1 +5(-1)") chi®)® +70 J=T (~323+ 10 J=T 10~ 1)¥" + 323 (- *") = chi(a)* +
49 (sss- 1409 /=1 + 1386 (- 1)*" - 294 (- 1)*" ~ 798 (- )7 + 821 (- )*") x* chi(a))) + O(¢")
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Pushing to large twist L=30
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Can we penetrate from BFKL regime to DGLAP?

[Beccaria '07 ]

ABA M M ABA (AT
’}(2—() - 481(_) . 74—() = —283 - 48182,
2 2 4
%6 M) _ 966, + S5+ 4S5 + 451 — 85511 + S (432+25 +8S )
3 = 20203 5 3,2 4,1 3,1,1 1 9 4 3,1
ABA( N 40 32
781—((,)) = S (384 — ?‘5'3,1) + S7 (2085 — 40839 — 56541 + 643311,1)
+Sl (786 + 882‘4 — 2483,3 — 5684‘2 — 4085,1 — 2482‘2,2 — 1682‘3‘1
56
+8883,1‘2 + 8883‘2,1 + 12084,1‘1 — 19283‘1,1‘1 — 8((3)83 — 38384
107 41 1 20
—?57 + 3525 + 333,4 + 554,3 — 17559 — ?Sﬁ,l — 45593
104 88
—8S5539 — 45241 + ng’l‘?’ + 525329 + 333,3,1 + 605412
4605421 + 405511 + 852311 — 12055112 — 12055121
—120S535,1,1 — 12854111 + 25653 1,1,1,1-
2 2
ABA g 1 143t , P
= R — | —— — (2 w2
7 5 (1—t Qg+ )+ :

(

[Kotikov, Lipatov, Rej, Staudacher, Velizhanin '07 ]

It is interesting to note that the double-logarithmic behavior of these states is different
from the twist-two ones (3.10).

M=2(w-1)



Can we penetrate from BFKL regime to DGLAP?

.....................




Can we penetrate from BFKL regime to DGLAP?

S+2

Zoom near the edge: A =—,D

g

A-1
g

8 96 1
The horizontal trajectories become: )y, ~ +2 ——+—=+0 (—)
’ D D D#

Riemann surface reduces to cubic poly (fixed by 91,2)

Q-2)(Q+2)(Q—-D)—160 =0

Solving for A

16wg?

Arl-o=—r e "

16g% 64g* 256g° 1024g8%

) w3 w> w’

Perfect agreement with explicit 4-loop for local operators!

[Beccaria ‘07 ]

[Kotikov, Lipatov, Rej, Staudacher, Velizhanin ‘07 ]

Repeat the same procedure for L = 4

(D? — 36)Q% + (192 — 12D3)Q? — 2DOS5 + 48DQ3 — 128DQ + Q6 — 256 = 0

w=S+2

]

)
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-1.9

-2.0
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-2.8

-3.0+

-31r
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I 1 1 1 L]
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A
vvvvvvvvvvvvvvvvvvvvvv




Can we penetrate from BFKL regime to DGLAP?

Ty

——  Numerical data :
..... Branching regime

ABBA solutions

0.5 1.0 1.5 2.0



® | =3 branching pole

Spooky observation

16wg>
A_]._(U:——z_
w? — 4g?

16g%| 64g* 256g° 102448

® | =4 two trajectories turn (have pole)

A=t 1 ~w—4
+ w—ag o

® |ngeneral:

A~ 28
w

3+./5 25 + 11/5
? \/_—1694 \/_+....

w3

. 2 of —\—radeszoNe,s widh ple af
S = —L+41 wmalchh # of operslers
t¢ D_Z' 2‘

o e pde 4. s eswudialéj to 4-lop

anopnlous dln2usion ofV g oP?J*&:’or\
B = 32— oD ebed o Lo A

® We don’t know why, but this suggest a new ABA type of regime near the poles too!



Open questions

® Derivation from perturbation theory?

Which mechanism gives odd powers of g? Dipole evolution, Light-Ray operators?

® Massless mode physics? AdS3? (in progress with Simon and Bogdan)

® Evolution kernel at higher order from data?

® |s there some physics at L — 00 as Landau-Lifshitz for usual case?

® Simplification of QSC near the corner points where BFKL meets DGLAP? Counting?
® DGLAP at non-integer spin?

® Accessing lower Horizontal Trajectories S ~ —L +1 —2n,n € N?

® Generalise to all states in other sectors and remove parity restrictions?

® Hexagons? SoV?
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