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Abstract: gauge/YBE Correspondence

No Gauge Symmetry
15 Chiral Multiplets |

Figure: See [Yamazaki, 2018] and [Gahramanov and Shahriyar, 2017] for comprehensive review
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Brief history of the integrable models

e The Ising model: 1920 (Lenz) - 1924 (Thesis) - 1925 (Paper)
e the Onsager’s famous solution 1944

e the Fateev-Zamolodchikov model 1982

e the Kashiwara-Miwa model 1986

e the critical Potts model 1987

e the Faddeev-Volkov model 1992
e the Bazhanov-Sergeev model 2010
e the lens elliptic model (Yamazaki) 2013
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Ising-like Model
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oj = (z;,m;) discrete and continuous spin packet
e m; for discrete spin values
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e z; for continuous spin values.
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Star-triangle quiver diagram for SU(2) gauge

SU(2)
SU(2)
SU|(2) =
SU(2) ok|SU(2)
A i Gauge = SU(2) i — 9B 3 No Gauge 3
z | Flavour Group : SU(6) | z . 15 Chiral Multiplets
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On S} /7, [Gahramanov and Kels, 2016]

[r/2

/ Hl 1 n(a; £ 2w £ miws, ws) dx

Y (F2iz, +2m; wy, ws) 2r\/—wiwa - H Yn(@i + g, wi + ugiwr, wa)

1<i<j<6

—[r/2]

where balancing conditions are Zle a; = wy +wsy and Z?:l u; = 0 and the Boltzmann
weights are

Wye(oi,05) = (g — p £ 2 £ 5, £m; = mj;wi, w) (1)

The Boltzmann weight satisfies the following star-triangle relation

Z/dwqur(UuUO)Wpr(Ujvao)qu(Uka00)
= R(pv qaT)qu(o—jvak)Wpr(ai,Uk)qu(Uj,Ui) . (2)
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Star-triangle quiver diagram for U(1) gauge

U1) x U(1)

U1)xU@1) U@Q)xU(1)
Obtained by gauge symmetry breaking [Spiridonov, 2010]

No Gauge
6 Chiral Multiplets
Global Symmetry :

SU(3) x SU3) x U(1)

9 Free Mesons
Global Symmetry :

-z
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On S} /Z, [Bozkurt, Gahramanov and M., 2020]

[r/2]

Z / H’Yh(ai*fﬂ,ui*m;wlawz)%(bi+I,vi+m;wl,wQ)L
. Sy —win

3
= H Yn(ai + by, ui +ujswi,we)  (3)
i,j=1

where balancing conditions are Z?:1 a; +b; = w1 +wy and Z?Zl u; +v; = 0 and the
Boltzmann weights are

Wpe(0i,05) = (g —p+ 2 — x5, mi —mjiwi,ws)

XVn(q —p—xi +x5,m; + mjiwi, wa) . (4)
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Star-star relation [Baxter, 1997]
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Star-star quiver diagram [Yamazaki, 2013]

Flavour Symmetry :
SU(4) x SU(4) x U(1)

M. Mullahasanoglu (Bogazi¢i University)

Global Symmetry :
[SU(2) x SU(2)]?> x U(1)
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On S?/Z, [M. and Tas, 2021] for SU(2) gauge symmetry

[r/2]

dx
Z / H’Yh alix Ulj:m Wl,wz)m
—Wwiw2

m=—[r/2]

= H Vr(ai + aj, u; + w5 w1, w2)Yh(Qipa + Qjqa, Uita + Ujpa; Wi, wW2)

1<i<j<4
r/2]
z/: / H’yh a; + z,0; + y;w; WQ)L (6)
) Y 2ry/—wiwso
Yy=—|\r

where balancing conditions are Z§:1 a; = 2(w1 + w9) and Z§:1 u; = 0 and Boltzmann
weights are

Wpq(oi,05) =n(q —p £ a; £ x5, £m; £ mj;wi,wa) . (7)
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On S} /Z, [Catak, Gahramanov and M., 2021] for U(1) gauge symmetry

[r/2] do

i T T, U — MW, bi +x,v; jW1,Wa) o —
ZT/Q]/ l_Il’yh(a x,u; — mywi, w2) YR (b + v, + mywy wg)%m

2
= H Yn(@i + by, u; + uj;wi,wa)
irj=1

[r/2]
~ dz
A; — 2, U; — Y; W1, W bi + 2,0, + y; w1, we) ——— 8
> / Ill'Yh(l i = Yswi,w2)vn(bi i YW, wa) o s (8)

y==[r/2]

where balancing conditions are Zf a; + b; = 2(w1 + wsy) and Z _1U; +v; =0 and
Boltzmann weights are

qu(Ui’Uj) =g —p+x;— Zj, M4 — mj;wl,wz)

XYn(q —p—xi + x5, m; + mjiwi, wa) . 9)
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Question

What is the meaning of the gauge symmetry breaking
from the statistical mechanics point of view?

The Boltzmann weight for SU(2) gauge symmetry

Wpq(oi,05) = ylq — p £ @i £ 25, £m; £ my; w1, wa) (10)
The Boltzmann weight for U(1) gauge symmetry

Wpe(0i,05) = (g —p + 2 — x5, mi —mjiwi,ws)

XV(g—p— i + x5, mi + mjiwi,wa) . (11)
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The complete scheme [M. and Tas, 2021]]

derivation
. . . -7 s | G:SU
gauge| G : SU(2) F: SU(6) - S~ F: SU(S;]a_u%FUM) x SU(4) x U(1)
YBE| Star-Triangle Relation YBE| Star-Star Relation
gauge symmetry breaking gauge symmetry breaking
. . gauge| G : U(1)
gauge| G : U(1) F : SU(3) x SU(3) R . F ST % ST = SU(2)t

YBE| Star-Triaangle Relation T~ - - - YBE| Star-Star Relation

derivation
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Interaction round a face models

Could we obtain IRF-type YBE

from the edge interacting models?
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IRF-type YBE

OB
oo OcC
OB

oF 0Op 0A OB
= E /dﬂ?o Rt41t63 ( or oD )Rfu,;fm < oF 00 >Rt25t41 70 oc

mo€EZ op
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Vertex models or Bailey pairs

If one has IRF-type models,

expects to acquire vertex-type models?
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The definition of Bailey pairs

Definition

Two functions «(z, m;t,p) and S(z, m;t,p), where z,¢t € C and m,p € Z, form an integral
hyperbolic hypergeometric Bailey pair with respect to ¢ and p if the functions satisfy

B(z,m;t,p) = M(t,0)zmie,j0(2, 53 t, ) , (12)

where M (¢, ). m;z,; 1S an operator integrating over € C and summing over j € Z, which
also called an integral-sum operator.
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Bailey Lemma

Lemma (Bailey Lemma)

Suppose a(x, m;t,p) and B(x, m;t,p) form an integral Bailey pair with respect to t € C and
p € Z. Then, the sequences of functions o (z,k;t+ s,p+q) and B'(x,k;t+s,p+4q), k € Z,
defined by

o (z, kit +s,p+q) = D(s,q;y, 1z, k)a(z, ki t,p) , (13)
B'(x, kit +s,p+q) = D(—t,—p; y,l; &, k)M (S, @)z ks2;mD(s + t, 0 + ¢; y, 1; 2,m) B(z,m; t, p)
(14)

form a Bailey pair with respect to the new parameters t + s and p + q where s,y € C,
q,l € Z are arbitrary and the operator D(s, q;y,l;x, k) is described as above.

M($,Q)wkiz;mD(s +t,q+p;y, 1 2,m)M(t,D) 2 iz, (15)
=D(t,p;y, Lw, k)M (s +t,q+ D)wkiw; D(s, q:y, iz, j) -
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Operators for Bailey pairs [Gahramanov, Keskin, Kosva, M. 2022]

1 [r/2]

M(tap)z,m;r,j == W Z/ ryh(ftiZim,im 7p:|:j;wlaw2)

D(t,p;x,j;2,m) =yp(—t £z *x,+m — p =+ jwi, wo)

[dj]
2ry/—wiwg T (16)

j=0

The same operators also satisfy the star-star relation.

[r/2]

1 OO .
M(t,p)z,m;z,j :C(t,p) jzo/Oo’yh(_t+z+xam_p+];wlvw2)
, [d;] (17)
X Yn(—t — 2 — @z, —m — p — j; L)
,Yh( z T, —m p j7w17w2)27‘\/T10}27

D(t,p;x,j;z2,m) =y (=t + 2z +x,m — p+ j;w1,ws)

X (=t —2—z,—m—p— jiw,ws)
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Higher-spin interactions

What about higher-spin interacting lattice models

from the supersymmetric gauge theories?
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Integral identities

How do we interpret the following equality of the partition functions?
[r/2]

dx
nla; £z u; £ mywy,we) ———
o . H7 L)y s
H Yn(ai + aj, u; + ujswi, wa)
1<i<j<8
r/2
Z/:] / th a; £ z, uziy,whwa)L (18)
-2 2ry/—wiws
r/2]
/ l_[Z 10 (a; £ 2, u; £ mywr, we) dx
/2] Vr(£2ix, £2m; w1y, we) 2ry/—wiwa

4 4
= (Zai,zui;w1,w2> H Ynlai + aj, ui + uj;wi, wa)
i= =

1<i<j<4
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The star-square relation [Pais, 1963], [Wegner, 1971] and [MM, 2023]
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Figure: The star-square relation consists of four nearest neighbor interactions at left and seven
interactions which are four nearest neighbors (dotted lines), two next nearest neighbors (dashed
lines), and one quadruple interaction (broken circle) at right.

M. Mullahasanoglu (Bogazi¢i University)

Varna 2024

August 16

(23/38)



01

04

4 L _
iz = w
=¥ gai = w
v
g1

09 01

g0

04 03 04

A

N
~

Star —\t‘ri\ang/le'

02
00
o3
V 02
o3

PN
-
-

relation

M. Mullahasanoglu (Bogazici University) °

The star-square relation [MM, 2024]
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Star-square relation

10.13 AN EQUIVALENT ISING MODEL 257

where all terms are linear in oy,..., 0, there are 16 such terms, and
L ..., L, are constant coefficients.

The function W(o,, 02, 03, 0) is positive, so its logarithm is real and
can be written in the form (10.13.6). Further, it is an even function of
Oi,...,0 80 Only the even terms in (10.13.6) occur. It must therefore
be possible to find L, Ly, Ly3, Lys, L3, Lo, Lss, Lyass such that

W(oy, 07,03, 04) = ex]:{ 2 qu'ay + leualﬂ'zaacﬁ]
(10.13.7)

(This is known as the ‘star-square’ transformation: it is a generalization of|
the star —ltriangle relation of Section 6.4.)|
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Higher-spin interactions

Do we have more solvable models

from supersymmetric gauge theories?
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The generalized star-triangle relation [Fisher, 1959], [Wegner, 1971] and [M., 2023]

o1 g1
g0
g3 02 g3 02
o1 01
A
7 A\
. ’ \
= : / \
. AY
) // \
C AN
g3 02 03 &€ ------- 302

Figure: The generalized star-triangle relation consists of three nearest neighbor interactions at the
left and four interactions which are three nearest neighbors (dashed lines) and one triple
interaction (broken circle) at the right.
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One dimensional relations

Can we introduce one-dimensional relations

in the gauge/YBE correspondence?
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Transformations [Fisher, 1959] and [Catak and M., 2024]

g0
g1 02 N ® 02
Figure: The decoration transformation
go =
oo
K L L K
g1 02 01 02

Figure: The flipping relation.
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IRF-type and vertex-type constructions

The decoration transformation for IRF-type models

;/dw(’R(;oZ)R(foZ):R(ZZ) (19)

The flipping relation for IRF-type models

S fan( 5, o) n(n o)X an(Z 7 )n(5 7 ) e

The decoration transformation for vertex-type models

M(S) q)w,k;z,mM(tap)z,m;z,j = M(5 + ta q + p)w,k;m,j . (21)

The flipping relation for vertex-type models

M(Ca d)w7k;z,mM(5 + t, q+ p)w,k;w,j = M(S +cq+ d)w,k;w,jM(t7p)w,k;w,j . (22)
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Operators for Bailey pairs

[r/2]
Clt,p) =
D(t,p;z,j;z,m) = I(t,p)

—

M<tap)z,m;:v,j -

o0
/ Y(—tEtzta,+m—p=+jw,ws)
—o0

[dj]
21"\/ —wWiW2 ’

(23)

The operators satisfy both the decoration transformation and the flipping relation.

1 r/2l oo
M(t7p)z,m;:v,j :C(t p) / ’Yh(*tJrZJrI,m*erjéwhwz)
’ j=0 /o0
, [d; ]
X —t—z—x,—MmM—p—Jiw,Wy) —F———,
’Yh( p—Jiw1 2)27"\/T1a12

D(t,p;z,j;2,m) = I(t,p)
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Kagome lattice [Fisher,

1959] and [M., 2023]

oA OB oA OB

oOF OF

OFE op (o) oD

Figure: Constructing Kagome lattice from the hexagonal lattice by the use of decoration

transformation and the star-triangle relation, respectively.
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Hyperbolic hypergeometric functions

The infinite product representation is

Qi o~ ~ 0o YiE
1) (21 10g) = ¢ Bralesnen) (2T Dow o non) TP L0240 (g
(627”71551)00 o (1— GQMLqui)

where parameters are § = e2™“1/%2 and ¢ = e~ 2™2/“1 and the Bernoulli polynomial is

2% — 2(w +w w? + 3wiwo + w2
Bgyg(z;wl,WQ) = ( ! 2) + L 12 2 . (26)
wiws 6w wa
One of the several representations of this special function is the following
Cdr [ sinhz(2z —w) —w2) 2z2—w; —w
(2) (5. _ . ax 1 2) 1 2 97
7 (F W, we) = exp ( /0 x {2 sinh (2w ) sinh (zws) 2xwi wa ’ (27)

where Re(w), Re(wz) > 0 and Re(w; + wz) > Re(z) > 0.
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Some properties

Reflection property
Y3 (25w1, w2 )Y P (w1 + wa — zw1,we) = 1.

The difference equation

(2) .
YA (2 4+ wyjwi, wa) —osin <7rz> .

7(2)(2%6017602) wig

The asymptotic behaviours allows the gauge symmetry breaking

lim 6%323(““’1""2)7(2)(2;wl,wg) =1 for argws +m > argz > argw,
Z— 00

lim e~ % B2a(ziwnw:),(2) (z;w1,ws) =1 for argws > argz > argw; — 7,
Z—r 00

where Im(£L) > 0. We use the following notation
Yh(a; £ x,u; £ mywy,wa) = 7(2)(—i(ai + 2) —iwy (u; £ y); —lwrr, —iw — tws)

><7(2)(—i(ai + 2) —iws(r — (u; £ y)); —iwer, —iwy — iws)
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S3/Z, x S

S? x St

82

@) -
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Lens Elliptic

Trigonometric
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Some connections

Pentagon identity
[Bozkurt et al. 2020]

Knot invariant Bailey pairs
[Hikami, 2007] [Gahramanov et al. 2022]
Quantum groups auge/YBE correspondence Painleve equations
g gaug

[Bozkurt et al. 2020]  [Gahramanov and Kels, 2016] [Kels and Yamazaki, 2017]

SUSY gauge theories Special functions
[Imamura and Yokoyama, 2012] [van de Bult, 2007]
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Conclusion

e We found integrability properties of the supersymmetric gauge theories on the
squashed lens space.

e What is the Hamiltonian of 1D spin chain via these 2D classical integrable models?

e What is the corresponding 8-vertex model of Ising-like models by the use of the
star-square relation?

e Does the generalized Faddeev-Volkov model correspond to the representation of
quantum groups U, (osp(1|r))?
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Thank You!
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