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Integrable long range spin chains with extended symmetry



Long-range interacting integrable models  

• The best studied integrable models are those with nearest-neighbour interaction, 
solved by Algebraic Bethe Ansatz 

• Long range integrable deformations of Heisenberg-like models are important for 
various applications (e.g. AdS/CFT, 2d CFT, QHE, TTbar deformations, etc) 

• The algebraic structure and general construction are not yet well understood (e.g. 
wrapping corrections, separation of variables), except for a class of models with 
trigonometric interaction 

• no Bethe Ansatz: the scattering phase is very simple 

• no bound states 

• extended symmetry: Yangian or quantum affine symmetry 

The trigonometric models I will present here have somme common characteristics:



Plan   

• isotropic, XXX-like model: spin-Calogero-Sutherland model and Haldane-
Shastry model 

• anisotropic, XXZ-like model: Uglov-Lamers model as a quantum-deformed version 
of the Haldane-Shastry model arXiv:2004.13210 

• q=i limit of q-Haldane-Shastry, or the long-range version of the XX model 

- construction of the monodromy matrix; inhomogeneous XXX model with dynamical 
inhomogeneities; diagonalisation of the transfer matrix in terms of an effective spin 
chain arXiv:2308.16865 

- definition and solution of the model in terms of non-unitary fermions as a long-
range gl(1|1) spin chain arXiv:2404.10164 



The isotropic Haldane-Shastry Hamiltonian 
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[Haldane, 88; Shastry, 88]
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matrices. The (isotropic) Haldane–Shastry spin chain has Hamiltonian [Hal88Hal88,Sha88Sha88]

(1.1) Hhs = evÊ
ÂHhs , ÂHhs = ≠

Nÿ

i<j

evÊ
zi zj

(zi ≠ zj)2 (1 ≠ Pij) .

The overall sign ensures that (1.11.1) is positive: (≠)Hhs is (anti)ferromagnetic. Let Ê :=
e2fii/N œ C◊ := C \ {0} be the primitive Nth root of unity. Following [Ugl95Ugl95] we write

(1.2) evÊ : zj ‘≠æ Êj = e2fiij/N

for the map evaluating z1, · · · , zN at the corresponding Nth roots of unity. On shell, i.e.
after evaluation, we can think of the zj as the position of site j of the chain, viewed as
being embedded in the unit circle S1 ™ C. We will refer to the zj as coordinates.

The many remarkable properties of this model include a particularly simple spectrum.
The energy and momentum are additive, with a quadratic dispersion relation:

(1.3) XMmaÁhs(n) = 1
2 n (N ≠ n) , phs(n) = 2fi

N
n .

The spectrum is highly degenerate [Hal88Hal88], partially [FGL15FGL15] due to an infinite-
dimensional symmetry algebra present already at for finite size [HHT+92HHT+92, BGHP93BGHP93].
There is one highest-weight eigenvector for each partition ⁄ with ⁄1 Æ N ≠ 2 ¸(⁄) + 1
(see §1.1.31.1.3), with wave function [Hal91bHal91b,BGHP93BGHP93]

(1.4) �(i1, · · · , iM ) = evÊ

MŸ

m<n

(zim ≠ zin)2 P (1/2)
⁄ (zi1 , · · · , ziM ) .

Here P (–)
⁄ is a Jack polynomial with parameter – = g≠1, where g (g ≠1) is the Calogero–

Sutherland coupling (§A.1A.1). The special case P (1/2)
⁄ is a zonal spherical polynomial. cf [Cherednik, Matsuo](To

compare: – = 1 gives Schur and – = 2 zonal polynomials; cf. Figure 44 on p. 2626.)
Refer to q = 1 sects/app. incl §A.2A.2

In this work we extend all of this to the partially isotropic case, building on [BGHP93BGHP93,
Ugl95Ugl95,Lam18Lam18]. do we have new results

for q = 1 too?

1.1.1. Hamiltonians. Fix an anisotropy parameter q œ C◊. The Hamiltonian of the
(chiral) q-deformed Haldane–Shastry spin chain [Ugl95Ugl95] can be expressed in a long-range
pairwise form too [Lam18Lam18]:

(1.5) H = ≠ [N ]
N

Nÿ

i<j

evÊ V (zi, zj) S[i,j] .

Appendix . . . contains a comparison with the conventions from [Ugl95Ugl95, Lam18Lam18]. The
prefactor involves the q-analogue of N œ N,

[N ] := qN ≠ q≠N

q ≠ q≠1 = qN≠1 + qN≠3 + · · · + q3≠N + q1≠N .

Next, the potential in (1.51.5) reads

(1.6) V (zi, zj) = zi zj

(q zi ≠ q≠1zj)(q≠1zi ≠ q zj) .

A geometric way to think about this quantity is shown in Figure 11.

N su(2) spins 1/2 on a circle with periodic boundary conditions

[Bernard, Gaudin, Haldane, Pasquier, 93]algebraic structure:  
[Haldane, Ha, Talstra, Bernard, Pasquier, 92]• Yangian symmetry and 2dCFT limit:

• Yangian and spinon description of su(2)k=1 CFT:  

[Bernard, Pasquier, D.S. 94; Bouwknegt, Ludwig, Schoutens, 94]

• Simplified version of the XXX model (idealised magnons and spinons) 
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spin 
permutation
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The spectrum of the Haldane-Shastry Hamiltonian 
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[Haldane, Ha, Talstra, Bernard, Pasquier, 92; Bernard, Gaudin, Haldane, Pasquier, 93]

each motif comes with a high degeneracy and corresponds to a Yangian representation

• bound states in the XXX model evolve into descendants of Haldane-Shastry highest weight 
states when 
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• the spectrum is given in terms of a collection of integers              called motifs

3

Global symmetry. The model can be seen as a long-
range spin chain with alternating gl(1|1)-representations.
Recall that gl(1|1) has two bosonic and two fermionic
generators, which we denote by N, E and F1, F+

1 respec-
tively. The nontrivial (anti)commutation relations are
#
N, F1

$
= ≠F1 ,

#
N, F+

1
$

= F+
1 ,

)
F1, F+

1
*

= E , (15)

and E is central. This is just a fermionic version of
the usual spin algebra. Each site i carries a gl(1|1)-
representation generated by fi, f

+
i , the number operator

(≠1)i
f

+
i fi and central charge (≠1)i. From this perspec-

tive, (7)–(9) is a long-range gl(1|1) super-spin chain. For
odd length the alternating central charge breaks periodic
boundaries, which are replaced by (8). Our model has a
global gl(1|1)-symmetry generated by

F1 =
Nÿ

i=1
fi , F+

1 =
Nÿ

i=1
f

+
i ,

N =
Nÿ

i=1
(≠1)i

f
+
i fi , E =

Nÿ

i=1
(≠1)i = ≠1 ,

(16)

Indeed, these operators anticommute with all gi, g
+
j , and

thus commute with the conserved charges (7)–(9).
Since F2

1 = (F+
1 )2 = 0, gl(1|1) produces fewer descen-

dants than su(2) does for isotropic spin chains. This is
compensated by additional bosonic generators

F2 =
Nÿ

i<j

fi fj , F+
2 =

Nÿ

i<j

f
+
i f

+
j , (17)

which commute with the ei, whence with (7)–(9). To-
gether, (16)–(17) generate the full global-symmetry alge-
bra, called A1|1 [5]. It is the Uq sl(2)|q=i symmetry from
the parent model in fermionic language, cf. [6, §2.3].

Extended symmetry. The parent model has quantum-
a�ne sl(2) symmetry, which underpins the large degen-
eracies (21). As we will see, these are already visible in
the two-particle spectrum. A plausible guess is that it
relates to the Yangian of gl(1|1). A detailed study of this
extended symmetry will be performed elsewhere.

The spectrum. The spectrum and degeneracies of the
parent model are known explicitly [14, 19–21]. Like for
the HS chain, the quantum numbers are ‘motifs’ [15]
{µm}, consisting of integers 1 6 µm < N increasing as

µm+1 > µm + 1 , 1 6 m < M . (18)

Such a motif labels an M -fermion state with quasi-
momentum p = 2fi

N

q
m µm mod 2fi setting the eigenvalue

eip of G. Its energy is additive:

E
l
{µm} =

Mÿ

m=1
Á

l
µm

, E{µm} =
Mÿ

m=1
Áµm , (19)

Á
l

≠N

0

N

n

N

Á

0

N

n

0 N

Figure 1. The dispersion relations (20) alternate between two
linear branches, realising chiral and (up to a shift) ‘full’ mass-
less relativistic dispersions on the lattice.

with dispersions having two linear branches (Fig. 1):

Á
l
n =

;
n , n even ,
n ≠ N , n odd ,

Án = |Á
l
n| . (20)

This state has (often many) descendants due to the ex-
tended symmetry. Its multiplicity is [13, 21] N + 1 for
the empty motif (at M = 0), and otherwise

µ1 (N ≠ µM )
M≠1Ÿ

m=1
(µm+1 ≠ µm ≠ 1) . (21)

Given the extremely simple dispersion, further (‘acciden-
tal’) degeneracies between di�erent motifs occur much
more often than even for the HS chain.

The energy levels are equispaced with steps of 2. E
l is

bounded by ±(N2
≠ 1)/4 and reaches these extremes at

motifs {1, 3, . . . , N ≠2} and {2, 4, . . . , N ≠1}, cf. Fig. 1. H
has eigenvalues > 0, with E = 0 for the empty motif, and
maximal energy E = 2¸(3¸ + 1) or E = 2(¸ + 1)(3¸ + 1)
depending on whether N = 4¸ + 3 or N = 4¸ + 1, re-
spectively. This maximum corresponds to the one or two
motifs {1, 3, . . . , N ≠4, N ≠2} switching halfway between
the branches of Án in Fig. 1. Intriguingly, for H a few lev-
els near the maximum are missing.

Explicit diagonalisation. Let us (re)derive this spec-
trum from the fermionic representation. The key to defin-
ing a good basis of fermions is to start at one end of the
lattice and use the quasi-translation operator:

�i © G1≠i
f1 Gi≠1

, �+
i © G1≠i

f
+
1 Gi≠1

. (22)

These dressed fermions obey the periodicity

�i+N = �i , �+
i+N = �+

i , (23)

and have non-local anticommutation relations [22]
)

�i, �+
j

*
= ≠(1 + tj≠i) , {�i, �j} = {�+

i , �+
j } = 0 .

(24)
The nontrivial relation only depends on the distance. Set
a0 © i and an © in+1/2 else. The rescaled Fourier modes

�̃n ©
an

N

Nÿ

j=1
e≠2ifinj/N �j , �̃+

n ©
an

N

Nÿ

j=1
e2ifinj/N �+

j ,

(25)
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Recall that a partition ⁄ = (⁄1 Ø ⁄2 Ø · · · Ø 0) is a weakly decreasing sequence of
integers. The length ¸(⁄) of ⁄ is the number of nonzero parts of ⁄. Then2

⁄m = µM≠m+1 ≠ 2 (M ≠ m) , 1 Æ m Æ M = ¸(⁄) = ¸(µ) ,(1.27a)

gives a bijection between MN and the set of partitions with ⁄1 Æ N ≠ 2 ¸(⁄) + 1. If
”M := (M ≠ 1, M ≠ 2, · · · ) denotes the staircase partition of length M ≠ 1 and µ+ is the
partition obtained from µ œ MN by reversal then this relation takes the succinct form

⁄ + 2 ”¸(µ) = µ+ ,(1.27b)
where addition and scalar multiplication are pointwise. See also Figure 33.

µ1 µ2 · · · µM

1 3 · · · 2M≠1 N≠1

⁄̄M ⁄̄M≠1
· · · ⁄̄1

Figure 3. The correspondence (1.271.27) between a motif µ œ MN of length
M := ¸(µ) Ø 1 and a partition with ⁄1 Æ N ≠ 2 M + 1 and ¸(⁄) = M ,
given by ⁄m = ⁄̄m + 1, 1 Æ m Æ M . Here ⁄̄ characterises the extent by
which µ di�ers from the left-most filled motif of length M , as shown.

With this notation in place the (unnormalised) wave function of |µÍ is the following
q-deformation of (1.41.4). The component where all magnons sit on the left remains simple:

(1.28) �µ(1, · · · , M) = ÈÈ1, · · · , M |µÍ = evÊ
Â�⁄(µ)(z1, · · · , zM ) .

Here ⁄(µ) denotes the partition associated to µ via (1.271.27) and Â�⁄ is a symmetric poly-
nomial in the magnon coordinates:

(1.29) Â�⁄(z1, · · · , zM ) :=
A

MŸ

m<n

(q zm ≠ q≠1zn) (q≠1zm ≠ q zn)
B

P ı
⁄ (z1, · · · , zM ) .

Besides the ‘symmetric square’ of the q-Vandermonde product it features the special case
of a Macdonald polynomial (§2.1.22.1.2) with parameters pı = qı = q2. The dependence on
q2 reflects a sort of symmetry of the Hamiltonian under q ‘æ ≠q, see app. In the notation
of Macdonald [Mac95Mac95,Mac98Mac98] the parameters of P ı

⁄ are related as qı = tı – for – = 1/2:
P ı

⁄ is a quantum spherical zonal function. See also Figure 44 on p. 2626. cf [Nou96Nou96], . . . ,

Cher-Matsuo corresp

[Kasatani Pasquier,

Kasatani Takeyama,

Stokman]?

The other components are more involved than in the isotropic case (1.41.4). They are
obtained from (1.291.29) by moving the magnons via q-deformed permutations (the Hecke
algebra, §2.1.12.1.1) before evaluation. Namely, let si be the permutation zi ¡ zi+1 and set in terms of a, b, cf §2.12.1?

(1.30) T pol
i := f≠1

i,i+1(si ≠ gi,i+1) , fi,i+1 := f(zi/zi+1) , gi,i+1 := g(zi/zi+1) ,

2 Note that ⁄ defined in (1.271.27) is the conjugate of the partition associated to µ in [Ugl95Ugl95] follow-
ing [JKK+95aJKK+95a]. See §3.2.33.2.3 for the reason of the conjugation.

M magnon motif
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Global symmetry. The model can be seen as a long-
range spin chain with alternating gl(1|1)-representations.
Recall that gl(1|1) has two bosonic and two fermionic
generators, which we denote by N, E and F1, F+

1 respec-
tively. The nontrivial (anti)commutation relations are
#
N, F1

$
= ≠F1 ,

#
N, F+

1
$

= F+
1 ,

)
F1, F+

1
*

= E , (15)

and E is central. This is just a fermionic version of
the usual spin algebra. Each site i carries a gl(1|1)-
representation generated by fi, f

+
i , the number operator

(≠1)i
f

+
i fi and central charge (≠1)i. From this perspec-

tive, (7)–(9) is a long-range gl(1|1) super-spin chain. For
odd length the alternating central charge breaks periodic
boundaries, which are replaced by (8). Our model has a
global gl(1|1)-symmetry generated by
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Indeed, these operators anticommute with all gi, g
+
j , and

thus commute with the conserved charges (7)–(9).
Since F2

1 = (F+
1 )2 = 0, gl(1|1) produces fewer descen-

dants than su(2) does for isotropic spin chains. This is
compensated by additional bosonic generators
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which commute with the ei, whence with (7)–(9). To-
gether, (16)–(17) generate the full global-symmetry alge-
bra, called A1|1 [5]. It is the Uq sl(2)|q=i symmetry from
the parent model in fermionic language, cf. [6, §2.3].

Extended symmetry. The parent model has quantum-
a�ne sl(2) symmetry, which underpins the large degen-
eracies (21). As we will see, these are already visible in
the two-particle spectrum. A plausible guess is that it
relates to the Yangian of gl(1|1). A detailed study of this
extended symmetry will be performed elsewhere.

The spectrum. The spectrum and degeneracies of the
parent model are known explicitly [14, 19–21]. Like for
the HS chain, the quantum numbers are ‘motifs’ [15]
{µm}, consisting of integers 1 6 µm < N increasing as

µm+1 > µm + 1 , 1 6 m < M . (18)

Such a motif labels an M -fermion state with quasi-
momentum p = 2fi

N

q
m µm mod 2fi setting the eigenvalue

eip of G. Its energy is additive:
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Figure 1. The dispersion relations (20) alternate between two
linear branches, realising chiral and (up to a shift) ‘full’ mass-
less relativistic dispersions on the lattice.

with dispersions having two linear branches (Fig. 1):

Á
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n =

;
n , n even ,
n ≠ N , n odd ,

Án = |Á
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n| . (20)

This state has (often many) descendants due to the ex-
tended symmetry. Its multiplicity is [13, 21] N + 1 for
the empty motif (at M = 0), and otherwise

µ1 (N ≠ µM )
M≠1Ÿ
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(µm+1 ≠ µm ≠ 1) . (21)

Given the extremely simple dispersion, further (‘acciden-
tal’) degeneracies between di�erent motifs occur much
more often than even for the HS chain.

The energy levels are equispaced with steps of 2. E
l is

bounded by ±(N2
≠ 1)/4 and reaches these extremes at

motifs {1, 3, . . . , N ≠2} and {2, 4, . . . , N ≠1}, cf. Fig. 1. H
has eigenvalues > 0, with E = 0 for the empty motif, and
maximal energy E = 2¸(3¸ + 1) or E = 2(¸ + 1)(3¸ + 1)
depending on whether N = 4¸ + 3 or N = 4¸ + 1, re-
spectively. This maximum corresponds to the one or two
motifs {1, 3, . . . , N ≠4, N ≠2} switching halfway between
the branches of Án in Fig. 1. Intriguingly, for H a few lev-
els near the maximum are missing.

Explicit diagonalisation. Let us (re)derive this spec-
trum from the fermionic representation. The key to defin-
ing a good basis of fermions is to start at one end of the
lattice and use the quasi-translation operator:

�i © G1≠i
f1 Gi≠1

, �+
i © G1≠i

f
+
1 Gi≠1

. (22)

These dressed fermions obey the periodicity

�i+N = �i , �+
i+N = �+

i , (23)

and have non-local anticommutation relations [22]
)

�i, �+
j

*
= ≠(1 + tj≠i) , {�i, �j} = {�+

i , �+
j } = 0 .

(24)
The nontrivial relation only depends on the distance. Set
a0 © i and an © in+1/2 else. The rescaled Fourier modes

�̃n ©
an

N

Nÿ

j=1
e≠2ifinj/N �j , �̃+

n ©
an

N

Nÿ

j=1
e2ifinj/N �+

j ,

(25)

• Inozemtsev model interpolates between XXX and Haldane-Shastry; the spin interaction is 
given by the Weierstrass function             with periods 

2.2. Limits and combs. The different limits of the normalised pair potential are

(2.3)

elliptic

nH(κ)
(
℘(z) +

η2

ω

)

contact

δdL(z),1

trigonometric

(π/L)2

sin2(π z/L)

nH(κ)κ2

sinh2(κ z)

hyperbolic

δ|z|,1
1

z2
rational

κ → ∞
(ω → 0)

z ∈ R, dL(z) ≥ 1

L → ∞

κ → 0
(ω → i ∞)

L → ∞ L → ∞

κ → ∞
(ω → 0)

z ∈ R, |z| ≥ 1

κ → 0
(ω → i ∞)

i π/κ ↔ L
& rescale

On the left δ denotes a Kronecker delta function, and in the top left dL(z) := minn∈Z |z + n L|
the distance function on ZL := Z/LZ. See also the plots in Figures 1 and 2 below.

The arrows in the right half of (2.3) admit inverses, as is well known in the area of integrable
quantum-many body systems of Calogero–Sutherland type, see e.g. [Sut04]. Indeed, one can
introduce a period a in a (suitable) function f via

(2.4) comba f(z) :=
∑

n∈Z

f(z + n a) .

Physically one can think of this as a ‘comb of particles’, that is, infinitely many copies of a
particle on a line, equally spaced at distance a of each other and moving in exactly the same
way. Starting with the rational case we obtain

(2.5)

elliptic

℘(z) +
η2

ω
℘(z) +

η1

L
trigonometric

(π/L)2

sin2(π z/L)

κ2

sinh2(κ z)
=

(π/ω)2

sin2(π z/ω)

hyperbolic

1

z2
rational

combL

combω

combL

combω

ω ↔ L

The functions at the intermediate stage are related by ‘Wick rotating’ L = ω1 ↔ ω2 = ω = iπ/κ.
Observe that the elliptic function depends on the route taken. By the Legendre relation the
difference is η1/L−η2/ω = 2πi/(Lω) = 2κ/L; in particular both elliptic functions have the same
limits when L → ∞ or ω → i∞ (κ → 0). Either shift removes an (irrelevant but unwanted)
additive constant: when |ωa|→∞ the Weierstrass elliptic function (without the shift) tends to
℘(z)→ (π/ωb)2 [sin−2(π z/ωb)− 1/3] for b %= a.

Before we return to the spin chain let us give another way to understand the shift. Let ϑ(z | τ)
denote the odd Jacobi theta function with nome eiπτ (see §B). We will need two variants of this
odd Jacobi theta function, which we denote by

(2.6) θ1(z) := ϑ
(
π z/L

∣∣ ω/L
)

, θ2(z) := ϑ
(
π z/ω

∣∣ −L/ω
)

,
6

p = q2/�

�k ⌘ �̄k + 1

N � 2M + 1 � �1 � . . . � �M � 1

si ⌘ Ki,i+1

Weierstrass elliptic function with periods N and !

T pol

i := �t�1/2 tzi � zi+1

(zi � zi+1)
(1�Ki,i+1)

Rpol

i,i+1
:= t�1/2 T pol

i Ki,i+1

Ti zi Ti = zi+1 , Tj zi = zi Tj , if j 6= i, i+ 1

Ři,i+1(u) = t1/2
uT sp

i � (T sp

i )�1

tu� 1

q⇤ = (t⇤)1/2 = q

! ! e2

Kijzi = zjKij

(⇡/N)2

sin2(⇡z/N)
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E(✓) = m cosh ✓

p(✓) = m sinh ✓

lim
N!1

PN,⇡/(z) = 2

✓
1

sinh2 z
+

1

3

◆
.

! = e2⇡i/N ! t = e�2



i⇡/
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The solution of the Haldane Shastry Hamiltonian 

• to solve the Haldane-Shastry model (and its cousins) it is useful to solve first the spin  
Calogero-Sutherland model

Q-DEFORMED HALDANE–SHASTRY, SPIN-RUIJSENAARS AND MACDONALD POLYNOMIALS 3

matrices. The (isotropic) Haldane–Shastry spin chain has Hamiltonian [Hal88Hal88,Sha88Sha88]

(1.1) Hhs = evÊ
ÂHhs , ÂHhs = ≠

Nÿ

i<j

evÊ
zi zj

(zi ≠ zj)2 (1 ≠ Pij) .

The overall sign ensures that (1.11.1) is positive: (≠)Hhs is (anti)ferromagnetic. Let Ê :=
e2fii/N œ C◊ := C \ {0} be the primitive Nth root of unity. Following [Ugl95Ugl95] we write

(1.2) evÊ : zj ‘≠æ Êj = e2fiij/N

for the map evaluating z1, · · · , zN at the corresponding Nth roots of unity. On shell, i.e.
after evaluation, we can think of the zj as the position of site j of the chain, viewed as
being embedded in the unit circle S1 ™ C. We will refer to the zj as coordinates.

The many remarkable properties of this model include a particularly simple spectrum.
The energy and momentum are additive, with a quadratic dispersion relation:

(1.3) XMmaÁhs(n) = 1
2 n (N ≠ n) , phs(n) = 2fi

N
n .

The spectrum is highly degenerate [Hal88Hal88], partially [FGL15FGL15] due to an infinite-
dimensional symmetry algebra present already at for finite size [HHT+92HHT+92, BGHP93BGHP93].
There is one highest-weight eigenvector for each partition ⁄ with ⁄1 Æ N ≠ 2 ¸(⁄) + 1
(see §1.1.31.1.3), with wave function [Hal91bHal91b,BGHP93BGHP93]

(1.4) �(i1, · · · , iM ) = evÊ

MŸ

m<n

(zim ≠ zin)2 P (1/2)
⁄ (zi1 , · · · , ziM ) .

Here P (–)
⁄ is a Jack polynomial with parameter – = g≠1, where g (g ≠1) is the Calogero–

Sutherland coupling (§A.1A.1). The special case P (1/2)
⁄ is a zonal spherical polynomial. cf [Cherednik, Matsuo](To

compare: – = 1 gives Schur and – = 2 zonal polynomials; cf. Figure 44 on p. 2626.)
Refer to q = 1 sects/app. incl §A.2A.2

In this work we extend all of this to the partially isotropic case, building on [BGHP93BGHP93,
Ugl95Ugl95,Lam18Lam18]. do we have new results

for q = 1 too?

1.1.1. Hamiltonians. Fix an anisotropy parameter q œ C◊. The Hamiltonian of the
(chiral) q-deformed Haldane–Shastry spin chain [Ugl95Ugl95] can be expressed in a long-range
pairwise form too [Lam18Lam18]:

(1.5) H = ≠ [N ]
N

Nÿ

i<j

evÊ V (zi, zj) S[i,j] .

Appendix . . . contains a comparison with the conventions from [Ugl95Ugl95, Lam18Lam18]. The
prefactor involves the q-analogue of N œ N,

[N ] := qN ≠ q≠N

q ≠ q≠1 = qN≠1 + qN≠3 + · · · + q3≠N + q1≠N .

Next, the potential in (1.51.5) reads

(1.6) V (zi, zj) = zi zj

(q zi ≠ q≠1zj)(q≠1zi ≠ q zj) .

A geometric way to think about this quantity is shown in Figure 11.

�i,j+1 + �i,j�1

 ! 0

H� =
NX

j=1

(zj@j)
2 +

X

j 6=k

�(� + Pjk)
zjzk

(zj � zk)(zk � zj)

dj = zj@j + �
X

k>j

zj
zj � zk

Kjk � �
X

k<j

zk
zk � zj

Kjk

� ! 1
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• when                the positions of the particles freeze at their equilibrium positions and the 
Hamiltonian becomes that of Haldane-Shastry
[Polychronakos, 93; Lyashik, Reshetikhin, Sechin, 24]

• the model is solved using the degenerate double affine Hecke algebra (DDAHA)

V (zi, zj) =
zizj

(zi � zj)2
=

1

sin2 ⇡(i� j)/N

S[i,j] = Pij

E(µ)� E0 =
MX

m=1

"(µm) =
MX

m=1

µm(N � µm)

�̄m = µM�m+1 � 2(M �m)� 1

[H, H̄] = 0

g ! 1

qdeta L
sp

a (u; z) = tN/2
NY

i=1

u� zi
tu� zi

qdeta La(u; z) = tN/2
NY

i=1

u� zi
tu� zi

eH =
N\

i=1

ker(T sp

i � T pol

i )

Dr = er(Y)

eDr = er(eY)

� eD1 ⇠ H = � [N ]

N

X

i<j

V (zi, zj) S[i,j]

eLa(u)

e�(u) = e�0(u) + (q � 1) � e�(u) +O(q � 1)2

q⇤ = (t⇤)1/2 = q2

Pjk =
1

2

�
�a
j �

a
k + 1

�

V (z)

{z1, z2, . . . , zN} , and {d1, d2, . . . , dN}

[zi, zj] = [di, dj] = 0

Kij zi = zj Kij , (105)

Ki,i+1 dk =

8
><

>:

dk Ki,i+1, k 6= i, i+ 1 ,

di+1 Ki,i+1 � �, k = i ,

di Ki,i+1 + � k = i+ 1 .

(106)

 ! 1
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 ! 0

H� =
NX

j=1

(zj@j)
2 +

X

j 6=k

�(� + Pjk)
zjzk

(zj � zk)(zk � zj)

dj = zj@j + �
X

k>j

zj
zj � zk

Kjk � �
X

k<j

zk
zk � zj

Kjk

� ! 1
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Dunkl operators:

V (zi, zj) =
zizj

(zi � zj)2
=

1

sin2 ⇡(i� j)/N

S[i,j] = Pij

E(µ)� E0 =
MX

m=1

"(µm) =
MX

m=1

µm(N � µm)

�̄m = µM�m+1 � 2(M �m)� 1

[H, H̄] = 0

g ! 1

qdeta L
sp

a (u; z) = tN/2
NY

i=1

u� zi
tu� zi

qdeta La(u; z) = tN/2
NY

i=1

u� zi
tu� zi

eH =
N\

i=1

ker(T sp

i � T pol

i )

Dr = er(Y)

eDr = er(eY)

� eD1 ⇠ H = � [N ]

N

X

i<j

V (zi, zj) S[i,j]

eLa(u)

e�(u) = e�0(u) + (q � 1) � e�(u) +O(q � 1)2

q⇤ = (t⇤)1/2 = q2

Pjk =
1

2

�
�a
j �

a
k + 1

�

V (z)

{z1, z2, . . . , zN} , and {d1, d2, . . . , dN}

[zi, zj] = [di, dj] = 0

Kij zi = zj Kij , (105)

Ki,i+1 dk =

8
><

>:

dk Ki,i+1, k 6= i, i+ 1 ,

di+1 Ki,i+1 � �, k = i ,

di Ki,i+1 + � k = i+ 1 .

(106)
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coordinate 
permutation

[Bernard, Gaudin, Haldane, Pasquier, 93]

Kij zi = zj Kij , (105)

Ki,i+1 dk =

8
><

>:

dk Ki,i+1, k 6= i, i+ 1 ,

di+1 Ki,i+1 � �, k = i ,

di Ki,i+1 + � k = i+ 1 .

(106)

! 1
�i,j+1 + �i,j�1

! 0

HB,F =
NX
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(zj@j)
2 +

X

j 6=k

�(� ⌥ Pjk)
zjzk

(zj � zk)(zk � zj)
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X

k>j

zj
zj � zk

Kjk � �
X

k<j

zk
zk � zj

Kjk

� ! 1

 =
Y

i<j

(zi � zj)
� e 

e =
X

i1<i2<...<iM

 (z{i1,i2,...,iM}, z̄{i1,i2,...,iM}) |i1, i2, . . . , iMii

z{i1,i2,...,iM} ⌘ {zi1 , zi2 . . . ziM}
z̄{i1,i2,...,iM} = {z1, z2 . . . zN}\{zi1 , zi2 . . . ziM}

KijPij
e = ±e 

⇡B,F (. . . Kij) = ±⇡B,F (. . . Pij)

H� = ⇡B

 
NX

j=1

d2j

!

P(z) = Weierstrass elliptic function

 (z{i1,i2,...,iM}, z̄{i1,i2,...,iM}) �!  (zi1 , zi2 , . . . , ziM )

 �(z1, z2, . . . , zM) =
Y

m<n

(zm � zn)
2 P �=2

� (z1, z2, . . . , zM)

NX
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znj = N �n,0 mod N
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• the model is also solvable for higher spin symmetric su(p) representations
[Dorey, Tong, Turner, 16; Gaiotto, Rapčàk, Zhou, 23; Bourgine, Matsuo, 24]



is diagonalised on functions completely (anti)symmetric by permutations of spins and 
coordinates

partially (anti)symmetric in the two groups of variables 

�i,j+1 + �i,j�1

 ! 0
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NX
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X
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⇡B,F (. . . Kij) = ±⇡B,F (. . . Pij)
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on these spaces of functions we can define a projection  

• the spin Calogero-Sutherland 
model:

Kij zi = zj Kij , (105)

Ki,i+1 dk =

8
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The solution of the Haldane Shastry Hamiltonian 

Kij zi = zj Kij , (110)
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Any vector in the M -particle sector HM can be written via the coordinate basis as

(1.7)
N∑

i1<···<iM

Ψ(i1, · · · , iM ) |i1, · · · , iM 〉〉 , |i1, · · · , iM 〉〉 := σ−
i1

· · · σ−
iM

|↑ · · · ↑〉 .

Thus, |∅〉〉 = |↑ · · · ↑〉 ∈ H0 is the pseudovacuum, |i〉〉 ∈ H1 has a ↓ at site i, and so on. (This
notation is adapted from [HL18].) By Yangian symmetry it suffices to find the vectors in each
M -particle sector that have Yangian highest weight in that they are annihilated by the two spin
raising operators S+ and Q+. Recall that a partition ν = (ν1 ≥ ν2 ≥ · · · ≥ 0) is a weakly
decreasing sequence of integers, with length #(ν) the number of nonzero parts. Partitions with
ν1 ≤ N − 2 #(ν) + 1 are equivalent to motifs (§1.2.4). For each such partition there is one
Yangian highest-weight Hhs-eigenvector. It has M = #(ν) excited spins, with (unnormalised)
wave function [Hal91b,BGHP93]

(1.8)

Ψhs
ν (i1, · · · , iM ) = evω Ψ̃hs

ν (zi1 , · · · , ziM ) ,

Ψ̃hs
ν (z1, · · · , zM ) =

M∏

m<n

(zm − zn)2 P (1/2)
ν (z1, · · · , zM ) .

Here P (α)
ν is a Jack polynomial [Jac70] with parameter α = k−1 related to the coupling k (k −1)

of the (trigonometric quantum) Calogero–Sutherland model [Sut71, Sut72]. These symmetric
polynomials are studied extensively in the literature, see e.g. [Sta89,Mac95], play an important
role in [Mat92], and appear for the fractional quantum Hall effect [KP07, BH08]. If α = 1/2,
as in (1.8), one gets zonal spherical polynomials, see e.g. §VII.6 in [Mac95]. (For comparison:
α = 1 gives Schur and α = 2 zonal polynomials; cf. Figure 5 on p. 33.) Note that #(ν) = M
means that νM ≥ 1 and νM+1 = 0, so ν = ν̄ + (1M ) for some partition ν̄ with #(ν̄) ≤ M . Jack
polynomials have the property

(1.9) P (α)
ν (z1, · · · , zM ) = z1 · · · zM P (α)

ν̄ (z1, · · · , zM ) , ν = ν̄ + (1M ) .

In the literature on the Haldane–Shastry model this relation is often used to extract an explicit
centre-of-mass factor z1 · · · zM and end up with a polynomial associated to ν̄ as on the right-
hand side of (1.9). This factor (or, equivalently, the condition #(ν) = M) ensures that the
resulting eigenvector has Yangian highest-weight on shell [BPS95].

The many special properties of the Haldane–Shastry spin chain naturally arise [BGHP93]
from a connection with a dynamical model: the spin-version of the Calogero–Sutherland model,
with N spin-1/2 particles moving on a circle while interacting in pairs, governed by the Hamilto-
nian [HH92,MP93,HW93] (see also [Che94b,Res17])

(1.10)

H̃nr =
1

2

N∑

i=1

(
zi ∂zi

)2
+

N∑

i<j

−zi zj

(zi − zj)2
k (k − Pij)

= −
1

2

N∑

i=1

∂2
xi

+
N∑

i<j

k (k − Pij)

4 sin2[(xi − xj)/2]
, zj = ei xj .

In the second line we switched to additive notation. This model already has Yangian sym-
metry [BGHP93], and was studied in [Ugl96, TU97, Ugl98]. As foreseen in [Sha88] the spin
chain emerges through freezing [Pol93, SS93, BGHP93, TH95]: if one carefully lets k → ∞ the
kinetic energy is negligible compared to the potential energy and the particles ‘freeze’ at their
equally spaced (static) classical equilibrium positions evω zj to yield (1.1).

1.2. q-deformed Haldane–Shastry. Our goal is to extend all of the preceding to the partially
isotropic (xxz-like) case, building on [BGHP93,TH95,Ugl95,Lam18]. This generalisation comes
with an anisotropy parameter q ∈ C \ {−1, 0, 1}, which particular allows us to study the crystal
limit q → 0, ∞ (§1.2.2). This is relevant for the isotropic (q = 1) Haldane–Shastry model (1.1)
too: the q-deformation does not change the representation-theoretic content when q is real
(corresponding to the massive regime ∆ = (q + q−1)/2 ≥ 1 for the Heisenberg spin chain). The

4

Kij zi = zj Kij , (110)
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8
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• conserved quantities in terms of Dunkl operators  



• the integrals of motion of the model are generated by the quantum determinant

The algebraic structure of the Calogero-Sutherland 
Hamiltonian 

and they commute with the elements of                 (Yangian symmetry)
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ev! S⌫(z↵̄) = jµ ev! S⌫0(z↵), (118)
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X
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• build a monodromy matrix with Dunkl operators as dynamical inhomogeneities  

• the eigenvalues of Dunkl operators are known from the theory of Macdonald (Jack) 
polynomials
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with                                 integers such that
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Extra integrals of motion of the Calogero-Sutherland model 

• it commutes with the quantum determinant so it can be diagonalised inside each 
of the Yangian multiplets (labelled by the motifs)
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• if                                                      the Yangian representation is reducible but 
indecomposable (block triangular structure)

            effective reduced length of the spin chain

• the invariant component corresponds to spins at the sites j and j+1 fusing into a singlet
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[Ferrando, Lamers, Levkovich-Maslyuk, D.S., 23]
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• the twisted trace                                            commutes with the integrals of motion
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• the Yangian multiplets are determined by the eigenvalues of the Dunkl operators 
(dynamical inhomogeneities)
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• the spectrum of the effective model is given by a set of Bethe Ansatz equations for the 
spin chain of reduced length

• the reference state          is replaced with the Yangian highest weight state
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The hybrid Calogero-Sutherland model 

 example for N=2 highest weight :
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•  the Bethe states are built using the B operator 
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•  the multiplet is characterised by the positions of the repeated k’s,    

H = J
LX

i=1

~�i~�i+1 ⇠ J
LX

i=1

Pi,i+1

H = J
LX

j=1

S[j,j+1]

1� Pi,i+1

q = ei⇡/(m+1)

c = 1� 6

m(m+ 1)

A(u) +D(u)

dj ⇠ i�✓j

�j = kj +
�

2
(N � 2j + 1)

�j = i�✓j

dj � dj+1 = kj � kj+1 + �

k1, k2, . . . , kN

k1 � k2 � . . . � kN

kj = kj+1 ) ✓j+1 � ✓j = i

N ! N � 2
NY

l( 6=j,j+1)

um � ✓l + i/2

um � ✓l � i/2
= 2

M 0Y

n( 6=m)

um � un + i

um � un � i
.

NY

l( 6=jI ,jI+1)

um � ✓l + i/2

um � ✓l � i/2
=

M 0Y

n( 6=m)

um � un + i

um � un � i
, jI = {j1 . . . , jM}

✓l = �i

✓
kl
�

+
1

2
(N � 2l + 1)

◆

✓l = � i

2
(N � 2l + 1)

|⌦i

|k1, k2, . . . , kNi

k1 > k2 , |k1, k2i = (z1 � z2) P
�
k1�1,k2

(z1, z2) |""i

k1 = k2 , |k1, k2i = (z1z2)
k1 (|"#i � |#"i)

40



The Haldane-Shastry limit 

• In the limit                we get back a Haldane-Shastry-like spin chain,  
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• each pair of repeated k’s corresponds to a reversed spin (magnon)
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•  again, the Bethe states are built using the B operator 
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•  effective BAEs:
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•  inhomogeneities:

• the reference states are the Yangian highest weight states

a total of M+M’ magnons

 a (new) hamiltonian:

Q-DEFORMED HALDANE–SHASTRY, SPIN-RUIJSENAARS AND MACDONALD POLYNOMIALS 3

matrices. The (isotropic) Haldane–Shastry spin chain has Hamiltonian [Hal88Hal88,Sha88Sha88]

(1.1) Hhs = evÊ
ÂHhs , ÂHhs = ≠

Nÿ

i<j

evÊ
zi zj

(zi ≠ zj)2 (1 ≠ Pij) .

The overall sign ensures that (1.11.1) is positive: (≠)Hhs is (anti)ferromagnetic. Let Ê :=
e2fii/N œ C◊ := C \ {0} be the primitive Nth root of unity. Following [Ugl95Ugl95] we write

(1.2) evÊ : zj ‘≠æ Êj = e2fiij/N

for the map evaluating z1, · · · , zN at the corresponding Nth roots of unity. On shell, i.e.
after evaluation, we can think of the zj as the position of site j of the chain, viewed as
being embedded in the unit circle S1 ™ C. We will refer to the zj as coordinates.

The many remarkable properties of this model include a particularly simple spectrum.
The energy and momentum are additive, with a quadratic dispersion relation:

(1.3) XMmaÁhs(n) = 1
2 n (N ≠ n) , phs(n) = 2fi

N
n .

The spectrum is highly degenerate [Hal88Hal88], partially [FGL15FGL15] due to an infinite-
dimensional symmetry algebra present already at for finite size [HHT+92HHT+92, BGHP93BGHP93].
There is one highest-weight eigenvector for each partition ⁄ with ⁄1 Æ N ≠ 2 ¸(⁄) + 1
(see §1.1.31.1.3), with wave function [Hal91bHal91b,BGHP93BGHP93]

(1.4) �(i1, · · · , iM ) = evÊ

MŸ

m<n

(zim ≠ zin)2 P (1/2)
⁄ (zi1 , · · · , ziM ) .

Here P (–)
⁄ is a Jack polynomial with parameter – = g≠1, where g (g ≠1) is the Calogero–

Sutherland coupling (§A.1A.1). The special case P (1/2)
⁄ is a zonal spherical polynomial. cf [Cherednik, Matsuo](To

compare: – = 1 gives Schur and – = 2 zonal polynomials; cf. Figure 44 on p. 2626.)
Refer to q = 1 sects/app. incl §A.2A.2

In this work we extend all of this to the partially isotropic case, building on [BGHP93BGHP93,
Ugl95Ugl95,Lam18Lam18]. do we have new results

for q = 1 too?

1.1.1. Hamiltonians. Fix an anisotropy parameter q œ C◊. The Hamiltonian of the
(chiral) q-deformed Haldane–Shastry spin chain [Ugl95Ugl95] can be expressed in a long-range
pairwise form too [Lam18Lam18]:

(1.5) H = ≠ [N ]
N

Nÿ

i<j

evÊ V (zi, zj) S[i,j] .

Appendix . . . contains a comparison with the conventions from [Ugl95Ugl95, Lam18Lam18]. The
prefactor involves the q-analogue of N œ N,

[N ] := qN ≠ q≠N

q ≠ q≠1 = qN≠1 + qN≠3 + · · · + q3≠N + q1≠N .

Next, the potential in (1.51.5) reads

(1.6) V (zi, zj) = zi zj

(q zi ≠ q≠1zj)(q≠1zi ≠ q zj) .

A geometric way to think about this quantity is shown in Figure 11.
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- the antiferromagnetic vacuum is the same as for Haldane-Shastry 

- what are the excitations? 

- how do the generic solutions of the BAE look like? 

Conclusions and open questions (part 1) 



The q-Haldane-Shastry Hamiltonian (Uglov-Lamers) 

Q-DEFORMED HALDANE–SHASTRY, SPIN-RUIJSENAARS AND MACDONALD POLYNOMIALS 3

matrices. The (isotropic) Haldane–Shastry spin chain has Hamiltonian [Hal88Hal88,Sha88Sha88]

(1.1) Hhs = evÊ
ÂHhs , ÂHhs = ≠

Nÿ

i<j

evÊ
zi zj

(zi ≠ zj)2 (1 ≠ Pij) .

The overall sign ensures that (1.11.1) is positive: (≠)Hhs is (anti)ferromagnetic. Let Ê :=
e2fii/N œ C◊ := C \ {0} be the primitive Nth root of unity. Following [Ugl95Ugl95] we write

(1.2) evÊ : zj ‘≠æ Êj = e2fiij/N

for the map evaluating z1, · · · , zN at the corresponding Nth roots of unity. On shell, i.e.
after evaluation, we can think of the zj as the position of site j of the chain, viewed as
being embedded in the unit circle S1 ™ C. We will refer to the zj as coordinates.

The many remarkable properties of this model include a particularly simple spectrum.
The energy and momentum are additive, with a quadratic dispersion relation:

(1.3) XMmaÁhs(n) = 1
2 n (N ≠ n) , phs(n) = 2fi

N
n .

The spectrum is highly degenerate [Hal88Hal88], partially [FGL15FGL15] due to an infinite-
dimensional symmetry algebra present already at for finite size [HHT+92HHT+92, BGHP93BGHP93].
There is one highest-weight eigenvector for each partition ⁄ with ⁄1 Æ N ≠ 2 ¸(⁄) + 1
(see §1.1.31.1.3), with wave function [Hal91bHal91b,BGHP93BGHP93]

(1.4) �(i1, · · · , iM ) = evÊ

MŸ

m<n

(zim ≠ zin)2 P (1/2)
⁄ (zi1 , · · · , ziM ) .

Here P (–)
⁄ is a Jack polynomial with parameter – = g≠1, where g (g ≠1) is the Calogero–

Sutherland coupling (§A.1A.1). The special case P (1/2)
⁄ is a zonal spherical polynomial. cf [Cherednik, Matsuo](To

compare: – = 1 gives Schur and – = 2 zonal polynomials; cf. Figure 44 on p. 2626.)
Refer to q = 1 sects/app. incl §A.2A.2

In this work we extend all of this to the partially isotropic case, building on [BGHP93BGHP93,
Ugl95Ugl95,Lam18Lam18]. do we have new results

for q = 1 too?

1.1.1. Hamiltonians. Fix an anisotropy parameter q œ C◊. The Hamiltonian of the
(chiral) q-deformed Haldane–Shastry spin chain [Ugl95Ugl95] can be expressed in a long-range
pairwise form too [Lam18Lam18]:

(1.5) H = ≠ [N ]
N

Nÿ

i<j

evÊ V (zi, zj) S[i,j] .

Appendix . . . contains a comparison with the conventions from [Ugl95Ugl95, Lam18Lam18]. The
prefactor involves the q-analogue of N œ N,

[N ] := qN ≠ q≠N

q ≠ q≠1 = qN≠1 + qN≠3 + · · · + q3≠N + q1≠N .

Next, the potential in (1.51.5) reads

(1.6) V (zi, zj) = zi zj

(q zi ≠ q≠1zj)(q≠1zi ≠ q zj) .

A geometric way to think about this quantity is shown in Figure 11.

[Bernard, Gaudin, Haldane, Pasquier, 93; Uglov 95; Lamers 18; Lamers, Pasquier, D.S., 22]

The XXZ model can also be deformed to accommodate for long-range interaction,  
at the price of introducing multi-spin interaction

Q-DEFORMED HALDANE–SHASTRY, SPIN-RUIJSENAARS AND MACDONALD POLYNOMIALS 4

zi

q zi

q≠1zi

zjq zj

q≠1zj

d≠

d+
zi

q zi

q≠1zi

zj

q zj

q≠1zj

d≠ d+

Figure 1. The potential (1.61.6) is a point splitting of the inverse square
in (1.11.1). Consider a little ‘dipole’ at each site, with length set by q≠q≠1.
Then evÊ V (zi, zj) = 1/d+ d≠, where d± are illustrated for q œ iR>1 (left)
and q œ R>1 (right). At q = 1 both d± reduce to the chord distance.

Finally, the operators S[i,j] in (1.51.5) deform the long-range exchange interactions of
(1.11.1). The deformation is accomplished via the spin-1/2 xxz (six-vertex) R-matrix

(1.7) Ř(u) :=

Q

cca

1 0 0 0
0 u g(u) f(u) 0
0 f(u) g(u) 0
0 0 0 1

R

ddb , f(u) := u ≠ 1
q u ≠ q≠1 , g(u) := q ≠ q≠1

q u ≠ q≠1 .

Here the 4◊4 matrix is with respect to the standard basis |øøÍ, |ø¿Í, |¿øÍ, |¿¿Í of C2 ¢C2.
The functions f and g can be recognised as the ratios b/a and c/a, respectively, of the
six-vertex model’s local weights. The properties of (1.71.7) will be reviewed in §2.2.22.2.2.

Note that the isotropic interactions can be decomposed into nearest-neighbour steps
consisting of transport, interaction, and transport back:

(1.8) 1 ≠ Pij = Pj≠1,j · · · Pi+1,i+2 (1 ≠ Pi,i+1) Pi+1,i+2 · · · Pj≠1,j .

The appropriate q-deformation has the same structure, cf. [HS96HS96]. It is perhaps most
clearly defined using graphical notation:

(1.9) S[i,j] :=

zN

zN

zj+1

zj+1

zj

zj

zj

zj

zj

zj

zj

zj

zj≠1

zj≠1

zj≠1

· · ·

· · ·

· · ·

zi+1

zi+1

zi+1

zi

zi

zi≠1

zi≠1

z1

z1

· · · · · · , i < j .

The little arrows at the top indicate that the diagrams are read from bottom to top (time
goes up). The coordinates, here in the role of inhomogeneity parameters, follow the lines
as indicated. The nearest-neighbour transport is accounted for by the R-matrix,

(1.10)
v

v

u

u

:= Ř(u/v) ,

The appropriate q-deformation has the same structure, cf. [HS96]. It is perhaps most clearly
defined using graphical notation:

(1.16) Sl
[i,j] :=

zN

zN

zj+1

zj+1

zj

zj

zj

zj

zj

zj

zj

zj

zj−1

zj−1

zj−1

· · ·

· · ·

· · ·

zi+1

zi+1

zi+1

zi

zi

zi−1

zi−1

z1

z1

· · · · · · .

The little arrows at the top indicate that the diagrams are read from bottom to top (time
goes up). The coordinates, here in the role of inhomogeneity parameters, follow the lines as
indicated. The nearest-neighbour transport is accounted for by the R-matrix,

(1.17)

v

v

u

u

:= Ř(u/v) ,

while the nearest-neighbour exchange is deformed to the Temperley–Lieb generator 2

(1.18)

u

u

v

v

:= esp = −(q − q−1) Ř′(1) =





0 0 0 0
0 q−1 −1 0
0 −1 q 0
0 0 0 0



 .

This q-antisymmetriser (up to normalisation) is the local Hamiltonian of the quantum-sl2 in-
variant Heisenberg spin chain [PS90], see §2.2.3.

An example of the long-range spin interactions (1.16) is

(1.19)

Sl
[1,5] = Ř45(z5/z4) Ř34(z5/z3) Ř23(z5/z2)

× −(q − q−1) Ř′
12(1)

× Ř23(z2/z5) Ř34(z3/z5) Ř45(z4/z5) .

We stress that in the graphical notation the parameters follow the lines, but (unlike if one would
draw R = P Ř or Ř P ) the vector spaces do not, cf. the subscripts in (1.19). The notation ‘[i, j]’
as an interval in (1.16), which is borrowed from [HS96], reflects the fact that the intermediate
spins are affected by the transport via the R-matrix: the model involves multi-spin interactions
when q #= ±1. As a result the direct computation of the action of Hl on any vector is quite
complicated even for a single excited spin.

Remarks. i. If q ∈ R× the hermiticity of (1.18) is inherited by Hl [Lam18]. See the Corollary
on p. 11 for q ∈ S1. ii. The structure of Hl, with its multi-spin interactions, might be somewhat
involved, yet is precisely such that the key properties of (1.1) generalise to the q-case:

• it comes with a hierarchy of abelian symmetries (see below, §1.3.2 and Table 4 on p. 25),
• it has a large number of nonabelian symmetries (§1.2.5) and
• it admits an exact description of the exact energy spectrum (§1.2.3),
• including a closed-form expression for the (l-)highest weight vectors (§1.2.4).

iii. We’ll derive the formula for Hl in §3.2.1, as we will preview in §1.3.2. iv. Hl has a stochastic
version too: see §C.1. v. The Hamiltonian depends mildly on the sign of q: the eigenvalues of
Hl|q$→−q equal those of (−1)N Hl. We will prove this in §C.1, see (C.8).

2 Unlike the usual graphical notation for esp
i this does not represent the Temperley–Lieb relations (§2.2.1),

but it correctly accounts for the flow of inhomogeneity (spectral) parameters along the lines.
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3 The long range spin chain

An integrable long-range version of the XXZ spin chain was proposed in [3] and studied
further in [4–6]. Its Hamiltonian can be written as

H
L

qHS =
[N ]

N

X

1i<jN
Vij S

L

[i,j] (3.1)

where the translationally invariant potential Vij is given by

Vij =
zizj

(qzi � q�1zj)(qzj � q�1zi)
, zj = !

j
, [N ] =

q
N � q

�N

q� q�1
, (3.2)

and

S
L

[i,j] =

  Y
i<k<j

Řk,k+1(zj/zk)

!
ei

 !Y
i<k<j

Řk,k+1(zk/zj)

!
, i < j , (3.3)

with

Řk,k+1(u) = 1� f(u) ek , f(u) =
u� 1

qu� q�1
. (3.4)

The relation

f(u) + f(u
�1

) = (q + q
�1

)f(u)f(u
�1

) (3.5)

together with the Temperley-Lieb relation (1.5) insures that Řk,k+1(u) Řk,k+1(u
�1

) = 1.
The interaction (3.3) is not symmetric by parity, i.e. by sending i ! N � i, instead

there exists another Hamiltonian

H
R
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[N ]

N

X

1i<jN
Vij S

R

[i,j] (3.6)

with

S
R

[i,j] =

 !Y
ik<j�1
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!
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such that the two Hamiltonians commute,

[H
L

qHS,H
R

qHS] = 0 , (3.8)

and a parity invariant Hamiltonian can be defined by the half-sum of the two operators,

HqHS =
1

2

�
H

L

qHS +H
R

qHS

�
. (3.9)

– 5 –

      q-antisymmetriser (Temperley-Lieb) 

[Lamers 18]
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The xxz-type long-range spin exchange operator turns out to come in two ‘chiral’ versions:

Sl
[i,j](q) ©

A
ÌŸ

j>k>i

Řk,k+1
!
Ê

j≠k; q
"
B

ei(q)
A

ÔŸ

i<k<j

Řk,k+1
!
Ê

k≠j ; q
"
B

=

ÊNÊjÊiÊ1

··· ··· ,

Sr
[i,j](q) ©

A
ÔŸ

i<k<j

Řk≠1,k

!
Ê

k≠i; q
"
B

ej≠1(q)
A

ÌŸ

j>k>i

Řk≠1,k

!
Ê

i≠k; q
"
B

=

Ê1 Êi Êj ÊN

······ ,

i < j .

(A.10)
Here the arrows on the products indicate the direction in which the subscripts of the factors, which do not commute,
increase. The diagrams show how we can think of these interactions: one of the two interacting spins is transported
to the site next to the other interacting spin, where it interacts with is neighbour, after which it is transported back.
The transport is taken care of by the deformed spin permutation (A.9), and the nearest-neighbour exchange by
the antisymmetriser ei(q). More precisely, in (A.10) the diagrams are equivalent to the formulas via the rules

Ř(u/v; q) =
v

v

u

u

, e(q) =
u

u

v

v

. (A.11)

At the isotropic point we recover Sl
[i,j](1) = Sr

[i,j](1) = 1 ≠ Pij . In general the chiral operators (A.10) di�er from each
other and involve multi-spin interactions, as the intermediate spins do feel the transport.

The final ingredients that we need are the ‘quantum integers’

[N ]q ©
qN

≠ q≠N

q ≠ q≠1 = sin(N÷)
sin(÷) , (A.12)

and the appropriate modification of the pair potential (A.1),

V(k; q) ©
1

(q Êk ≠ q≠1)(q Ê≠k ≠ q≠1) = 1
4 sin(fik/N + ÷) sin(fik/N ≠ ÷) , Ê © e2fi i/N

, (A.13)

where on the right-hand sides we wrote q = ei÷. Then the xxz-type HS chain has chiral hamiltonians

Hl(q) = [N ]q
N

Nÿ

i<j

V(i ≠ j; q) Sl
[i,j](q) , Hr(q) = [N ]q

N

Nÿ

i<j

V(i ≠ j; q) Sr
[i,j](q) , (A.14)

where by ‘
qN

i<j ’ we always mean the sum over all pairs of spins, i.e. over 1 6 i < j 6 N .
Comparing the nearest-neighbour bulk terms Sl

[i,i+1](q) = ei(q) = Sr
[i,i+1](q) with the highly non-local boundary

terms Sl
[1,N ](q) ”= Sr

[1,N ](q) shows that (A.14) are not invariant under the usual lattice translation (A.4). Its role is
taken over by the deformed shift operator, which is again built from the deformed permutations (A.9) [17]:

G(q) ©

ÌŸ

N>k>1
Řk,k+1

!
Ê

≠k; q
"

= ŘN≠1,N

!
Ê

1≠N ; q
"

· · · Ř12
!
Ê

≠1; q
"

=

Ê1 ÊN

, G(q)N = 1 . (A.15)

We will call this operator the ‘quasi-translation’, and denote its eigenvalues by ei p(q) where p(q) is the ‘quasi-
momentum’. At q = 1, (A.15) reduces to (A.4) and p(q) becomes the usual lattice momentum.

The deformed hamiltonians and quasi-translation are constructed such that the special properties of the HS chain are
preserved for q ”= 1: the xxz-type HS chain is more complicated in position space (hamiltonians) precisely so that it
remains extremely simple in momentum space (spectrum). More precisely,



The Uglov-Lamers Hamiltonian

The q-deformation (1.16) breaks left-right symmetry: the model described by (1.11) is chiral.
One of our new results is a Hamiltonian with the opposite chirality. It also q-deforms (1.1) and
is very similar to (1.11):

Theorem 1.1. The abelian symmetries of the q-deformed Haldane–Shastry spin chain include

Hr = evω H̃r , H̃r =
[N ]

N

N∑

i<j

V (zi, zj) Sr
[i,j] ,(1.20a)

now featuring long-range spin interactions where the interactions take place on the right,

Sr
[i,j] :=

zN

zN

zj+1

zj+1

zj

zj

zj−1

zj−1

zj−1

· · ·

· · ·

· · ·

zi+1

zi+1

zi+1

zi

zi

zi

zi

zi

zi

zi

zi

zi−1

zi−1

z1

z1

· · · · · · .(1.20b)

Indeed, in §3.2.3 we will show that [Hl, Hr] = 0 is true by construction. In particular it makes
sense to define the full Hamiltonian of the q-deformed Haldane–Shastry spin chain as

(1.21) H full :=
1

2
(Hl + Hr) = evω H̃ full , H̃ full =

[N ]

2N

N∑

i<j

V (zi, zj)
(
Sl

[i,j] + Sr
[i,j]

)
.

As we will see in §1.2.3 it has real spectrum also when q ∈ S1.
To get some feeling for the q-deformed Hamiltonians let us investigate the boundary condi-

tions, focussing on Hl for definiteness. The q-deformation affects the periodicity of (1.1). One
might say that the deformed Hamiltonians are really defined on a strip rather than a circle.
The potential (1.13) is still periodic as it depends on the ratio zi/zj , i.e. on the distance i − j
in additive language. However, the long-range interactions (1.16) are certainly not periodic:
compare the highly non-local multispin operator Sl

[1,N ] with any genuine nearest-neighbour in-

teraction Sl
[i,i+1] = esp

i . Unlike for the Heisenberg xxz chain no particle ever really wraps around

the back of the chain. This periodicity breaking is required by the coproduct (§2.2.1) of the
nonabelian symmetries (§1.2.5), cf. [HS96]. As q → 1 the ‘wall’ between sites N and 1 becomes
transparent. For q → ∞ we instead get an open chain, as we will show soon (§1.2.2).

On the other hand the model is formally periodic:

Proposition 1.2. The q-deformed Haldane–Shastry is q-homogeneous: its abelian symmetries
include the (left) q-translation operator [Lam18]

(1.22) G := evω G̃ , G̃ := ŘN−1,N (z1/zN ) · · · Ř12(z1/z2) =

z2

z2 · · ·

· · · zN

zNz1

z1

z1

z1

z1

.

In [Lam18] it was conjectured that Hl is q-homogeneous. The stronger statement from Pro-
position 1.2 will be established in §3.2.3 (see Proposition 3.11). Observe that the Yang–Baxter
equation (§2.2.2) implies GN = 1, so G’s eigenvalues are of the form ei p, with q-momentum
p ∈ (2π/N)ZN quantised as usual for particles on a circle. In particular the (discrete) value
p cannot depend on q, which we can vary as we like. (The dependence on q is hidden in the
meaning of p, as eigenvalue of −i log G.) We will use this to compute p in the crystal limit
q → ∞ at the end of §1.2.2.
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The appropriate q-deformation has the same structure, cf. [HS96]. It is perhaps most clearly
defined using graphical notation:

(1.16) Sl
[i,j] :=

zN

zN

zj+1

zj+1

zj

zj

zj

zj

zj

zj

zj

zj

zj−1

zj−1

zj−1

· · ·

· · ·

· · ·

zi+1

zi+1

zi+1

zi

zi

zi−1

zi−1

z1

z1

· · · · · · .

The little arrows at the top indicate that the diagrams are read from bottom to top (time
goes up). The coordinates, here in the role of inhomogeneity parameters, follow the lines as
indicated. The nearest-neighbour transport is accounted for by the R-matrix,

(1.17)

v

v

u

u

:= Ř(u/v) ,

while the nearest-neighbour exchange is deformed to the Temperley–Lieb generator 2

(1.18)

u

u

v

v

:= esp = −(q − q−1) Ř′(1) =





0 0 0 0
0 q−1 −1 0
0 −1 q 0
0 0 0 0



 .

This q-antisymmetriser (up to normalisation) is the local Hamiltonian of the quantum-sl2 in-
variant Heisenberg spin chain [PS90], see §2.2.3.

An example of the long-range spin interactions (1.16) is

(1.19)

Sl
[1,5] = Ř45(z5/z4) Ř34(z5/z3) Ř23(z5/z2)

× −(q − q−1) Ř′
12(1)

× Ř23(z2/z5) Ř34(z3/z5) Ř45(z4/z5) .

We stress that in the graphical notation the parameters follow the lines, but (unlike if one would
draw R = P Ř or Ř P ) the vector spaces do not, cf. the subscripts in (1.19). The notation ‘[i, j]’
as an interval in (1.16), which is borrowed from [HS96], reflects the fact that the intermediate
spins are affected by the transport via the R-matrix: the model involves multi-spin interactions
when q #= ±1. As a result the direct computation of the action of Hl on any vector is quite
complicated even for a single excited spin.

Remarks. i. If q ∈ R× the hermiticity of (1.18) is inherited by Hl [Lam18]. See the Corollary
on p. 11 for q ∈ S1. ii. The structure of Hl, with its multi-spin interactions, might be somewhat
involved, yet is precisely such that the key properties of (1.1) generalise to the q-case:

• it comes with a hierarchy of abelian symmetries (see below, §1.3.2 and Table 4 on p. 25),
• it has a large number of nonabelian symmetries (§1.2.5) and
• it admits an exact description of the exact energy spectrum (§1.2.3),
• including a closed-form expression for the (l-)highest weight vectors (§1.2.4).

iii. We’ll derive the formula for Hl in §3.2.1, as we will preview in §1.3.2. iv. Hl has a stochastic
version too: see §C.1. v. The Hamiltonian depends mildly on the sign of q: the eigenvalues of
Hl|q$→−q equal those of (−1)N Hl. We will prove this in §C.1, see (C.8).

2 Unlike the usual graphical notation for esp
i this does not represent the Temperley–Lieb relations (§2.2.1),

but it correctly accounts for the flow of inhomogeneity (spectral) parameters along the lines.
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zi

q zi

q≠1zi

zjq zj

q≠1zj

d≠

d+
zi

q zi

q≠1zi

zj

q zj

q≠1zj

d≠ d+

Figure 1. The potential (1.61.6) is a point splitting of the inverse square
in (1.11.1). Consider a little ‘dipole’ at each site, with length set by q≠q≠1.
Then evÊ V (zi, zj) = 1/d+ d≠, where d± are illustrated for q œ iR>1 (left)
and q œ R>1 (right). At q = 1 both d± reduce to the chord distance.

Finally, the operators S[i,j] in (1.51.5) deform the long-range exchange interactions of
(1.11.1). The deformation is accomplished via the spin-1/2 xxz (six-vertex) R-matrix

(1.7) Ř(u) :=

Q

cca

1 0 0 0
0 u g(u) f(u) 0
0 f(u) g(u) 0
0 0 0 1

R

ddb , f(u) := u ≠ 1
q u ≠ q≠1 , g(u) := q ≠ q≠1

q u ≠ q≠1 .

Here the 4◊4 matrix is with respect to the standard basis |øøÍ, |ø¿Í, |¿øÍ, |¿¿Í of C2 ¢C2.
The functions f and g can be recognised as the ratios b/a and c/a, respectively, of the
six-vertex model’s local weights. The properties of (1.71.7) will be reviewed in §2.2.22.2.2.

Note that the isotropic interactions can be decomposed into nearest-neighbour steps
consisting of transport, interaction, and transport back:

(1.8) 1 ≠ Pij = Pj≠1,j · · · Pi+1,i+2 (1 ≠ Pi,i+1) Pi+1,i+2 · · · Pj≠1,j .

The appropriate q-deformation has the same structure, cf. [HS96HS96]. It is perhaps most
clearly defined using graphical notation:

(1.9) S[i,j] :=

zN

zN

zj+1

zj+1

zj

zj

zj

zj

zj

zj

zj

zj

zj≠1

zj≠1

zj≠1

· · ·

· · ·

· · ·

zi+1

zi+1

zi+1

zi

zi

zi≠1

zi≠1

z1

z1

· · · · · · , i < j .

The little arrows at the top indicate that the diagrams are read from bottom to top (time
goes up). The coordinates, here in the role of inhomogeneity parameters, follow the lines
as indicated. The nearest-neighbour transport is accounted for by the R-matrix,
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v

u
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· · ·

· · ·

· · ·
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z1

· · · · · · .

The little arrows at the top indicate that the diagrams are read from bottom to top (time
goes up). The coordinates, here in the role of inhomogeneity parameters, follow the lines as
indicated. The nearest-neighbour transport is accounted for by the R-matrix,

(1.17)

v

v

u

u
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q 6= 1

ek = (f+

k + f+

k+1
)(fk + fk+1)

Hl =
[N ]q
N

NX

i<j

V(i� j) Sl
[i,j] , Hr =

[N ]q
N

NX

i<j

V(i� j) Sr
[i,j] , (138) qHSL

V(k) ⌘ 1

(q!k � q�1)(q!�k � q�1)
=

1

4 sin(⇡k/N + ⌘) sin(⇡k/N � ⌘)
, ! ⌘ e2⇡ i/N ,

(139) VqHS

[Hl,Hr] = [Hl,G] = [G,Hr] , (140)

G GN = 1
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The Uglov-Lamers Hamiltonian

• Both Hamiltonians can be diagonalised simultaneously and the spectrum can be  
written in terms of motifs, with eigenvalues (not real, for |q|=1)

The spectrum of the two left and right Hamiltonian is given in terms of a collection of
M = bN/2c integers µ1, . . . , µM with N � 1 � µ1 > . . . > µM � 1 and two consecutive
such integers are separated by a distance of at least two units, µk+1 > µk + 1,

"
L,R

(µ) =

MX

m=1

✏
L,R

(µm) (3.10)

with

"
L
(n) =

1

q� q�1

⇣
q
N�n

[n]� n

N
[N ]

⌘
, "

R
(n) =

�1

q� q�1

⇣
q
n�N

[n]� n

N
[N ]

⌘
(3.11)

such that the combined Hamiltonian has a real spectrum when q is real or |q| = 1 ,

"(n) =
1

2

�
"
L
(n) + "

R
(n)

�
=

1

2
[n][N � n] . (3.12)

3.1 The long range spin chain at q = i

The spectrum of the long range chain simplifies dramatically when q = i, given that in this
case

[2k] = 0 and [2k + 1] = (�1)
k
. (3.13)

The cases of even and odd length, N = 2L or N = 2L + 1 are qualitatively different and
will be treated separately.

3.1.1 Even length N = 2L

In the case of even length, the matrix elements contain divergences. This is in particular
the case of the potential for site situated on opposite sites of the unit circle

Vj,j+L =
1

(q + q�1)2
, (3.14)

so that it contains a double pole when q ! i. Other potential divergences may occur from
the expressions (3.3) and (3.7) since

f(!
L
) = f(�1) =

2

q + q�1
. (3.15)

3.1.2 Odd length N = 2L+ 1

In the case of the odd length none of the above divergences occur and all the matrix elements
of the Hamiltonian are finite. In this case, the total energy "(µ) is always zero because either
[n] of [N � n] is zero. However, the left/right energies are not individually vanishing and
moreover they are purely imaginary and linear with the mode number n,

"
L
(n) = �"

R
(n) =

(�1)
L

2i

8
<

:
� n

N , n = 2k

N�n
N , n = 2k + 1

. (3.16)
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q-number generalisation of HS spectrum

has real spectrum both for q real and
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V(k) ⌘ 1

(q!k � q�1)(q!�k � q�1)
=

1

4 sin(⇡k/N + ⌘) sin(⇡k/N � ⌘)
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(139) VqHS
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G GN = 1

H =
1

2
(Hl +Hr) (141)
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Q-DEFORMED HALDANE–SHASTRY, SPIN-RUIJSENAARS AND MACDONALD POLYNOMIALS 11

Recall that a partition ⁄ = (⁄1 Ø ⁄2 Ø · · · Ø 0) is a weakly decreasing sequence of
integers. The length ¸(⁄) of ⁄ is the number of nonzero parts of ⁄. Then2

⁄m = µM≠m+1 ≠ 2 (M ≠ m) , 1 Æ m Æ M = ¸(⁄) = ¸(µ) ,(1.27a)

gives a bijection between MN and the set of partitions with ⁄1 Æ N ≠ 2 ¸(⁄) + 1. If
”M := (M ≠ 1, M ≠ 2, · · · ) denotes the staircase partition of length M ≠ 1 and µ+ is the
partition obtained from µ œ MN by reversal then this relation takes the succinct form

⁄ + 2 ”¸(µ) = µ+ ,(1.27b)
where addition and scalar multiplication are pointwise. See also Figure 33.

µ1 µ2 · · · µM

1 3 · · · 2M≠1 N≠1

⁄̄M ⁄̄M≠1
· · · ⁄̄1

Figure 3. The correspondence (1.271.27) between a motif µ œ MN of length
M := ¸(µ) Ø 1 and a partition with ⁄1 Æ N ≠ 2 M + 1 and ¸(⁄) = M ,
given by ⁄m = ⁄̄m + 1, 1 Æ m Æ M . Here ⁄̄ characterises the extent by
which µ di�ers from the left-most filled motif of length M , as shown.

With this notation in place the (unnormalised) wave function of |µÍ is the following
q-deformation of (1.41.4). The component where all magnons sit on the left remains simple:

(1.28) �µ(1, · · · , M) = ÈÈ1, · · · , M |µÍ = evÊ
Â�⁄(µ)(z1, · · · , zM ) .

Here ⁄(µ) denotes the partition associated to µ via (1.271.27) and Â�⁄ is a symmetric poly-
nomial in the magnon coordinates:

(1.29) Â�⁄(z1, · · · , zM ) :=
A

MŸ

m<n

(q zm ≠ q≠1zn) (q≠1zm ≠ q zn)
B

P ı
⁄ (z1, · · · , zM ) .

Besides the ‘symmetric square’ of the q-Vandermonde product it features the special case
of a Macdonald polynomial (§2.1.22.1.2) with parameters pı = qı = q2. The dependence on
q2 reflects a sort of symmetry of the Hamiltonian under q ‘æ ≠q, see app. In the notation
of Macdonald [Mac95Mac95,Mac98Mac98] the parameters of P ı

⁄ are related as qı = tı – for – = 1/2:
P ı

⁄ is a quantum spherical zonal function. See also Figure 44 on p. 2626. cf [Nou96Nou96], . . . ,

Cher-Matsuo corresp

[Kasatani Pasquier,

Kasatani Takeyama,

Stokman]?

The other components are more involved than in the isotropic case (1.41.4). They are
obtained from (1.291.29) by moving the magnons via q-deformed permutations (the Hecke
algebra, §2.1.12.1.1) before evaluation. Namely, let si be the permutation zi ¡ zi+1 and set in terms of a, b, cf §2.12.1?

(1.30) T pol
i := f≠1

i,i+1(si ≠ gi,i+1) , fi,i+1 := f(zi/zi+1) , gi,i+1 := g(zi/zi+1) ,

2 Note that ⁄ defined in (1.271.27) is the conjugate of the partition associated to µ in [Ugl95Ugl95] follow-
ing [JKK+95aJKK+95a]. See §3.2.33.2.3 for the reason of the conjugation.

M magnon motif

3

Global symmetry. The model can be seen as a long-
range spin chain with alternating gl(1|1)-representations.
Recall that gl(1|1) has two bosonic and two fermionic
generators, which we denote by N, E and F1, F+

1 respec-
tively. The nontrivial (anti)commutation relations are
#
N, F1

$
= ≠F1 ,

#
N, F+

1
$

= F+
1 ,

)
F1, F+

1
*

= E , (15)

and E is central. This is just a fermionic version of
the usual spin algebra. Each site i carries a gl(1|1)-
representation generated by fi, f

+
i , the number operator

(≠1)i
f

+
i fi and central charge (≠1)i. From this perspec-

tive, (7)–(9) is a long-range gl(1|1) super-spin chain. For
odd length the alternating central charge breaks periodic
boundaries, which are replaced by (8). Our model has a
global gl(1|1)-symmetry generated by

F1 =
Nÿ

i=1
fi , F+

1 =
Nÿ

i=1
f

+
i ,

N =
Nÿ

i=1
(≠1)i

f
+
i fi , E =

Nÿ

i=1
(≠1)i = ≠1 ,

(16)

Indeed, these operators anticommute with all gi, g
+
j , and

thus commute with the conserved charges (7)–(9).
Since F2

1 = (F+
1 )2 = 0, gl(1|1) produces fewer descen-

dants than su(2) does for isotropic spin chains. This is
compensated by additional bosonic generators

F2 =
Nÿ

i<j

fi fj , F+
2 =

Nÿ

i<j

f
+
i f

+
j , (17)

which commute with the ei, whence with (7)–(9). To-
gether, (16)–(17) generate the full global-symmetry alge-
bra, called A1|1 [5]. It is the Uq sl(2)|q=i symmetry from
the parent model in fermionic language, cf. [6, §2.3].

Extended symmetry. The parent model has quantum-
a�ne sl(2) symmetry, which underpins the large degen-
eracies (21). As we will see, these are already visible in
the two-particle spectrum. A plausible guess is that it
relates to the Yangian of gl(1|1). A detailed study of this
extended symmetry will be performed elsewhere.

The spectrum. The spectrum and degeneracies of the
parent model are known explicitly [14, 19–21]. Like for
the HS chain, the quantum numbers are ‘motifs’ [15]
{µm}, consisting of integers 1 6 µm < N increasing as

µm+1 > µm + 1 , 1 6 m < M . (18)

Such a motif labels an M -fermion state with quasi-
momentum p = 2fi

N

q
m µm mod 2fi setting the eigenvalue

eip of G. Its energy is additive:

E
l
{µm} =

Mÿ

m=1
Á

l
µm

, E{µm} =
Mÿ

m=1
Áµm , (19)

Á
l

≠N

0

N

n

N

Á

0

N

n

0 N

Figure 1. The dispersion relations (20) alternate between two
linear branches, realising chiral and (up to a shift) ‘full’ mass-
less relativistic dispersions on the lattice.

with dispersions having two linear branches (Fig. 1):

Á
l
n =

;
n , n even ,
n ≠ N , n odd ,

Án = |Á
l
n| . (20)

This state has (often many) descendants due to the ex-
tended symmetry. Its multiplicity is [13, 21] N + 1 for
the empty motif (at M = 0), and otherwise

µ1 (N ≠ µM )
M≠1Ÿ

m=1
(µm+1 ≠ µm ≠ 1) . (21)

Given the extremely simple dispersion, further (‘acciden-
tal’) degeneracies between di�erent motifs occur much
more often than even for the HS chain.

The energy levels are equispaced with steps of 2. E
l is

bounded by ±(N2
≠ 1)/4 and reaches these extremes at

motifs {1, 3, . . . , N ≠2} and {2, 4, . . . , N ≠1}, cf. Fig. 1. H
has eigenvalues > 0, with E = 0 for the empty motif, and
maximal energy E = 2¸(3¸ + 1) or E = 2(¸ + 1)(3¸ + 1)
depending on whether N = 4¸ + 3 or N = 4¸ + 1, re-
spectively. This maximum corresponds to the one or two
motifs {1, 3, . . . , N ≠4, N ≠2} switching halfway between
the branches of Án in Fig. 1. Intriguingly, for H a few lev-
els near the maximum are missing.

Explicit diagonalisation. Let us (re)derive this spec-
trum from the fermionic representation. The key to defin-
ing a good basis of fermions is to start at one end of the
lattice and use the quasi-translation operator:

�i © G1≠i
f1 Gi≠1

, �+
i © G1≠i

f
+
1 Gi≠1

. (22)

These dressed fermions obey the periodicity

�i+N = �i , �+
i+N = �+

i , (23)

and have non-local anticommutation relations [22]
)

�i, �+
j

*
= ≠(1 + tj≠i) , {�i, �j} = {�+

i , �+
j } = 0 .

(24)
The nontrivial relation only depends on the distance. Set
a0 © i and an © in+1/2 else. The rescaled Fourier modes

�̃n ©
an

N

Nÿ

j=1
e≠2ifinj/N �j , �̃+

n ©
an

N

Nÿ

j=1
e2ifinj/N �+

j ,

(25)

• The Yangian symmetry gets deformed to quantum affine symmetry

one-magnon dispersion relations:



q=i, non-unitary fermions and gl(1|1)  

• consider a 1-dimensional lattice with N sites and the fermionic degrees of freedom 

2

bility [23]. The interaction in the quartic hamiltonian
implements a statistical selection rule, forbidding occu-
pied successive mode numbers, that is inherited from the
parent model and matches the description of the HS chain
via ‘motifs’ [10]. This selection rule comes with high de-
generacies for the motifs to account for the full Hilbert
space. These degeneracies are caused by (ii), arising from
the parent model’s extended spin symmetry. The latter
includes a global symmetry algebra that contains gl(1|1)
and is the commutant of the free-fermion TL algebra [2].
Due to the linear dispersions, there are many additional
‘accidental’ degeneracies between di�erent motifs.
The model. Consider fermions hopping on a one-
dimensional lattice with an odd number N sites.

The simplest definition of our model uses non-unitary
fermionic operators with anticommutation relations [3]

{fi, f
+
j } = (≠1)i

”ij , {fi, fj} = {f
+
i , f

+
j } = 0 . (1)

They are related to canonical Jordan–Wigner fermions
as fj = (≠i)j

cj , f
+
j = (≠i)j

c
†
j . The fs will avoid a

proliferation of factors of i and make the symmetries more
transparent. From the two-site fermionic operators

gi © fi + fi+1 , g
+
i = f

+
i + f

+
i+1 , 1 6 i < N , (2)

we construct the quadratic combinations

ei © g
+
i gi , 1 6 i < N , (3)

which obey the free-fermion TL algebra relations

e
2
i = 0 , ei ei±1 ei = ei , [ei, ej ] = 0 if |i≠ j| > 1 . (4)

Further define the nested TL commutators [19, § C]

e[i,j] © [[· · · [ei, ei+1], · · · ], ej ]
= sij

!
g

+
j gi + (≠1)i≠j

g
+
i gj

"
, i ”= j ,

(5)

where sij © (≠1)(i≠j)(i+j≠1)/2, and we set e[i,i] © ei.
Note that (5) is bilinear in the fermions (1). Finally set

tk © tan fik
N , tk,l ©

rl≠1
i=k ti (k < l) , tk,k © 1 . (6)

Then the chiral hamiltonian reads

Hl = i
2

ÿ

16i6j<N

h
l
ij e[i,j] ,

h
l
ij ©

Nÿ

n=j+1
tn≠j,n≠i

!
1 ≠ (≠1)i

t
2
n≠i,n

"
.

(7)

This is a quadratic (free-fermion) hamiltonian describing
long-range hopping. It is not translationally invariant:
the amplitudes h

l
ij do not only depend on the distance

i ≠ j, and sites N, 1 are not on the same footing as other
neighbours i, i + 1. Instead, the standard translation op-
erator is replaced by the quasi-translation operator

G = (1 + tN≠1 eN≠1) · · · (1 + t1 e1) , GN = 1 . (8)

The model is integrable: there exists a hierarchy of con-
served charges that commute with each other and (7).
We can explicitly write down the next charge, which is
a linear combination of anticommutators of the nested
commutators (5) with coe�cients like in (7),

H = ≠
1

4N

N≠1ÿ

i6j<k6l

!
h

l
ij;kl + h

r
ij;kl

" )
e[i,j], e[k,l]

*
, (9)

h
l
ij;kl © (≠1)k≠j

Nÿ

n(>l)
tn≠l,n≠j tn≠k,n≠i

!
1 ≠ (≠1)i

t
2
n≠i,n

"
,

h
r
ij;kl © (≠1)l≠j+k≠i

h
l
N≠l,N≠k;N≠j,N≠i .

Integrability guarantees that these quantities, and higher
charges that we do not give here, mutually commute,

#
G, Hl$

=
#
G, H

$
=

#
Hl

, H
$

= 0 . (10)

The existence of this hierarchy of commuting charges,
and their expressions, stem from the parent model [19].

Symmetries. The commuting charges (7)–(9) have var-
ious symmetries and transformation properties.

Parity. Parity acts by reversal of the lattice sites
P(fi) = fN+1≠i. This preserves the anticommutation
relations (1) since N is odd. The TL generators trans-
form as P(ei) = eN≠i. The chiral hamiltonian (7) is not
invariant under parity, whence its name. It is a highly
nontrivial result that P(Hl) = ≠Hl [19]. We have

P(Hl) = ≠Hl
, P(H) = H , P(G) = G≠1

, (11)

where the last relation uses ti = ≠tN≠i.
Time reversal. We define time reversal as complex

conjugation of the coe�cients with respect to the Fock
basis f

+
i1

· · · f
+
iM

|?Í. Thus T(ei) = ei, and

T(Hl) = ≠Hl
, T(H) = H , T(G) = G . (12)

Since the hamiltonians (and their eigenstates) are PT-
invariant, their spectrum is real [25–28]. The same is
true for the ‘quasi-momentum’ p = ≠i log G.

Particle-hole transformation. Another simple opera-
tion, which we interpret as the charge conjugation, ex-
changes the creation and annihilation operators

C(fi) = f
+
i , C(f+

i ) = fi . (13)

Then C(ei) = ≠ei, preserving (4). If we complement this
for (7)–(9) by formally replacing ti æ ≠ti we get

C(Hl) = ≠Hl
, C(H) = H , C(G) = G . (14)

See [19] for details. preceding to be checked
Global symmetry. The model can be seen as a long-

range spin chain with alternating gl(1|1)-representations.
Recall that gl(1|1) has two bosonic and two fermionic

• they generate a global gl(1|1) algebra with (anti-)commutation relations  
3

generators, which we denote by N, E and F1, F+
1 respec-

tively. The nontrivial (anti)commutation relations are
#
N, F1

$
= ≠F1 ,

#
N, F+

1
$

= F+
1 ,

)
F1, F+

1
*

= E , (15)

and E is central. This is just a fermionic version of
the usual spin algebra. Each site i carries a gl(1|1)-
representation generated by fi, f

+
i , the number operator

(≠1)i
f

+
i fi and central charge (≠1)i. From this perspec-

tive, (7)–(9) is a long-range gl(1|1) super-spin chain. For
odd length the alternating central charge breaks periodic
boundaries, which are replaced by (8). Our model has a
global gl(1|1)-symmetry generated by

F1 =
Nÿ

i=1
fi , F+

1 =
Nÿ

i=1
f

+
i ,

N =
Nÿ

i=1
(≠1)i

f
+
i fi , E =

Nÿ

i=1
(≠1)i = ≠1 ,

(16)

Indeed, these operators anticommute with all gi, g
+
j , and

thus commute with the conserved charges (7)–(9).
Since F2

1 = (F+
1 )2 = 0, gl(1|1) produces fewer descen-

dants than su(2) does for isotropic spin chains. This is
compensated by additional bosonic generators

F2 =
Nÿ

i<j

fi fj , F+
2 =

Nÿ

i<j

f
+
i f

+
j , (17)

which commute with the ei, whence with (7)–(9). To-
gether, (16)–(17) generate the full global-symmetry alge-
bra, called A1|1 [2]. It is the Uq sl(2)|q=i symmetry from
the parent model in fermionic language, cf. [3, §2.3].

Extended symmetry. The parent model has quantum-
a�ne sl(2) symmetry, which underpins the large degen-
eracies (21). As we will see, these are already visible in
the two-particle spectrum. A plausible guess is that it
relates to the Yangian of gl(1|1). A detailed study of this
extended symmetry will be performed elsewhere.
The spectrum. The spectrum and degeneracies of the
parent model are known explicitly [11, 16–18]. Like for
the HS chain, the quantum numbers are ‘motifs’ [10]
{µm}, consisting of integers 1 6 µm < N increasing as

µm+1 > µm + 1 , 1 6 m < M . (18)

Such a motif labels an M -fermion state with quasi-
momentum p = 2fi

N

q
m µm mod 2fi setting the eigenvalue

eip of G. Its energy is additive:

E
l
{µm} =

Mÿ

m=1
Á

l
µm

, E{µm} =
Mÿ

m=1
Áµm , (19)

with dispersions having two linear branches (Fig. 1):
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l
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;
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Án = |Á
l
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Á
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Figure 1. The dispersion relations (20) alternate between two
linear branches, realising chiral and (up to a shift) ‘full’ mass-
less relativistic dispersions on the lattice.

This state has (often many) descendants due to the ex-
tended symmetry. Its multiplicity is [12, 18] N + 1 for
the empty motif (at M = 0), and otherwise

µ1 (N ≠ µM )
M≠1Ÿ

m=1
(µm+1 ≠ µm ≠ 1) . (21)

Given the extremely simple dispersion, further (‘acciden-
tal’) degeneracies between di�erent motifs occur much
more often than even for the HS chain.

The energy levels are equispaced with steps of 2. E
l is

bounded by ±(N2
≠ 1)/4 and reaches these extremes at

motifs {1, 3, . . . , N ≠2} and {2, 4, . . . , N ≠1}, cf. Fig. 1. H
has eigenvalues > 0, with E = 0 for the empty motif, and
maximal energy E = 2¸ (3¸ + 1) or E = 2(¸ + 1)(3¸ + 1)
depending on whether N = 4¸ + 3 or N = 4¸ + 1, re-
spectively. This maximum corresponds to the one or two
motifs {1, 3, . . . , N ≠4, N ≠2} switching halfway between
the branches of Án in Fig. 1. Intriguingly, for H a few lev-
els near the maximum are missing.

Explicit diagonalisation. Let us (re)derive this spec-
trum from the fermionic representation. The key to defin-
ing a good basis of fermions is to start at one end of the
lattice and use the quasi-translation operator:

�i © G1≠i
f1 Gi≠1

, �+
i © G1≠i

f
+
1 Gi≠1

. (22)

These dressed fermions obey the periodicity

�i+N = �i , �+
i+N = �+

i , (23)

and have non-local anticommutation relations [19]
)

�i, �+
j

*
= ≠(1 + tj≠i) , {�i, �j} = {�+

i , �+
j } = 0 .

(24)
The nontrivial relation only depends on the distance. For
a0 © i and an © in+1/2 else, the rescaled Fourier modes

�̃n ©
an

N

Nÿ

j=1
e≠2ifinj/N �j , �̃+

n ©
an

N

Nÿ

j=1
e2ifinj/N �+

j ,

(25)
obey canonical anticommutation relations
)

�̃n, �̃+
m

*
= ”nm , {�̃n, �̃m} = {�̃+

n , �̃+
m} = 0 . (26)
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Since F2
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which commute with the ei, whence with (7)–(9). To-
gether, (16)–(17) generate the full global-symmetry alge-
bra, called A1|1 [2]. It is the Uq sl(2)|q=i symmetry from
the parent model in fermionic language, cf. [3, §2.3].

Extended symmetry. The parent model has quantum-
a�ne sl(2) symmetry, which underpins the large degen-
eracies (21). As we will see, these are already visible in
the two-particle spectrum. A plausible guess is that it
relates to the Yangian of gl(1|1). A detailed study of this
extended symmetry will be performed elsewhere.
The spectrum. The spectrum and degeneracies of the
parent model are known explicitly [11, 16–18]. Like for
the HS chain, the quantum numbers are ‘motifs’ [10]
{µm}, consisting of integers 1 6 µm < N increasing as

µm+1 > µm + 1 , 1 6 m < M . (18)
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N

q
m µm mod 2fi setting the eigenvalue

eip of G. Its energy is additive:
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Figure 1. The dispersion relations (20) alternate between two
linear branches, realising chiral and (up to a shift) ‘full’ mass-
less relativistic dispersions on the lattice.

This state has (often many) descendants due to the ex-
tended symmetry. Its multiplicity is [12, 18] N + 1 for
the empty motif (at M = 0), and otherwise

µ1 (N ≠ µM )
M≠1Ÿ

m=1
(µm+1 ≠ µm ≠ 1) . (21)

Given the extremely simple dispersion, further (‘acciden-
tal’) degeneracies between di�erent motifs occur much
more often than even for the HS chain.

The energy levels are equispaced with steps of 2. E
l is

bounded by ±(N2
≠ 1)/4 and reaches these extremes at

motifs {1, 3, . . . , N ≠2} and {2, 4, . . . , N ≠1}, cf. Fig. 1. H
has eigenvalues > 0, with E = 0 for the empty motif, and
maximal energy E = 2¸ (3¸ + 1) or E = 2(¸ + 1)(3¸ + 1)
depending on whether N = 4¸ + 3 or N = 4¸ + 1, re-
spectively. This maximum corresponds to the one or two
motifs {1, 3, . . . , N ≠4, N ≠2} switching halfway between
the branches of Án in Fig. 1. Intriguingly, for H a few lev-
els near the maximum are missing.

Explicit diagonalisation. Let us (re)derive this spec-
trum from the fermionic representation. The key to defin-
ing a good basis of fermions is to start at one end of the
lattice and use the quasi-translation operator:

�i © G1≠i
f1 Gi≠1
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f
+
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gether, (16)–(17) generate the full global-symmetry alge-
bra, called A1|1 [2]. It is the Uq sl(2)|q=i symmetry from
the parent model in fermionic language, cf. [3, §2.3].

Extended symmetry. The parent model has quantum-
a�ne sl(2) symmetry, which underpins the large degen-
eracies (21). As we will see, these are already visible in
the two-particle spectrum. A plausible guess is that it
relates to the Yangian of gl(1|1). A detailed study of this
extended symmetry will be performed elsewhere.
The spectrum. The spectrum and degeneracies of the
parent model are known explicitly [11, 16–18]. Like for
the HS chain, the quantum numbers are ‘motifs’ [10]
{µm}, consisting of integers 1 6 µm < N increasing as
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linear branches, realising chiral and (up to a shift) ‘full’ mass-
less relativistic dispersions on the lattice.

This state has (often many) descendants due to the ex-
tended symmetry. Its multiplicity is [12, 18] N + 1 for
the empty motif (at M = 0), and otherwise

µ1 (N ≠ µM )
M≠1Ÿ

m=1
(µm+1 ≠ µm ≠ 1) . (21)

Given the extremely simple dispersion, further (‘acciden-
tal’) degeneracies between di�erent motifs occur much
more often than even for the HS chain.

The energy levels are equispaced with steps of 2. E
l is

bounded by ±(N2
≠ 1)/4 and reaches these extremes at

motifs {1, 3, . . . , N ≠2} and {2, 4, . . . , N ≠1}, cf. Fig. 1. H
has eigenvalues > 0, with E = 0 for the empty motif, and
maximal energy E = 2¸ (3¸ + 1) or E = 2(¸ + 1)(3¸ + 1)
depending on whether N = 4¸ + 3 or N = 4¸ + 1, re-
spectively. This maximum corresponds to the one or two
motifs {1, 3, . . . , N ≠4, N ≠2} switching halfway between
the branches of Án in Fig. 1. Intriguingly, for H a few lev-
els near the maximum are missing.

Explicit diagonalisation. Let us (re)derive this spec-
trum from the fermionic representation. The key to defin-
ing a good basis of fermions is to start at one end of the
lattice and use the quasi-translation operator:

�i © G1≠i
f1 Gi≠1

, �+
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f
+
1 Gi≠1

. (22)

These dressed fermions obey the periodicity

�i+N = �i , �+
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i , (23)

and have non-local anticommutation relations [19]
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They are related to canonical Jordan–Wigner fermions
as fj = (≠i)j

cj , f
+
j = (≠i)j

c
†
j . The

proliferation of factors of i and make the symmetries more
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bility [23]. The interaction in the quartic hamiltonian
implements a statistical selection rule, forbidding occu-
pied successive mode numbers, that is inherited from the
parent model and matches the description of the HS chain
via ‘motifs’ [10]. This selection rule comes with high de-
generacies for the motifs to account for the full Hilbert
space. These degeneracies are caused by (ii), arising from
the parent model’s extended spin symmetry. The latter
includes a global symmetry algebra that contains gl(1|1)
and is the commutant of the free-fermion TL algebra [2].
Due to the linear dispersions, there are many additional
‘accidental’ degeneracies between di�erent motifs.
The model. Consider fermions hopping on a one-
dimensional lattice with an odd number N sites.

The simplest definition of our model uses non-unitary
fermionic operators with anticommutation relations [3]

{fi, f
+
j } = (≠1)i

”ij , {fi, fj} = {f
+
i , f

+
j } = 0 . (1)

They are related to canonical Jordan–Wigner fermions
as fj = (≠i)j

cj , f
+
j = (≠i)j

c
†
j . The fs will avoid a

proliferation of factors of i and make the symmetries more
transparent. From the two-site fermionic operators

gi © fi + fi+1 , g
+
i = f

+
i + f

+
i+1 , 1 6 i < N , (2)

we construct the quadratic combinations

ei © g
+
i gi , 1 6 i < N , (3)

which obey the free-fermion TL algebra relations

e
2
i = 0 , ei ei±1 ei = ei , [ei, ej ] = 0 if |i≠ j| > 1 . (4)

Further define the nested TL commutators [19, § C]

e[i,j] © [[· · · [ei, ei+1], · · · ], ej ]
= sij

!
g

+
j gi + (≠1)i≠j

g
+
i gj

"
, i ”= j ,

(5)

where sij © (≠1)(i≠j)(i+j≠1)/2, and we set e[i,i] © ei.
Note that (5) is bilinear in the fermions (1). Finally set

tk © tan fik
N , tk,l ©

rl≠1
i=k ti (k < l) , tk,k © 1 . (6)

Then the chiral hamiltonian reads

Hl = i
2

ÿ

16i6j<N

h
l
ij e[i,j] ,

h
l
ij ©

Nÿ

n=j+1
tn≠j,n≠i

!
1 ≠ (≠1)i

t
2
n≠i,n

"
.

(7)

This is a quadratic (free-fermion) hamiltonian describing
long-range hopping. It is not translationally invariant:
the amplitudes h

l
ij do not only depend on the distance

i ≠ j, and sites N, 1 are not on the same footing as other
neighbours i, i + 1. Instead, the standard translation op-
erator is replaced by the quasi-translation operator

G = (1 + tN≠1 eN≠1) · · · (1 + t1 e1) , GN = 1 . (8)

The model is integrable: there exists a hierarchy of con-
served charges that commute with each other and (7).
We can explicitly write down the next charge, which is
a linear combination of anticommutators of the nested
commutators (5) with coe�cients like in (7),

H = ≠
1

4N

N≠1ÿ

i6j<k6l

!
h

l
ij;kl + h

r
ij;kl

" )
e[i,j], e[k,l]

*
, (9)

h
l
ij;kl © (≠1)k≠j

Nÿ

n(>l)
tn≠l,n≠j tn≠k,n≠i

!
1 ≠ (≠1)i

t
2
n≠i,n

"
,

h
r
ij;kl © (≠1)l≠j+k≠i

h
l
N≠l,N≠k;N≠j,N≠i .

Integrability guarantees that these quantities, and higher
charges that we do not give here, mutually commute,

#
G, Hl$

=
#
G, H

$
=

#
Hl

, H
$

= 0 . (10)

The existence of this hierarchy of commuting charges,
and their expressions, stem from the parent model [19].

Symmetries. The commuting charges (7)–(9) have var-
ious symmetries and transformation properties.

Parity. Parity acts by reversal of the lattice sites
P(fi) = fN+1≠i. This preserves the anticommutation
relations (1) since N is odd. The TL generators trans-
form as P(ei) = eN≠i. The chiral hamiltonian (7) is not
invariant under parity, whence its name. It is a highly
nontrivial result that P(Hl) = ≠Hl [19]. We have

P(Hl) = ≠Hl
, P(H) = H , P(G) = G≠1

, (11)

where the last relation uses ti = ≠tN≠i.
Time reversal. We define time reversal as complex

conjugation of the coe�cients with respect to the Fock
basis f

+
i1

· · · f
+
iM

|?Í. Thus T(ei) = ei, and

T(Hl) = ≠Hl
, T(H) = H , T(G) = G . (12)

Since the hamiltonians (and their eigenstates) are PT-
invariant, their spectrum is real [25–28]. The same is
true for the ‘quasi-momentum’ p = ≠i log G.

Particle-hole transformation. Another simple opera-
tion, which we interpret as the charge conjugation, ex-
changes the creation and annihilation operators

C(fi) = f
+
i , C(f+

i ) = fi . (13)

Then C(ei) = ≠ei, preserving (4). If we complement this
for (7)–(9) by formally replacing ti æ ≠ti we get

C(Hl) = ≠Hl
, C(H) = H , C(G) = G . (14)

See [19] for details. preceding to be checked
Global symmetry. The model can be seen as a long-

range spin chain with alternating gl(1|1)-representations.
Recall that gl(1|1) has two bosonic and two fermionic

• gl(1|1) has simple (anti-)commutation relations with the two-site operators

Jordan-Wigner fermions

difference between N even and odd !
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bility [23]. The interaction in the quartic hamiltonian
implements a statistical selection rule, forbidding occu-
pied successive mode numbers, that is inherited from the
parent model and matches the description of the HS chain
via ‘motifs’ [10]. This selection rule comes with high de-
generacies for the motifs to account for the full Hilbert
space. These degeneracies are caused by (ii), arising from
the parent model’s extended spin symmetry. The latter
includes a global symmetry algebra that contains gl(1|1)
and is the commutant of the free-fermion TL algebra [2].
Due to the linear dispersions, there are many additional
‘accidental’ degeneracies between di�erent motifs.
The model. Consider fermions hopping on a one-
dimensional lattice with an odd number N sites.

The simplest definition of our model uses non-unitary
fermionic operators with anticommutation relations [3]
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transparent. From the two-site fermionic operators
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where sij © (≠1)(i≠j)(i+j≠1)/2, and we set e[i,i] © ei.
Note that (5) is bilinear in the fermions (1). Finally set

tk © tan fik
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Then the chiral hamiltonian reads
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This is a quadratic (free-fermion) hamiltonian describing
long-range hopping. It is not translationally invariant:
the amplitudes h

l
ij do not only depend on the distance

i ≠ j, and sites N, 1 are not on the same footing as other
neighbours i, i + 1. Instead, the standard translation op-
erator is replaced by the quasi-translation operator

G = (1 + tN≠1 eN≠1) · · · (1 + t1 e1) , GN = 1 . (8)

The model is integrable: there exists a hierarchy of con-
served charges that commute with each other and (7).
We can explicitly write down the next charge, which is
a linear combination of anticommutators of the nested
commutators (5) with coe�cients like in (7),

H = ≠
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Integrability guarantees that these quantities, and higher
charges that we do not give here, mutually commute,

#
G, Hl$

=
#
G, H

$
=

#
Hl

, H
$

= 0 . (10)

The existence of this hierarchy of commuting charges,
and their expressions, stem from the parent model [19].

Symmetries. The commuting charges (7)–(9) have var-
ious symmetries and transformation properties.

Parity. Parity acts by reversal of the lattice sites
P(fi) = fN+1≠i. This preserves the anticommutation
relations (1) since N is odd. The TL generators trans-
form as P(ei) = eN≠i. The chiral hamiltonian (7) is not
invariant under parity, whence its name. It is a highly
nontrivial result that P(Hl) = ≠Hl [19]. We have

P(Hl) = ≠Hl
, P(H) = H , P(G) = G≠1

, (11)

where the last relation uses ti = ≠tN≠i.
Time reversal. We define time reversal as complex

conjugation of the coe�cients with respect to the Fock
basis f

+
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· · · f
+
iM

|?Í. Thus T(ei) = ei, and

T(Hl) = ≠Hl
, T(H) = H , T(G) = G . (12)

Since the hamiltonians (and their eigenstates) are PT-
invariant, their spectrum is real [25–28]. The same is
true for the ‘quasi-momentum’ p = ≠i log G.

Particle-hole transformation. Another simple opera-
tion, which we interpret as the charge conjugation, ex-
changes the creation and annihilation operators

C(fi) = f
+
i , C(f+

i ) = fi . (13)

Then C(ei) = ≠ei, preserving (4). If we complement this
for (7)–(9) by formally replacing ti æ ≠ti we get

C(Hl) = ≠Hl
, C(H) = H , C(G) = G . (14)

See [19] for details. preceding to be checked
Global symmetry. The model can be seen as a long-

range spin chain with alternating gl(1|1)-representations.
Recall that gl(1|1) has two bosonic and two fermionic
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bility [23]. The interaction in the quartic hamiltonian
implements a statistical selection rule, forbidding occu-
pied successive mode numbers, that is inherited from the
parent model and matches the description of the HS chain
via ‘motifs’ [10]. This selection rule comes with high de-
generacies for the motifs to account for the full Hilbert
space. These degeneracies are caused by (ii), arising from
the parent model’s extended spin symmetry. The latter
includes a global symmetry algebra that contains gl(1|1)
and is the commutant of the free-fermion TL algebra [2].
Due to the linear dispersions, there are many additional
‘accidental’ degeneracies between di�erent motifs.
The model. Consider fermions hopping on a one-
dimensional lattice with an odd number N sites.

The simplest definition of our model uses non-unitary
fermionic operators with anticommutation relations [3]
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+
j } = (≠1)i
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where sij © (≠1)(i≠j)(i+j≠1)/2, and we set e[i,i] © ei.
Note that (5) is bilinear in the fermions (1). Finally set
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This is a quadratic (free-fermion) hamiltonian describing
long-range hopping. It is not translationally invariant:
the amplitudes h
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ij do not only depend on the distance

i ≠ j, and sites N, 1 are not on the same footing as other
neighbours i, i + 1. Instead, the standard translation op-
erator is replaced by the quasi-translation operator

G = (1 + tN≠1 eN≠1) · · · (1 + t1 e1) , GN = 1 . (8)

The model is integrable: there exists a hierarchy of con-
served charges that commute with each other and (7).
We can explicitly write down the next charge, which is
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charges that we do not give here, mutually commute,
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The existence of this hierarchy of commuting charges,
and their expressions, stem from the parent model [19].

Symmetries. The commuting charges (7)–(9) have var-
ious symmetries and transformation properties.

Parity. Parity acts by reversal of the lattice sites
P(fi) = fN+1≠i. This preserves the anticommutation
relations (1) since N is odd. The TL generators trans-
form as P(ei) = eN≠i. The chiral hamiltonian (7) is not
invariant under parity, whence its name. It is a highly
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invariant, their spectrum is real [25–28]. The same is
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bility [23]. The interaction in the quartic hamiltonian
implements a statistical selection rule, forbidding occu-
pied successive mode numbers, that is inherited from the
parent model and matches the description of the HS chain
via ‘motifs’ [10]. This selection rule comes with high de-
generacies for the motifs to account for the full Hilbert
space. These degeneracies are caused by (ii), arising from
the parent model’s extended spin symmetry. The latter
includes a global symmetry algebra that contains gl(1|1)
and is the commutant of the free-fermion TL algebra [2].
Due to the linear dispersions, there are many additional
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This is a quadratic (free-fermion) hamiltonian describing
long-range hopping. It is not translationally invariant:
the amplitudes h
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ij do not only depend on the distance

i ≠ j, and sites N, 1 are not on the same footing as other
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erator is replaced by the quasi-translation operator
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Global symmetry. The model can be seen as a long-
range spin chain with alternating gl(1|1)-representations.
Recall that gl(1|1) has two bosonic and two fermionic
generators, which we denote by N, E and F1, F+

1 respec-
tively. The nontrivial (anti)commutation relations are
#
N, F1

$
= ≠F1 ,

#
N, F+

1
$

= F+
1 ,

)
F1, F+

1
*

= E , (15)

and E is central. This is just a fermionic version of
the usual spin algebra. Each site i carries a gl(1|1)-
representation generated by fi, f

+
i , the number operator

(≠1)i
f

+
i fi and central charge (≠1)i. From this perspec-

tive, (7)–(9) is a long-range gl(1|1) super-spin chain. For
odd length the alternating central charge breaks periodic
boundaries, which are replaced by (8). Our model has a
global gl(1|1)-symmetry generated by

F1 =
Nÿ

i=1
fi , F+

1 =
Nÿ

i=1
f

+
i ,

N =
Nÿ

i=1
(≠1)i

f
+
i fi , E =

Nÿ

i=1
(≠1)i = ≠1 ,

(16)

Indeed, these operators anticommute with all gi, g
+
j , and

thus commute with the conserved charges (7)–(9).
Since F2

1 = (F+
1 )2 = 0, gl(1|1) produces fewer descen-

dants than su(2) does for isotropic spin chains. This is
compensated by additional bosonic generators

F2 =
Nÿ

i<j

fi fj , F+
2 =

Nÿ

i<j

f
+
i f

+
j , (17)

which commute with the ei, whence with (7)–(9). To-
gether, (16)–(17) generate the full global-symmetry alge-
bra, called A1|1 [5]. It is the Uq sl(2)|q=i symmetry from
the parent model in fermionic language, cf. [6, §2.3].

Extended symmetry. The parent model has quantum-
a�ne sl(2) symmetry, which underpins the large degen-
eracies (21). As we will see, these are already visible in
the two-particle spectrum. A plausible guess is that it
relates to the Yangian of gl(1|1). A detailed study of this
extended symmetry will be performed elsewhere.

The spectrum. The spectrum and degeneracies of the
parent model are known explicitly [14, 19–21]. Like for
the HS chain, the quantum numbers are ‘motifs’ [15]
{µm}, consisting of integers 1 6 µm < N increasing as

µm+1 > µm + 1 , 1 6 m < M . (18)

Such a motif labels an M -fermion state with quasi-
momentum p = 2fi

N

q
m µm mod 2fi setting the eigenvalue

eip of G. Its energy is additive:

E
l
{µm} =

Mÿ

m=1
Á

l
µm

, E{µm} =
Mÿ

m=1
Áµm , (19)

Á
l

≠N

0

N

n

N

Á

0

N

n

0 N

Figure 1. The dispersion relations (20) alternate between two
linear branches, realising chiral and (up to a shift) ‘full’ mass-
less relativistic dispersions on the lattice.

with dispersions having two linear branches (Fig. 1):

Á
l
n =

;
n , n even ,
n ≠ N , n odd ,

Án = |Á
l
n| . (20)

This state has (often many) descendants due to the ex-
tended symmetry. Its multiplicity is [13, 21] N + 1 for
the empty motif (at M = 0), and otherwise

µ1 (N ≠ µM )
M≠1Ÿ

m=1
(µm+1 ≠ µm ≠ 1) . (21)

Given the extremely simple dispersion, further (‘acciden-
tal’) degeneracies between di�erent motifs occur much
more often than even for the HS chain.

The energy levels are equispaced with steps of 2. E
l is

bounded by ±(N2
≠ 1)/4 and reaches these extremes at

motifs {1, 3, . . . , N ≠2} and {2, 4, . . . , N ≠1}, cf. Fig. 1. H
has eigenvalues > 0, with E = 0 for the empty motif, and
maximal energy E = 2¸(3¸ + 1) or E = 2(¸ + 1)(3¸ + 1)
depending on whether N = 4¸ + 3 or N = 4¸ + 1, re-
spectively. This maximum corresponds to the one or two
motifs {1, 3, . . . , N ≠4, N ≠2} switching halfway between
the branches of Án in Fig. 1. Intriguingly, for H a few lev-
els near the maximum are missing.

Explicit diagonalisation. Let us (re)derive this spec-
trum from the fermionic representation. The key to defin-
ing a good basis of fermions is to start at one end of the
lattice and use the quasi-translation operator:

�i © G1≠i
f1 Gi≠1

, �+
i © G1≠i

f
+
1 Gi≠1

. (22)

These dressed fermions obey the periodicity

�i+N = �i , �+
i+N = �+

i , (23)

and have non-local anticommutation relations [22]
)

�i, �+
j

*
= ≠(1 + tj≠i) , {�i, �j} = {�+

i , �+
j } = 0 .

(24)
The nontrivial relation only depends on the distance. Set
a0 © i and an © in+1/2 else. The rescaled Fourier modes

�̃n ©
an

N

Nÿ

j=1
e≠2ifinj/N �j , �̃+

n ©
an

N

Nÿ

j=1
e2ifinj/N �+

j ,

(25)

• TL generators commute with the global gl(1|1) and with
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We define and study a long-range version of the xx model, arising as the free-fermion point of the
xxz-type Haldane–Shastry (HS) chain. It has a description via non-unitary fermions, based on the
free-fermion Temperley–Lieb algebra, and may also be viewed as an alternating gl(1|1) spin chain.
Even and odd length behave very di�erently; we focus on odd length. The model is integrable,
and we explicitly identify two commuting hamiltonians. While non-unitary, their spectrum is real
by PT-symmetry. One hamiltonian is chiral and quadratic in fermions, while the other is parity-
invariant and quartic. Their one-particle spectra have two linear branches, realising a massless
relativistic dispersion on the lattice. The appropriate fermionic modes arise from ‘quasi-translation’
symmetry, which replaces ordinary translation symmetry. The model exhibits exclusion statistics,
like the isotropic HS chain, with even more ‘extended symmetry’ and larger degeneracies.

Introduction. Strongly-interacting quantum many-
body systems lie at the core of modern condensed-matter
physics. In 2d such systems exhibit rich collective be-
haviours, e.g. fractionalisation of excitations and spin-
charge separation. Non-perturbative tools, including in-
tegrability, allow such phenomena to be treated analyt-
ically both at and away from criticality. Several partic-
ularly interesting critical phenomena that are driven by
disorder, like the transition between plateaus in the in-
teger quantum Hall e�ect, and geometric problems, e.g.
polymers or percolation, are inherently non-unitary [1–3].
The few tools available for treating such systems analyti-
cally are mostly based on super-spin chains, loop models
and the Heisenberg xxz chain [4–6]. Despite their in-
tegrability, these non-unitary models remain challenging
to analyse, as it is not yet well understood how the as-
sociated non-unitary infinite-dimensional symmetries are
realised.

Models with long-range interactions are an impor-
tant chapter of integrability. Prominent examples are
Calogero–Sutherland systems [7] and the associated spin
chains [8, 9], which are deeply related to matrix mod-
els, exclusion statistics and 2d CFT [10, 11]. Long-range
spin chains also arise in AdS/CFT integrability [12].
Rather than a Bethe ansatz, such models are tackled via
symmetry-based algebraic methods. In particular, the
trigonometric spin Calogero–Sutherland system and the
closely related Haldane–Shastry (HS) chain have mani-
fest extended (Yangian) spin symmetry [13, 14] rendering
the spectrum very simple and degenerate [14, 15]. The
continuum limit in the antiferromagnetic regime, belong-
ing to the same universality class as for the Heisenberg
xxx chain, is captured by the SU(2)k=1 Wess–Zumino–
Witten CFT [13, 16, 17]. Yet, until recently there were
few, if any, examples of non-unitary spin chains with ex-
tended symmetry like the HS chain. Such systems should
provide finite discretisations of the non-unitary CFTs
with current-algebra symmetry expected for disordered
critical systems [18]. As an important step in this direc-
tion we propose a non-unitary model that is analytically

tractable thanks to extended symmetries.
Main results. We introduce and solve a new integrable

long-range model. It can be viewed as a long-range xx
model, a long-range model of non-unitary fermions, or a
long-range alternating gl(1|1) super-spin chain. It has

i) a family of conserved charges,
ii) extended symmetry,
iii) an extremely degenerate and simple spectrum.
The ‘parent model’ underlying our model is the xxz-

type counterpart of the HS chain [14, 19–21], reviewed
in [22]. It generalises the isotropic HS chain by break-
ing the su(2) spin symmetry to u(1) while preserving
its key properties. This underpins (i)–(iii). Crucially,
the extended spin symmetry of the HS chain remains
[14], where the Yangian is replaced by a quantum-a�ne
algebra, and, in particular, su(2) by its ‘quantisation’
Uq sl(2). Thus, the high degeneracies of the HS chain
persist. The deformation parameter q determines the
anisotropy parameter � = (q + q≠1)/2 of the Heisenberg
xxz chain, and q æ 1 gives the isotropic case. For real q,
most properties of the parent model match those of the
HS chain. Yet at root of unity, new features appear. Here
we consider the simple but important case q = i. For the
Heisenberg xxz chain this gives the xx model (� = 0),
equivalent to free fermions via the Jordan–Wigner trans-
formation, with Uq sl(2)|q=i spin symmetry depending on
the boundary conditions [6, 23, 24]. We study its long-
range counterpart by combining knowledge from the par-
ent model with fermionic techniques.

Our model has several striking features. Its properties
depend sensitively on the parity of the system size. In
this Letter we focus on an odd number of sites. Em-
ploying fermionic degrees of freedom that are related
to spins through the Temperley–Lieb (TL) algebra, we
can give three conserved charges from (i) explicitly. One
is a ‘quasi-translation’, which replaces the lattice trans-
lation since ordinary translational invariance is broken.
The second charge is free fermionic, and parity odd (chi-
ral). Since the third charge has quartic interactions and
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bility [23]. The interaction in the quartic hamiltonian
implements a statistical selection rule, forbidding occu-
pied successive mode numbers, that is inherited from the
parent model and matches the description of the HS chain
via ‘motifs’ [10]. This selection rule comes with high de-
generacies for the motifs to account for the full Hilbert
space. These degeneracies are caused by (ii), arising from
the parent model’s extended spin symmetry. The latter
includes a global symmetry algebra that contains gl(1|1)
and is the commutant of the free-fermion TL algebra [2].
Due to the linear dispersions, there are many additional
‘accidental’ degeneracies between di�erent motifs.
The model. Consider fermions hopping on a one-
dimensional lattice with an odd number N sites.

The simplest definition of our model uses non-unitary
fermionic operators with anticommutation relations [3]

{fi, f
+
j } = (≠1)i

”ij , {fi, fj} = {f
+
i , f

+
j } = 0 . (1)

They are related to canonical Jordan–Wigner fermions
as fj = (≠i)j

cj , f
+
j = (≠i)j

c
†
j . The fs will avoid a

proliferation of factors of i and make the symmetries more
transparent. From the two-site fermionic operators

gi © fi + fi+1 , g
+
i = f

+
i + f

+
i+1 , 1 6 i < N , (2)

we construct the quadratic combinations

ei © g
+
i gi , 1 6 i < N , (3)

which obey the free-fermion TL algebra relations

e
2
i = 0 , ei ei±1 ei = ei , [ei, ej ] = 0 if |i≠ j| > 1 . (4)

Further define the nested TL commutators [19, § C]

e[i,j] © [[· · · [ei, ei+1], · · · ], ej ]
= sij

!
g

+
j gi + (≠1)i≠j

g
+
i gj

"
, i ”= j ,

(5)

where sij © (≠1)(i≠j)(i+j≠1)/2, and we set e[i,i] © ei.
Note that (5) is bilinear in the fermions (1). Finally set

tk © tan fik
N , tk,l ©

rl≠1
i=k ti (k < l) , tk,k © 1 . (6)

Then the chiral hamiltonian reads

Hl = i
2

ÿ

16i6j<N

h
l
ij e[i,j] ,

h
l
ij ©

Nÿ

n=j+1
tn≠j,n≠i

!
1 ≠ (≠1)i

t
2
n≠i,n

"
.

(7)

This is a quadratic (free-fermion) hamiltonian describing
long-range hopping. It is not translationally invariant:
the amplitudes h

l
ij do not only depend on the distance

i ≠ j, and sites N, 1 are not on the same footing as other
neighbours i, i + 1. Instead, the standard translation op-
erator is replaced by the quasi-translation operator

G = (1 + tN≠1 eN≠1) · · · (1 + t1 e1) , GN = 1 . (8)

The model is integrable: there exists a hierarchy of con-
served charges that commute with each other and (7).
We can explicitly write down the next charge, which is
a linear combination of anticommutators of the nested
commutators (5) with coe�cients like in (7),

H = ≠
1

4N

N≠1ÿ

i6j<k6l

!
h

l
ij;kl + h

r
ij;kl

" )
e[i,j], e[k,l]

*
, (9)

h
l
ij;kl © (≠1)k≠j

Nÿ

n(>l)
tn≠l,n≠j tn≠k,n≠i

!
1 ≠ (≠1)i

t
2
n≠i,n

"
,

h
r
ij;kl © (≠1)l≠j+k≠i

h
l
N≠l,N≠k;N≠j,N≠i .

Integrability guarantees that these quantities, and higher
charges that we do not give here, mutually commute,

#
G, Hl$

=
#
G, H

$
=

#
Hl

, H
$

= 0 . (10)

The existence of this hierarchy of commuting charges,
and their expressions, stem from the parent model [19].

Symmetries. The commuting charges (7)–(9) have var-
ious symmetries and transformation properties.

Parity. Parity acts by reversal of the lattice sites
P(fi) = fN+1≠i. This preserves the anticommutation
relations (1) since N is odd. The TL generators trans-
form as P(ei) = eN≠i. The chiral hamiltonian (7) is not
invariant under parity, whence its name. It is a highly
nontrivial result that P(Hl) = ≠Hl [19]. We have

P(Hl) = ≠Hl
, P(H) = H , P(G) = G≠1

, (11)

where the last relation uses ti = ≠tN≠i.
Time reversal. We define time reversal as complex

conjugation of the coe�cients with respect to the Fock
basis f

+
i1

· · · f
+
iM

|?Í. Thus T(ei) = ei, and

T(Hl) = ≠Hl
, T(H) = H , T(G) = G . (12)

Since the hamiltonians (and their eigenstates) are PT-
invariant, their spectrum is real [25–28]. The same is
true for the ‘quasi-momentum’ p = ≠i log G.

Particle-hole transformation. Another simple opera-
tion, which we interpret as the charge conjugation, ex-
changes the creation and annihilation operators

C(fi) = f
+
i , C(f+

i ) = fi . (13)

Then C(ei) = ≠ei, preserving (4). If we complement this
for (7)–(9) by formally replacing ti æ ≠ti we get

C(Hl) = ≠Hl
, C(H) = H , C(G) = G . (14)

See [19] for details. preceding to be checked
Global symmetry. The model can be seen as a long-

range spin chain with alternating gl(1|1)-representations.
Recall that gl(1|1) has two bosonic and two fermionic

12

conserved charges symmetry
HS chain Ghs Hhs Hhs Hhs su(2) su(2) Yangian

parent model G(q) Hl(q) Hl(q) + Hr(q)
q + q≠1 Hr(q) Uq sl(2) quantum-a�ne gl(2)

this paper G Hl H ≠Hl A1|1 extended (gl(1|1) Yangian?)

Table I. Correspondence of the conserved charges and symmetries of the HS chain, parent model, and the model studied here.

2. Explicit formulas for the hamiltonians

Let us expand the chiral spin interactions around q = i as

Sl,r
[i,j](q) = Sl,r

[i,j] + q + q≠1

2 S̃l,r
[i,j] + O

!
(q + q≠1)2"

, Sl,r
[i,j] © Sl,r

[i,j](i) , S̃l,r
[i,j] © ˆq|q=i Sl,r

[i,j](q) . (B.13)

Since (B.7) holds up to quadratic corrections we have

Hl,r = i
2

N≠1ÿ

i=1

N≠iÿ

k=1

!
1 + t

2
k

"
Sl,r

[i,i+k] ,

H = 1
4N

N≠1ÿ

i=1

N≠iÿ

k=1

!
1 + t

2
k

" !
S̃l

[i,i+k] + S̃r
[i,i+k]

"
,

(B.14)

Remarkably, the complicated spin operators can be written explicitly in terms of nested commutators of adjacent
Temperley–Lieb generators,

e[l,m] © [el, [el+1, . . . [em≠1, em] . . .]] = [[. . . [el, el+1], . . . em≠1], em] , i 6 l < m < j . (B.15)

Note that e[k,k] = ek is just a single Temperley–Lieb generator. The commutators in (B.15) can be nested from
left to right or from right to left, as can be proven by induction using the Jacobi identity. Note that it su�ces to
consider commutators of strings of successive Temperley–Lieb generators, since non-successive generators commute,
which implies that the nested commutators vanish if any ek with l 6 k 6 m is missing from the string.

a. Chiral hamiltonians. In § B 3 we will use the recursive structure of the spin interactions to show that the

Sl
[i,i+k] =

ÿ

06l6m<k

(≠1)l
tk≠m,k≠l t

2
k≠l,k e[i+l,i+m] ,

Sr
[i,i+k] =

ÿ

06l6m<k

(≠1)k≠l≠1
tl+1,m+1 t

2
m+1,k e[i+l,i+m] ,

(B.16)

where denote products of the tangents (B.4) as

tk,l ©

l≠1Ÿ

i=k

ti (k < l) , tk,k © 1 . (B.17)

For our purposes it will be more convenient to rewrite (B.16) in the more symmetric form

Sl,r
[i,i+k] =

ÿ

06l6m<k

Î
l,r
l,m,k≠1 e[i+l,i+m] , Î

l
l,m,k≠1 © (≠1)l

tk≠l,k tk≠m,k , Î
r
l,m,k © Î

l
k≠l,k≠m,k . (B.18)

Note that (B.17) makes sense for any k 6 l, and the coe�cients in (B.18) for arbitrary k and nonnegative l, m.
Plugging (B.18) into the expression (B.14) for the chiral hamiltonians one obtains

Hl,r = i
2

ÿ

16i6j<N

h
l,r
ij e[i,j] , (B.19)•  the two chiral Hamiltonians
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with the nested commutators have coe�cients

h
l,r
ij ©

iÿ

l=1

N≠1ÿ

m=j

!
1 + t

2
m≠l+1

"
Î

l,r
i≠l,j≠l,m≠l , h

l,r
ji © (≠1)j≠i

h
l,r
ij , i 6 j . (B.20)

Now, using the l-r-symmetry Î
r
l,m,k = Î

l
k≠l,k≠m,k and changing indices, it can be checked that the coe�cients of the

chiral hamiltonians (B.19) are related by

h
r
ij = (≠1)j≠i

h
l
N≠j,N≠i . (B.21)

Furthermore, h
l
ij can be simplified using t

2
m≠l+1 Î

l
i≠l,j≠l,m≠l = ≠Î

l
i≠(l≠1),j≠(l≠1),m≠(l≠1), which follows from the defi-

nitions. As such, coe�cients in h
l
ij telescope over the l variable to yield

h
l
ij =

N≠1ÿ

m=j

!
Î

l
0, j≠i, m≠i ≠ Î

l
i,j,m

"
. (B.22)

This can be more explicitly factorised as

h
l
ij =

Nÿ

n=j+1
tn≠j,n≠i

!
1 ≠ (≠1)i

t
2
n≠i,n

"
, (B.23)

which is useful for numerical computations. This proves (7) from the main text once we show (B.16). In § E 3 a we
will furthermore establish, using a rather technical analytic proof, that for any i, j

h
r
ij = ≠h

l
ij , (B.24)

which means that (B.10) holds coe�cient by coe�cient in terms of the nested TL commutators. This is the origin of
the first equality in (11).

b. Full hamiltonian. To find an explicit expression for H we need the next term in the expansion (B.13) of the
spin operators. As we will outline in § B 3, they can be written as anticommutators of the nested commutators (B.15):

S̃l
[i,i+k] =

ÿ

06j6l<m6n<k

(≠1)n≠1
tk≠n,k≠l tk≠m,k≠j t

2
k≠j,k

)
e[i+n,i+m], e[i+l,i+j]

*
,

S̃r
[i,i+k] =

ÿ

06j6l<m6n<k

(≠1)k≠j
tj+1,m+1 tl+1,n+1 t

2
n+1,k

)
e[i+j,i+l], e[i+m,i+n]

*
.

(B.25)

After combining all the factors and telescoping the sums like before we obtain

H = ≠
1

4N

ÿ

16i6j<k6l<N

!
h

l
ij;kl + h

r
ij;kl

" )
e[i,j], e[k,l]

*
, (B.26)

with

h
l
ij;kl = (≠1)k≠j

Nÿ

n=l+1
tn≠l,n≠j tn≠k,n≠i

!
1 ≠ (≠1)i

t
2
n≠i,n

"
,

h
r
ij;kl = (≠1)l≠i

i≠1ÿ

n=0
ti≠n,k≠n tj≠n,l≠n

!
1 ≠ (≠1)N≠l

t
2
l≠n,N≠n

"

= (≠1)l≠j+k≠i
h

l
N≠l,N≠k;N≠j,N≠i .

(B.27)

This is (9) from the main text.
c. Example. For instance, at N = 3, we have

Hl = i
2

1
t1

!
1 + t

2
2
"

[e1, e2] +
!
2 + t

2
1 + t

2
2
"

e1 +
!
1 ≠ t

2
1 t

2
2
"

e2
2

= 2 i
!Ô

3 [e1, e2] + 2 (e1 ≠ e2)
"

,

H = 1
6

!
1 + t

2
2
"

t
2
1 {e1, e2} = 2 {e1, e2} .

(B.28)

with explicit coefficients
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with the nested commutators have coe�cients

h
l,r
ij ©

iÿ

l=1

N≠1ÿ

m=j

!
1 + t

2
m≠l+1

"
Î

l,r
i≠l,j≠l,m≠l , h

l,r
ji © (≠1)j≠i

h
l,r
ij , i 6 j . (B.20)

Now, using the l-r-symmetry Î
r
l,m,k = Î

l
k≠l,k≠m,k and changing indices, it can be checked that the coe�cients of the

chiral hamiltonians (B.19) are related by

h
r
ij = (≠1)j≠i

h
l
N≠j,N≠i . (B.21)

Furthermore, h
l
ij can be simplified using t

2
m≠l+1 Î

l
i≠l,j≠l,m≠l = ≠Î

l
i≠(l≠1),j≠(l≠1),m≠(l≠1), which follows from the defi-

nitions. As such, coe�cients in h
l
ij telescope over the l variable to yield

h
l
ij =

N≠1ÿ

m=j

!
Î

l
0, j≠i, m≠i ≠ Î

l
i,j,m

"
. (B.22)

This can be more explicitly factorised as

h
l
ij =

Nÿ

n=j+1
tn≠j,n≠i

!
1 ≠ (≠1)i

t
2
n≠i,n

"
, (B.23)

which is useful for numerical computations. This proves (7) from the main text once we show (B.16). In § E 3 a we
will furthermore establish, using a rather technical analytic proof, that for any i, j

h
r
ij = ≠h

l
ij , (B.24)

which means that (B.10) holds coe�cient by coe�cient in terms of the nested TL commutators. This is the origin of
the first equality in (11).

b. Full hamiltonian. To find an explicit expression for H we need the next term in the expansion (B.13) of the
spin operators. As we will outline in § B 3, they can be written as anticommutators of the nested commutators (B.15):

S̃l
[i,i+k] =

ÿ

06j6l<m6n<k

(≠1)n≠1
tk≠n,k≠l tk≠m,k≠j t

2
k≠j,k

)
e[i+n,i+m], e[i+l,i+j]

*
,

S̃r
[i,i+k] =

ÿ

06j6l<m6n<k

(≠1)k≠j
tj+1,m+1 tl+1,n+1 t

2
n+1,k

)
e[i+j,i+l], e[i+m,i+n]

*
.

(B.25)

After combining all the factors and telescoping the sums like before we obtain

H = ≠
1

4N

ÿ

16i6j<k6l<N

!
h

l
ij;kl + h

r
ij;kl

" )
e[i,j], e[k,l]

*
, (B.26)

with

h
l
ij;kl = (≠1)k≠j

Nÿ

n=l+1
tn≠l,n≠j tn≠k,n≠i

!
1 ≠ (≠1)i

t
2
n≠i,n

"
,

h
r
ij;kl = (≠1)l≠i

i≠1ÿ

n=0
ti≠n,k≠n tj≠n,l≠n

!
1 ≠ (≠1)N≠l

t
2
l≠n,N≠n

"

= (≠1)l≠j+k≠i
h

l
N≠l,N≠k;N≠j,N≠i .

(B.27)

This is (9) from the main text.
c. Example. For instance, at N = 3, we have

Hl = i
2

1
t1

!
1 + t

2
2
"

[e1, e2] +
!
2 + t

2
1 + t

2
2
"

e1 +
!
1 ≠ t

2
1 t

2
2
"

e2
2

= 2 i
!Ô

3 [e1, e2] + 2 (e1 ≠ e2)
"

,

H = 1
6

!
1 + t

2
2
"

t
2
1 {e1, e2} = 2 {e1, e2} .

(B.28)

• the non-chiral Hamiltonian
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with the nested commutators have coe�cients

h
l,r
ij ©

iÿ

l=1

N≠1ÿ

m=j

!
1 + t

2
m≠l+1

"
Î

l,r
i≠l,j≠l,m≠l , h

l,r
ji © (≠1)j≠i

h
l,r
ij , i 6 j . (B.20)

Now, using the l-r-symmetry Î
r
l,m,k = Î

l
k≠l,k≠m,k and changing indices, it can be checked that the coe�cients of the

chiral hamiltonians (B.19) are related by

h
r
ij = (≠1)j≠i

h
l
N≠j,N≠i . (B.21)

Furthermore, h
l
ij can be simplified using t

2
m≠l+1 Î

l
i≠l,j≠l,m≠l = ≠Î

l
i≠(l≠1),j≠(l≠1),m≠(l≠1), which follows from the defi-

nitions. As such, coe�cients in h
l
ij telescope over the l variable to yield

h
l
ij =

N≠1ÿ

m=j

!
Î

l
0, j≠i, m≠i ≠ Î

l
i,j,m

"
. (B.22)

This can be more explicitly factorised as

h
l
ij =

Nÿ

n=j+1
tn≠j,n≠i

!
1 ≠ (≠1)i

t
2
n≠i,n

"
, (B.23)

which is useful for numerical computations. This proves (7) from the main text once we show (B.16). In § E 3 a we
will furthermore establish, using a rather technical analytic proof, that for any i, j

h
r
ij = ≠h

l
ij , (B.24)

which means that (B.10) holds coe�cient by coe�cient in terms of the nested TL commutators. This is the origin of
the first equality in (11).

b. Full hamiltonian. To find an explicit expression for H we need the next term in the expansion (B.13) of the
spin operators. As we will outline in § B 3, they can be written as anticommutators of the nested commutators (B.15):

S̃l
[i,i+k] =

ÿ

06j6l<m6n<k

(≠1)n≠1
tk≠n,k≠l tk≠m,k≠j t

2
k≠j,k

)
e[i+n,i+m], e[i+l,i+j]

*
,

S̃r
[i,i+k] =

ÿ

06j6l<m6n<k

(≠1)k≠j
tj+1,m+1 tl+1,n+1 t

2
n+1,k

)
e[i+j,i+l], e[i+m,i+n]

*
.

(B.25)

After combining all the factors and telescoping the sums like before we obtain

H = ≠
1

4N

ÿ

16i6j<k6l<N

!
h

l
ij;kl + h

r
ij;kl

" )
e[i,j], e[k,l]

*
, (B.26)

with

h
l
ij;kl = (≠1)k≠j

Nÿ

n=l+1
tn≠l,n≠j tn≠k,n≠i

!
1 ≠ (≠1)i

t
2
n≠i,n

"
,

h
r
ij;kl = (≠1)l≠i

i≠1ÿ

n=0
ti≠n,k≠n tj≠n,l≠n

!
1 ≠ (≠1)N≠l

t
2
l≠n,N≠n

"

= (≠1)l≠j+k≠i
h

l
N≠l,N≠k;N≠j,N≠i .

(B.27)

This is (9) from the main text.
c. Example. For instance, at N = 3, we have

Hl = i
2

1
t1

!
1 + t

2
2
"

[e1, e2] +
!
2 + t

2
1 + t

2
2
"

e1 +
!
1 ≠ t

2
1 t

2
2
"

e2
2

= 2 i
!Ô

3 [e1, e2] + 2 (e1 ≠ e2)
"

,

H = 1
6

!
1 + t

2
2
"

t
2
1 {e1, e2} = 2 {e1, e2} .

(B.28)

• the quasi-translation operator

2

bility [23]. The interaction in the quartic hamiltonian
implements a statistical selection rule, forbidding occu-
pied successive mode numbers, that is inherited from the
parent model and matches the description of the HS chain
via ‘motifs’ [10]. This selection rule comes with high de-
generacies for the motifs to account for the full Hilbert
space. These degeneracies are caused by (ii), arising from
the parent model’s extended spin symmetry. The latter
includes a global symmetry algebra that contains gl(1|1)
and is the commutant of the free-fermion TL algebra [2].
Due to the linear dispersions, there are many additional
‘accidental’ degeneracies between di�erent motifs.
The model. Consider fermions hopping on a one-
dimensional lattice with an odd number N sites.

The simplest definition of our model uses non-unitary
fermionic operators with anticommutation relations [3]

{fi, f
+
j } = (≠1)i

”ij , {fi, fj} = {f
+
i , f

+
j } = 0 . (1)

They are related to canonical Jordan–Wigner fermions
as fj = (≠i)j

cj , f
+
j = (≠i)j

c
†
j . The fs will avoid a

proliferation of factors of i and make the symmetries more
transparent. From the two-site fermionic operators

gi © fi + fi+1 , g
+
i = f

+
i + f

+
i+1 , 1 6 i < N , (2)

we construct the quadratic combinations

ei © g
+
i gi , 1 6 i < N , (3)

which obey the free-fermion TL algebra relations

e
2
i = 0 , ei ei±1 ei = ei , [ei, ej ] = 0 if |i≠ j| > 1 . (4)

Further define the nested TL commutators [19, § C]

e[i,j] © [[· · · [ei, ei+1], · · · ], ej ]
= sij

!
g

+
j gi + (≠1)i≠j

g
+
i gj

"
, i ”= j ,

(5)

where sij © (≠1)(i≠j)(i+j≠1)/2, and we set e[i,i] © ei.
Note that (5) is bilinear in the fermions (1). Finally set

tk © tan fik
N , tk,l ©

rl≠1
i=k ti (k < l) , tk,k © 1 . (6)

Then the chiral hamiltonian reads

Hl = i
2

ÿ

16i6j<N

h
l
ij e[i,j] ,

h
l
ij ©

Nÿ

n=j+1
tn≠j,n≠i

!
1 ≠ (≠1)i

t
2
n≠i,n

"
.

(7)

This is a quadratic (free-fermion) hamiltonian describing
long-range hopping. It is not translationally invariant:
the amplitudes h

l
ij do not only depend on the distance

i ≠ j, and sites N, 1 are not on the same footing as other
neighbours i, i + 1. Instead, the standard translation op-
erator is replaced by the quasi-translation operator

G = (1 + tN≠1 eN≠1) · · · (1 + t1 e1) , GN = 1 . (8)

The model is integrable: there exists a hierarchy of con-
served charges that commute with each other and (7).
We can explicitly write down the next charge, which is
a linear combination of anticommutators of the nested
commutators (5) with coe�cients like in (7),

H = ≠
1

4N

N≠1ÿ

i6j<k6l

!
h

l
ij;kl + h

r
ij;kl

" )
e[i,j], e[k,l]

*
, (9)

h
l
ij;kl © (≠1)k≠j

Nÿ

n(>l)
tn≠l,n≠j tn≠k,n≠i

!
1 ≠ (≠1)i

t
2
n≠i,n

"
,

h
r
ij;kl © (≠1)l≠j+k≠i

h
l
N≠l,N≠k;N≠j,N≠i .

Integrability guarantees that these quantities, and higher
charges that we do not give here, mutually commute,

#
G, Hl$

=
#
G, H

$
=

#
Hl

, H
$

= 0 . (10)

The existence of this hierarchy of commuting charges,
and their expressions, stem from the parent model [19].

Symmetries. The commuting charges (7)–(9) have var-
ious symmetries and transformation properties.

Parity. Parity acts by reversal of the lattice sites
P(fi) = fN+1≠i. This preserves the anticommutation
relations (1) since N is odd. The TL generators trans-
form as P(ei) = eN≠i. The chiral hamiltonian (7) is not
invariant under parity, whence its name. It is a highly
nontrivial result that P(Hl) = ≠Hl [19]. We have

P(Hl) = ≠Hl
, P(H) = H , P(G) = G≠1

, (11)

where the last relation uses ti = ≠tN≠i.
Time reversal. We define time reversal as complex

conjugation of the coe�cients with respect to the Fock
basis f

+
i1

· · · f
+
iM

|?Í. Thus T(ei) = ei, and

T(Hl) = ≠Hl
, T(H) = H , T(G) = G . (12)

Since the hamiltonians (and their eigenstates) are PT-
invariant, their spectrum is real [25–28]. The same is
true for the ‘quasi-momentum’ p = ≠i log G.

Particle-hole transformation. Another simple opera-
tion, which we interpret as the charge conjugation, ex-
changes the creation and annihilation operators

C(fi) = f
+
i , C(f+

i ) = fi . (13)

Then C(ei) = ≠ei, preserving (4). If we complement this
for (7)–(9) by formally replacing ti æ ≠ti we get

C(Hl) = ≠Hl
, C(H) = H , C(G) = G . (14)

See [19] for details. preceding to be checked
Global symmetry. The model can be seen as a long-

range spin chain with alternating gl(1|1)-representations.
Recall that gl(1|1) has two bosonic and two fermionic

2

bility [23]. The interaction in the quartic hamiltonian
implements a statistical selection rule, forbidding occu-
pied successive mode numbers, that is inherited from the
parent model and matches the description of the HS chain
via ‘motifs’ [10]. This selection rule comes with high de-
generacies for the motifs to account for the full Hilbert
space. These degeneracies are caused by (ii), arising from
the parent model’s extended spin symmetry. The latter
includes a global symmetry algebra that contains gl(1|1)
and is the commutant of the free-fermion TL algebra [2].
Due to the linear dispersions, there are many additional
‘accidental’ degeneracies between di�erent motifs.
The model. Consider fermions hopping on a one-
dimensional lattice with an odd number N sites.

The simplest definition of our model uses non-unitary
fermionic operators with anticommutation relations [3]

{fi, f
+
j } = (≠1)i

”ij , {fi, fj} = {f
+
i , f

+
j } = 0 . (1)

They are related to canonical Jordan–Wigner fermions
as fj = (≠i)j

cj , f
+
j = (≠i)j

c
†
j . The fs will avoid a

proliferation of factors of i and make the symmetries more
transparent. From the two-site fermionic operators

gi © fi + fi+1 , g
+
i = f

+
i + f

+
i+1 , 1 6 i < N , (2)

we construct the quadratic combinations

ei © g
+
i gi , 1 6 i < N , (3)

which obey the free-fermion TL algebra relations

e
2
i = 0 , ei ei±1 ei = ei , [ei, ej ] = 0 if |i≠ j| > 1 . (4)

Further define the nested TL commutators [19, § C]

e[i,j] © [[· · · [ei, ei+1], · · · ], ej ]
= sij

!
g

+
j gi + (≠1)i≠j

g
+
i gj

"
, i ”= j ,

(5)

where sij © (≠1)(i≠j)(i+j≠1)/2, and we set e[i,i] © ei.
Note that (5) is bilinear in the fermions (1). Finally set

tk © tan fik
N , tk,l ©

rl≠1
i=k ti (k < l) , tk,k © 1 . (6)

Then the chiral hamiltonian reads

Hl = i
2

ÿ

16i6j<N

h
l
ij e[i,j] ,

h
l
ij ©

Nÿ

n=j+1
tn≠j,n≠i

!
1 ≠ (≠1)i

t
2
n≠i,n

"
.

(7)

This is a quadratic (free-fermion) hamiltonian describing
long-range hopping. It is not translationally invariant:
the amplitudes h

l
ij do not only depend on the distance

i ≠ j, and sites N, 1 are not on the same footing as other
neighbours i, i + 1. Instead, the standard translation op-
erator is replaced by the quasi-translation operator

G = (1 + tN≠1 eN≠1) · · · (1 + t1 e1) , GN = 1 . (8)

The model is integrable: there exists a hierarchy of con-
served charges that commute with each other and (7).
We can explicitly write down the next charge, which is
a linear combination of anticommutators of the nested
commutators (5) with coe�cients like in (7),

H = ≠
1

4N

N≠1ÿ

i6j<k6l

!
h

l
ij;kl + h

r
ij;kl

" )
e[i,j], e[k,l]

*
, (9)

h
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ij;kl © (≠1)k≠j

Nÿ

n(>l)
tn≠l,n≠j tn≠k,n≠i

!
1 ≠ (≠1)i

t
2
n≠i,n

"
,

h
r
ij;kl © (≠1)l≠j+k≠i

h
l
N≠l,N≠k;N≠j,N≠i .

Integrability guarantees that these quantities, and higher
charges that we do not give here, mutually commute,

#
G, Hl$

=
#
G, H

$
=

#
Hl

, H
$

= 0 . (10)

The existence of this hierarchy of commuting charges,
and their expressions, stem from the parent model [19].

Symmetries. The commuting charges (7)–(9) have var-
ious symmetries and transformation properties.

Parity. Parity acts by reversal of the lattice sites
P(fi) = fN+1≠i. This preserves the anticommutation
relations (1) since N is odd. The TL generators trans-
form as P(ei) = eN≠i. The chiral hamiltonian (7) is not
invariant under parity, whence its name. It is a highly
nontrivial result that P(Hl) = ≠Hl [19]. We have

P(Hl) = ≠Hl
, P(H) = H , P(G) = G≠1

, (11)

where the last relation uses ti = ≠tN≠i.
Time reversal. We define time reversal as complex

conjugation of the coe�cients with respect to the Fock
basis f

+
i1

· · · f
+
iM

|?Í. Thus T(ei) = ei, and

T(Hl) = ≠Hl
, T(H) = H , T(G) = G . (12)

Since the hamiltonians (and their eigenstates) are PT-
invariant, their spectrum is real [25–28]. The same is
true for the ‘quasi-momentum’ p = ≠i log G.

Particle-hole transformation. Another simple opera-
tion, which we interpret as the charge conjugation, ex-
changes the creation and annihilation operators

C(fi) = f
+
i , C(f+

i ) = fi . (13)

Then C(ei) = ≠ei, preserving (4). If we complement this
for (7)–(9) by formally replacing ti æ ≠ti we get

C(Hl) = ≠Hl
, C(H) = H , C(G) = G . (14)

See [19] for details. preceding to be checked
Global symmetry. The model can be seen as a long-

range spin chain with alternating gl(1|1)-representations.
Recall that gl(1|1) has two bosonic and two fermionic

generalises the XXZ Hamiltonian                                      at

• Wave functions from the exact solution? The vanishing of some wave-functions?
Eigenfunctions for the non-renormalised Hamiltonian

• Higher conserved quantities and their eigenfunctions (what about the quasi momen-
tum?)

1 The nearest-neighbour XXZ spin chain

The XXZ model is the paradigm of nearest-neighbour integrable spin models. Its Hamilto-
nian is given by

HXXZ =

NX

j=1

S[j,j+1] (1.1)

where

S[j,j+1] =
1

2

⇣
�
x
j �

x
j+1 + �

y
j �

y
j+1

+��
z
j�

z
j+1 ��

⌘

= �
+

j �
�
j+1

+ �
�
j �

+

j+1
+

�

2

�
�
z
j�

z
j+1 � 1

�
. (1.2)

and we assume periodic boundary conditions, �a
j = �

a
j+N . A convenient parametrisation

for the spin isotropy is

� =
q + q

�1

2
. (1.3)

When q is real � � 1, while for q unimodular |q| = 1, �  1. The Hamiltonian density in
(1.1) is closely related to the generators of a Temperley–Lieb algebra,

ej = �S[j,j+1] �
q� q

�1

4
(�

z
j � �

z
j+1) , (1.4)

where the generator ej is q-anti-symmetriser on the sites j and j+1 satisfying the relations

e
2

j = (q + q
�1

) ej (1.5)

with matrix

ej =

0

BBBB@

0 0 0 0

0 q
�1

�1 0

0 �1 q 0

0 0 0 0

1

CCCCA

j,j+1

. (1.6)

Write down the other relations of TL generators. ej ej±1 ej = ej and [ei, ej ] = 0 if |i�j| > 1.
Upon summation, in the periodic case the last term in (1.4) cancel such that the Hamiltonian
becomes

HXXZ = �

NX

j=1

ej . (1.7)
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Since the Temperley–Lieb generators belong to the centraliser of the Uq(sl2) algebra, for
the open case the Hamiltonian

H
open

XXZ
= �

N�1X

j=1

ej =

N�1X

j=1

S[j,j+1] +
q� q

�1

4
(�

z
1 � �

z
N ) . (1.8)

has quantum group symmetry [1]. 1

The structure of the underlying quantum group Uq(sl2) at q root of unity is special,
and the case q = i is one of the simplest and most fascinating examples of solvable models
in this class. In this particular case � = 0 and the periodic model is equivalent to free
fermions via the Jordan-Wigner transformation,

HXX =

NX

j=1

⇣
�
+

j+1
�
�
j + �

+

j �
�
j+1

⌘
=

NX

j=1

⇣
c
+

j cj+1 + c
+

j+1
cj

⌘
(1.9)

where the fermionic creation and annihilation operators are defined as

c
+

j = e
i⇡
2

Pj�1
l=1 (�

z
l +1)

�
+

j , cj = e
� i⇡

2

Pj�1
l=1 (�

z
l +1)

�
�
j . (1.10)

The Jordan-Wigner transformation is non-local, and the string e
i⇡
2

Pj�1
l=1 (�

z
l +1) is introduced

to correct the commutation relations of the spin operators at different sites j 6= k from
[�

+

j ,�
�
k ] = 0 to {c

+

j , ck} = 0, so that {c
+

j , ck} = �jk. The number of fermions at the site
j is given by Nj = c

+

j cj =
1

2
(�

z
l + 1), which means that | # ij is an empty state at site j

and | " ij is a state occupied by one fermion. The spectrum is easily obtained by Fourier
transform,

c
+

j =
1

p
N

NX

k=1

e
2⇡ikj/N

a
+

k , (1.11)

so that the Hamiltonian (1.9) becomes

HXX = 2

NX

k=1

cos
2⇡k

N
a
+

k ak . (1.12)

Since
PN

k=1
cos

2⇡k
N = 0 the system has a particle-hole symmetry; if bk = a

+

k and b
+

k = ak,
the new fermionic operators obey canonical anti-commutation relations and

HXX = �2

NX

k=1

cos
2⇡k

N
b
+

k bk . (1.13)

1
This Uq(sl2) symmetric open Heisenberg spin chain is formally obtained from the chiral q-deformed

Haldane–Shastry Hamiltonians H
l,r

if we evaluate zj 7! $
j�1

, multiply by $N/[N ] and take either braid-

like limit $
±1 ! 1. Note that this procedure breaks the quantum loop symmetry, the commutativity of

the Hamiltonians with the other abelian symmetries (such as the q-translation operator G, which becomes

the Hecke translation).
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bility [23]. The interaction in the quartic hamiltonian
implements a statistical selection rule, forbidding occu-
pied successive mode numbers, that is inherited from the
parent model and matches the description of the HS chain
via ‘motifs’ [10]. This selection rule comes with high de-
generacies for the motifs to account for the full Hilbert
space. These degeneracies are caused by (ii), arising from
the parent model’s extended spin symmetry. The latter
includes a global symmetry algebra that contains gl(1|1)
and is the commutant of the free-fermion TL algebra [2].
Due to the linear dispersions, there are many additional
‘accidental’ degeneracies between di�erent motifs.
The model. Consider fermions hopping on a one-
dimensional lattice with an odd number N sites.

The simplest definition of our model uses non-unitary
fermionic operators with anticommutation relations [3]

{fi, f
+
j } = (≠1)i

”ij , {fi, fj} = {f
+
i , f

+
j } = 0 . (1)

They are related to canonical Jordan–Wigner fermions
as fj = (≠i)j

cj , f
+
j = (≠i)j

c
†
j . The fs will avoid a

proliferation of factors of i and make the symmetries more
transparent. From the two-site fermionic operators

gi © fi + fi+1 , g
+
i = f

+
i + f

+
i+1 , 1 6 i < N , (2)

we construct the quadratic combinations

ei © g
+
i gi , 1 6 i < N , (3)

which obey the free-fermion TL algebra relations

e
2
i = 0 , ei ei±1 ei = ei , [ei, ej ] = 0 if |i≠ j| > 1 . (4)

Further define the nested TL commutators [19, § C]

e[i,j] © [[· · · [ei, ei+1], · · · ], ej ]
= sij

!
g

+
j gi + (≠1)i≠j

g
+
i gj

"
, i ”= j ,

(5)

where sij © (≠1)(i≠j)(i+j≠1)/2, and we set e[i,i] © ei.
Note that (5) is bilinear in the fermions (1). Finally set

tk © tan fik
N , tk,l ©

rl≠1
i=k ti (k < l) , tk,k © 1 . (6)

Then the chiral hamiltonian reads

Hl = i
2

ÿ

16i6j<N

h
l
ij e[i,j] ,

h
l
ij ©

Nÿ

n=j+1
tn≠j,n≠i

!
1 ≠ (≠1)i

t
2
n≠i,n

"
.

(7)

This is a quadratic (free-fermion) hamiltonian describing
long-range hopping. It is not translationally invariant:
the amplitudes h

l
ij do not only depend on the distance

i ≠ j, and sites N, 1 are not on the same footing as other
neighbours i, i + 1. Instead, the standard translation op-
erator is replaced by the quasi-translation operator

G = (1 + tN≠1 eN≠1) · · · (1 + t1 e1) , GN = 1 . (8)

The model is integrable: there exists a hierarchy of con-
served charges that commute with each other and (7).
We can explicitly write down the next charge, which is
a linear combination of anticommutators of the nested
commutators (5) with coe�cients like in (7),

H = ≠
1

4N

N≠1ÿ

i6j<k6l

!
h

l
ij;kl + h

r
ij;kl

" )
e[i,j], e[k,l]

*
, (9)

h
l
ij;kl © (≠1)k≠j

Nÿ

n(>l)
tn≠l,n≠j tn≠k,n≠i

!
1 ≠ (≠1)i

t
2
n≠i,n

"
,

h
r
ij;kl © (≠1)l≠j+k≠i

h
l
N≠l,N≠k;N≠j,N≠i .

Integrability guarantees that these quantities, and higher
charges that we do not give here, mutually commute,

#
G, Hl$

=
#
G, H

$
=

#
Hl

, H
$

= 0 . (10)

The existence of this hierarchy of commuting charges,
and their expressions, stem from the parent model [19].

Symmetries. The commuting charges (7)–(9) have var-
ious symmetries and transformation properties.

Parity. Parity acts by reversal of the lattice sites
P(fi) = fN+1≠i. This preserves the anticommutation
relations (1) since N is odd. The TL generators trans-
form as P(ei) = eN≠i. The chiral hamiltonian (7) is not
invariant under parity, whence its name. It is a highly
nontrivial result that P(Hl) = ≠Hl [19]. We have

P(Hl) = ≠Hl
, P(H) = H , P(G) = G≠1

, (11)

where the last relation uses ti = ≠tN≠i.
Time reversal. We define time reversal as complex

conjugation of the coe�cients with respect to the Fock
basis f

+
i1

· · · f
+
iM

|?Í. Thus T(ei) = ei, and

T(Hl) = ≠Hl
, T(H) = H , T(G) = G . (12)

Since the hamiltonians (and their eigenstates) are PT-
invariant, their spectrum is real [25–28]. The same is
true for the ‘quasi-momentum’ p = ≠i log G.

Particle-hole transformation. Another simple opera-
tion, which we interpret as the charge conjugation, ex-
changes the creation and annihilation operators

C(fi) = f
+
i , C(f+

i ) = fi . (13)

Then C(ei) = ≠ei, preserving (4). If we complement this
for (7)–(9) by formally replacing ti æ ≠ti we get

C(Hl) = ≠Hl
, C(H) = H , C(G) = G . (14)

See [19] for details. preceding to be checked
Global symmetry. The model can be seen as a long-

range spin chain with alternating gl(1|1)-representations.
Recall that gl(1|1) has two bosonic and two fermionic

together with the Temperley–Lieb relation (1.5) ensures that Řk,k+1(u) Řk,k+1(u
�1

) = 1.
For q unimodular complex conjugation of Hl is the same as reversing all spins (conjugation
by �

x
1
· · ·�

x
N ).

The interaction (3.5) is not symmetric under parity, i.e. under sending i ! N � i,
instead there exists another Hamiltonian

H
r
qHS =

[N ]q

N

X

1i<jN

V(i� j) S
r
[i,j] (3.8)

with

S
r
[i,j] =

 
(Y

j>k>i

Řk�1,k

�
!
k�i
�
!
ej�1

 
*Y

i<k<j

Řk�1,k

�
!
i�k
�
!
, i < j , (3.9)

such that the two Hamiltonians commute,

[H
l
qHS,H

r
qHS] = 0 , (3.10)

and a parity invariant Hamiltonian can be defined by the half-sum of the two operators,

HqHS ⌘
1

2

�
H

l
qHS +H

r
qHS

�
. (3.11)

H
l
= �H

r
, (3.12)

The spectrum of the left and right Hamiltonians is given in terms of ‘motifs’. A motif is a
collection of M = bN/2c = bN/2c? integers µ1, . . . , µM with N � 1 � µ1 > . . . > µM � 1

and two consecutive such integers are separated by a distance of at least two units, µk+1 >

µk + 1,

"
l,r

(µ) =

MX

m=1

"
l,r

(µm) (3.13)

with

"
l
(n) =

1

q� q�1

⇣
q
N�n

[n]q �
n

N
[N ]q

⌘
,

"
r
(n) =

�1

q� q�1

⇣
q
n�N

[n]q �
n

N
[N ]q

⌘
= "

l
(n)|q 7!q�1

(3.14)

such that the combined Hamiltonian has spectrum

"(n) =
1

2
("

l
(n) + "

r
(n)) =

1

2
[n]q [N � n]q , (3.15)

that is real when q is real or unimodular (|q| = 1).
The appropriate shift operator is the q-translation operator [5, 6]

G ⌘

(Y

L>k�1

Řk,k+1

�
!
�k
�
= ŘN�1,N

�
!
1�N

�
· · · Ř12

�
!
�1
�
. (3.16)
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is parity even, it is better suited for the role of hamil-
tonian. The extended symmetry (ii) requires special
‘quasi-periodic’ boundary conditions, which break uni-
tarity, cf. [23]. Nevertheless, by PT-invariance, the spec-
trum is real, cf. [25]. The reward for having complicated
interactions is that this spectrum is extremely simple as
in (iii): sums of quasiparticle energies with linear disper-
sions, comprising two branches that are associated with
even and odd mode numbers. Spin chains with linear
dispersions also arise in AdS3/CFT2 integrability [26].
The interaction in the quartic hamiltonian implements a
statistical selection rule, excluding occupation of succes-
sive mode numbers, that originates in the parent model
and matches the description of the HS chain via ‘mo-
tifs’ [15]. This selection rule comes with high degenera-
cies for the motifs to account for the full Hilbert space.
These degeneracies are caused by (ii), arising from the
parent model’s extended spin symmetry. The latter in-
cludes a global symmetry algebra that contains gl(1|1)
and is the commutant of the free-fermion TL algebra [5].
Due to the linear dispersions, there are many further ‘ac-
cidental’ degeneracies between di�erent motifs.
The model. Consider fermions hopping on a 1d lattice
with an odd number N sites. The simplest formulation
of our model uses non-unitary fermionic operators with
anticommutation relations [6]

{fi, f
+
j } = (≠1)i

”ij , {fi, fj} = {f
+
i , f

+
j } = 0 . (1)

They are related to canonical Jordan–Wigner fermions
as fj = (≠i)j

cj , f
+
j = (≠i)j

c
†
j . The fs will avoid a

proliferation of factors of i and make the symmetries more
transparent. From the two-site fermionic operators

gi © fi + fi+1 , g
+
i = f

+
i + f

+
i+1 , 1 6 i < N , (2)

we construct the quadratic combinations

ei © g
+
i gi , 1 6 i < N , (3)

which obey the free-fermion TL algebra relations

e
2
i = 0 , ei ei±1 ei = ei , [ei, ej ] = 0 if |i≠ j| > 1 . (4)

Further define the nested TL commutators [22, § C]

e[i,j] © [[· · · [ei, ei+1], · · · ], ej ]
= sij

!
g

+
j gi + (≠1)i≠j

g
+
i gj

"
, i ”= j ,

(5)

where sij © (≠1)(i≠j)(i+j≠1)/2, and we set e[i,i] © ei.
Note that (5) is bilinear in the fermions (1). Finally set

tk © tan fik
N , tk,l ©

rl≠1
i=k ti (k < l) , tk,k © 1 . (6)

Then the chiral hamiltonian reads

Hl = i
2

ÿ

16i6j<N

h
l
ij e[i,j] ,

h
l
ij ©

Nÿ

n=j+1
tn≠j,n≠i

!
1 ≠ (≠1)i

t
2
n≠i,n

"
.

(7)

This is a quadratic (free-fermion) hamiltonian describing
long-range hopping. It is not translationally invariant:
the amplitudes h

l
ij do not only depend on the distance

i ≠ j, and sites N, 1 are not on the same footing as other
neighbours i, i + 1. Instead, the standard translation op-
erator is replaced by the quasi-translation operator

G = (1 + tN≠1 eN≠1) · · · (1 + t1 e1) , GN = 1 . (8)

The model is integrable: there exists a hierarchy of con-
served charges that commute with each other and (7).
We can explicitly write down the next charge, which is
a linear combination of anticommutators of the nested
commutators (5) with coe�cients like in (7),

H = ≠
1

4N
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i6j<k6l

!
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ij;kl + h
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*
, (9)
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Integrability guarantees that these quantities, and higher
charges that we do not give here, mutually commute,

#
G, Hl$

=
#
G, H

$
=

#
Hl

, H
$

= 0 . (10)

The existence of this hierarchy of commuting charges,
and their expressions, stem from the parent model [22].
Symmetries. The commuting charges (7)–(9) have sev-
eral transformation properties and symmetries.

Parity. Parity acts by reversal of the lattice sites
P(fi) = fN+1≠i. This preserves the anticommutation
relations (1) since N is odd. The TL generators trans-
form as P(ei) = eN≠i. The chiral hamiltonian (7) is not
invariant under parity, whence its name. It is a highly
nontrivial result that P(Hl) = ≠Hl [22]. We have

P(Hl) = ≠Hl
, P(H) = H , P(G) = G≠1

, (11)

where the last relation uses ti = ≠tN≠i.
Time reversal. We define time reversal as complex

conjugation of the coe�cients with respect to the Fock
basis f

+
i1

· · · f
+
iM

|?Í. Thus T(ei) = ei, and

T(Hl) = ≠Hl
, T(H) = H , T(G) = G . (12)

Since the hamiltonians (and their eigenstates) are PT-
invariant, their spectrum is real [27–30]. The same is
true for the ‘quasi-momentum’ p = ≠i log G.

Charge conjugation. Another simple operation, which
we interpret as the particle-hole transformation, ex-
changes the creation and annihilation operators

CÕ(fi) = f
+
i , CÕ(f+

i ) = fi . (13)

Then CÕ(ei) = ≠ei, preserving (4). Including a suitable
antilinear transformation U, see [22], gives charge conju-
gation C = CÕ U. It acts on the conserved charges by

C(Hl) = ≠Hl
, C(H) = H , C(G) = G . (14)
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Discrete symmetries 

The model has real spectrum in spite of being non-unitary, due to PT symmetry

• Parity P: 

2

is parity even, it is better suited for the role of hamil-
tonian. The extended symmetry (ii) requires special
‘quasi-periodic’ boundary conditions, which break uni-
tarity, cf. [23]. Nevertheless, by PT-invariance, the spec-
trum is real, cf. [25]. The reward for having complicated
interactions is that this spectrum is extremely simple as
in (iii): sums of quasiparticle energies with linear disper-
sions, comprising two branches that are associated with
even and odd mode numbers. Spin chains with linear
dispersions also arise in AdS3/CFT2 integrability [26].
The interaction in the quartic hamiltonian implements a
statistical selection rule, excluding occupation of succes-
sive mode numbers, that originates in the parent model
and matches the description of the HS chain via ‘mo-
tifs’ [15]. This selection rule comes with high degenera-
cies for the motifs to account for the full Hilbert space.
These degeneracies are caused by (ii), arising from the
parent model’s extended spin symmetry. The latter in-
cludes a global symmetry algebra that contains gl(1|1)
and is the commutant of the free-fermion TL algebra [5].
Due to the linear dispersions, there are many further ‘ac-
cidental’ degeneracies between di�erent motifs.
The model. Consider fermions hopping on a 1d lattice
with an odd number N sites. The simplest formulation
of our model uses non-unitary fermionic operators with
anticommutation relations [6]

{fi, f
+
j } = (≠1)i

”ij , {fi, fj} = {f
+
i , f

+
j } = 0 . (1)

They are related to canonical Jordan–Wigner fermions
as fj = (≠i)j

cj , f
+
j = (≠i)j

c
†
j . The fs will avoid a

proliferation of factors of i and make the symmetries more
transparent. From the two-site fermionic operators

gi © fi + fi+1 , g
+
i = f

+
i + f

+
i+1 , 1 6 i < N , (2)

we construct the quadratic combinations

ei © g
+
i gi , 1 6 i < N , (3)

which obey the free-fermion TL algebra relations

e
2
i = 0 , ei ei±1 ei = ei , [ei, ej ] = 0 if |i≠ j| > 1 . (4)

Further define the nested TL commutators [22, § C]

e[i,j] © [[· · · [ei, ei+1], · · · ], ej ]
= sij

!
g

+
j gi + (≠1)i≠j

g
+
i gj

"
, i ”= j ,

(5)

where sij © (≠1)(i≠j)(i+j≠1)/2, and we set e[i,i] © ei.
Note that (5) is bilinear in the fermions (1). Finally set

tk © tan fik
N , tk,l ©

rl≠1
i=k ti (k < l) , tk,k © 1 . (6)

Then the chiral hamiltonian reads

Hl = i
2

ÿ
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h
l
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h
l
ij ©
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n=j+1
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!
1 ≠ (≠1)i

t
2
n≠i,n

"
.

(7)

This is a quadratic (free-fermion) hamiltonian describing
long-range hopping. It is not translationally invariant:
the amplitudes h

l
ij do not only depend on the distance

i ≠ j, and sites N, 1 are not on the same footing as other
neighbours i, i + 1. Instead, the standard translation op-
erator is replaced by the quasi-translation operator

G = (1 + tN≠1 eN≠1) · · · (1 + t1 e1) , GN = 1 . (8)

The model is integrable: there exists a hierarchy of con-
served charges that commute with each other and (7).
We can explicitly write down the next charge, which is
a linear combination of anticommutators of the nested
commutators (5) with coe�cients like in (7),

H = ≠
1

4N
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!
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ij;kl + h
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" )
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*
, (9)
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!
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"
,

h
r
ij;kl © (≠1)l≠j+k≠i

h
l
N≠l,N≠k;N≠j,N≠i .

Integrability guarantees that these quantities, and higher
charges that we do not give here, mutually commute,

#
G, Hl$

=
#
G, H

$
=

#
Hl

, H
$

= 0 . (10)

The existence of this hierarchy of commuting charges,
and their expressions, stem from the parent model [22].
Symmetries. The commuting charges (7)–(9) have sev-
eral transformation properties and symmetries.

Parity. Parity acts by reversal of the lattice sites
P(fi) = fN+1≠i. This preserves the anticommutation
relations (1) since N is odd. The TL generators trans-
form as P(ei) = eN≠i. The chiral hamiltonian (7) is not
invariant under parity, whence its name. It is a highly
nontrivial result that P(Hl) = ≠Hl [22]. We have

P(Hl) = ≠Hl
, P(H) = H , P(G) = G≠1

, (11)

where the last relation uses ti = ≠tN≠i.
Time reversal. We define time reversal as complex

conjugation of the coe�cients with respect to the Fock
basis f

+
i1

· · · f
+
iM

|?Í. Thus T(ei) = ei, and

T(Hl) = ≠Hl
, T(H) = H , T(G) = G . (12)

Since the hamiltonians (and their eigenstates) are PT-
invariant, their spectrum is real [27–30]. The same is
true for the ‘quasi-momentum’ p = ≠i log G.

Charge conjugation. Another simple operation, which
we interpret as the particle-hole transformation, ex-
changes the creation and annihilation operators

CÕ(fi) = f
+
i , CÕ(f+

i ) = fi . (13)

Then CÕ(ei) = ≠ei, preserving (4). Including a suitable
antilinear transformation U, see [22], gives charge conju-
gation C = CÕ U. It acts on the conserved charges by

C(Hl) = ≠Hl
, C(H) = H , C(G) = G . (14)

2
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tonian. The extended symmetry (ii) requires special
‘quasi-periodic’ boundary conditions, which break uni-
tarity, cf. [23]. Nevertheless, by PT-invariance, the spec-
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dispersions also arise in AdS3/CFT2 integrability [26].
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sive mode numbers, that originates in the parent model
and matches the description of the HS chain via ‘mo-
tifs’ [15]. This selection rule comes with high degenera-
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These degeneracies are caused by (ii), arising from the
parent model’s extended spin symmetry. The latter in-
cludes a global symmetry algebra that contains gl(1|1)
and is the commutant of the free-fermion TL algebra [5].
Due to the linear dispersions, there are many further ‘ac-
cidental’ degeneracies between di�erent motifs.
The model. Consider fermions hopping on a 1d lattice
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of our model uses non-unitary fermionic operators with
anticommutation relations [6]
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where sij © (≠1)(i≠j)(i+j≠1)/2, and we set e[i,i] © ei.
Note that (5) is bilinear in the fermions (1). Finally set

tk © tan fik
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Then the chiral hamiltonian reads
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This is a quadratic (free-fermion) hamiltonian describing
long-range hopping. It is not translationally invariant:
the amplitudes h

l
ij do not only depend on the distance

i ≠ j, and sites N, 1 are not on the same footing as other
neighbours i, i + 1. Instead, the standard translation op-
erator is replaced by the quasi-translation operator

G = (1 + tN≠1 eN≠1) · · · (1 + t1 e1) , GN = 1 . (8)

The model is integrable: there exists a hierarchy of con-
served charges that commute with each other and (7).
We can explicitly write down the next charge, which is
a linear combination of anticommutators of the nested
commutators (5) with coe�cients like in (7),

H = ≠
1

4N

N≠1ÿ

i6j<k6l

!
h

l
ij;kl + h

r
ij;kl

" )
e[i,j], e[k,l]

*
, (9)

h
l
ij;kl © (≠1)k≠j

Nÿ

n(>l)
tn≠l,n≠j tn≠k,n≠i

!
1 ≠ (≠1)i

t
2
n≠i,n

"
,

h
r
ij;kl © (≠1)l≠j+k≠i

h
l
N≠l,N≠k;N≠j,N≠i .

Integrability guarantees that these quantities, and higher
charges that we do not give here, mutually commute,
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#
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, H
$

= 0 . (10)

The existence of this hierarchy of commuting charges,
and their expressions, stem from the parent model [22].
Symmetries. The commuting charges (7)–(9) have sev-
eral transformation properties and symmetries.

Parity. Parity acts by reversal of the lattice sites
P(fi) = fN+1≠i. This preserves the anticommutation
relations (1) since N is odd. The TL generators trans-
form as P(ei) = eN≠i. The chiral hamiltonian (7) is not
invariant under parity, whence its name. It is a highly
nontrivial result that P(Hl) = ≠Hl [22]. We have

P(Hl) = ≠Hl
, P(H) = H , P(G) = G≠1

, (11)

where the last relation uses ti = ≠tN≠i.
Time reversal. We define time reversal as complex

conjugation of the coe�cients with respect to the Fock
basis f

+
i1

· · · f
+
iM

|?Í. Thus T(ei) = ei, and

T(Hl) = ≠Hl
, T(H) = H , T(G) = G . (12)

Since the hamiltonians (and their eigenstates) are PT-
invariant, their spectrum is real [27–30]. The same is
true for the ‘quasi-momentum’ p = ≠i log G.

Charge conjugation. Another simple operation, which
we interpret as the particle-hole transformation, ex-
changes the creation and annihilation operators

CÕ(fi) = f
+
i , CÕ(f+

i ) = fi . (13)

Then CÕ(ei) = ≠ei, preserving (4). Including a suitable
antilinear transformation U, see [22], gives charge conju-
gation C = CÕ U. It acts on the conserved charges by

C(Hl) = ≠Hl
, C(H) = H , C(G) = G . (14)

• Time reversal T (anti-linear): 
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is parity even, it is better suited for the role of hamil-
tonian. The extended symmetry (ii) requires special
‘quasi-periodic’ boundary conditions, which break uni-
tarity, cf. [23]. Nevertheless, by PT-invariance, the spec-
trum is real, cf. [25]. The reward for having complicated
interactions is that this spectrum is extremely simple as
in (iii): sums of quasiparticle energies with linear disper-
sions, comprising two branches that are associated with
even and odd mode numbers. Spin chains with linear
dispersions also arise in AdS3/CFT2 integrability [26].
The interaction in the quartic hamiltonian implements a
statistical selection rule, excluding occupation of succes-
sive mode numbers, that originates in the parent model
and matches the description of the HS chain via ‘mo-
tifs’ [15]. This selection rule comes with high degenera-
cies for the motifs to account for the full Hilbert space.
These degeneracies are caused by (ii), arising from the
parent model’s extended spin symmetry. The latter in-
cludes a global symmetry algebra that contains gl(1|1)
and is the commutant of the free-fermion TL algebra [5].
Due to the linear dispersions, there are many further ‘ac-
cidental’ degeneracies between di�erent motifs.
The model. Consider fermions hopping on a 1d lattice
with an odd number N sites. The simplest formulation
of our model uses non-unitary fermionic operators with
anticommutation relations [6]
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proliferation of factors of i and make the symmetries more
transparent. From the two-site fermionic operators
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+
i = f
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+
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we construct the quadratic combinations
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where sij © (≠1)(i≠j)(i+j≠1)/2, and we set e[i,i] © ei.
Note that (5) is bilinear in the fermions (1). Finally set

tk © tan fik
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This is a quadratic (free-fermion) hamiltonian describing
long-range hopping. It is not translationally invariant:
the amplitudes h

l
ij do not only depend on the distance

i ≠ j, and sites N, 1 are not on the same footing as other
neighbours i, i + 1. Instead, the standard translation op-
erator is replaced by the quasi-translation operator

G = (1 + tN≠1 eN≠1) · · · (1 + t1 e1) , GN = 1 . (8)

The model is integrable: there exists a hierarchy of con-
served charges that commute with each other and (7).
We can explicitly write down the next charge, which is
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charges that we do not give here, mutually commute,
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The existence of this hierarchy of commuting charges,
and their expressions, stem from the parent model [22].
Symmetries. The commuting charges (7)–(9) have sev-
eral transformation properties and symmetries.

Parity. Parity acts by reversal of the lattice sites
P(fi) = fN+1≠i. This preserves the anticommutation
relations (1) since N is odd. The TL generators trans-
form as P(ei) = eN≠i. The chiral hamiltonian (7) is not
invariant under parity, whence its name. It is a highly
nontrivial result that P(Hl) = ≠Hl [22]. We have
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, P(H) = H , P(G) = G≠1

, (11)
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· · · f
+
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|?Í. Thus T(ei) = ei, and

T(Hl) = ≠Hl
, T(H) = H , T(G) = G . (12)

Since the hamiltonians (and their eigenstates) are PT-
invariant, their spectrum is real [27–30]. The same is
true for the ‘quasi-momentum’ p = ≠i log G.

Charge conjugation. Another simple operation, which
we interpret as the particle-hole transformation, ex-
changes the creation and annihilation operators

CÕ(fi) = f
+
i , CÕ(f+

i ) = fi . (13)

Then CÕ(ei) = ≠ei, preserving (4). Including a suitable
antilinear transformation U, see [22], gives charge conju-
gation C = CÕ U. It acts on the conserved charges by

C(Hl) = ≠Hl
, C(H) = H , C(G) = G . (14)
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Due to the linear dispersions, there are many further ‘ac-
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This is a quadratic (free-fermion) hamiltonian describing
long-range hopping. It is not translationally invariant:
the amplitudes h
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ij do not only depend on the distance

i ≠ j, and sites N, 1 are not on the same footing as other
neighbours i, i + 1. Instead, the standard translation op-
erator is replaced by the quasi-translation operator

G = (1 + tN≠1 eN≠1) · · · (1 + t1 e1) , GN = 1 . (8)

The model is integrable: there exists a hierarchy of con-
served charges that commute with each other and (7).
We can explicitly write down the next charge, which is
a linear combination of anticommutators of the nested
commutators (5) with coe�cients like in (7),

H = ≠
1

4N

N≠1ÿ

i6j<k6l

!
h

l
ij;kl + h

r
ij;kl

" )
e[i,j], e[k,l]

*
, (9)

h
l
ij;kl © (≠1)k≠j

Nÿ

n(>l)
tn≠l,n≠j tn≠k,n≠i

!
1 ≠ (≠1)i

t
2
n≠i,n

"
,

h
r
ij;kl © (≠1)l≠j+k≠i

h
l
N≠l,N≠k;N≠j,N≠i .

Integrability guarantees that these quantities, and higher
charges that we do not give here, mutually commute,

#
G, Hl$

=
#
G, H

$
=

#
Hl

, H
$

= 0 . (10)

The existence of this hierarchy of commuting charges,
and their expressions, stem from the parent model [22].
Symmetries. The commuting charges (7)–(9) have sev-
eral transformation properties and symmetries.

Parity. Parity acts by reversal of the lattice sites
P(fi) = fN+1≠i. This preserves the anticommutation
relations (1) since N is odd. The TL generators trans-
form as P(ei) = eN≠i. The chiral hamiltonian (7) is not
invariant under parity, whence its name. It is a highly
nontrivial result that P(Hl) = ≠Hl [22]. We have

P(Hl) = ≠Hl
, P(H) = H , P(G) = G≠1

, (11)

where the last relation uses ti = ≠tN≠i.
Time reversal. We define time reversal as complex

conjugation of the coe�cients with respect to the Fock
basis f

+
i1

· · · f
+
iM

|?Í. Thus T(ei) = ei, and

T(Hl) = ≠Hl
, T(H) = H , T(G) = G . (12)

Since the hamiltonians (and their eigenstates) are PT-
invariant, their spectrum is real [27–30]. The same is
true for the ‘quasi-momentum’ p = ≠i log G.

Charge conjugation. Another simple operation, which
we interpret as the particle-hole transformation, ex-
changes the creation and annihilation operators

CÕ(fi) = f
+
i , CÕ(f+

i ) = fi . (13)

Then CÕ(ei) = ≠ei, preserving (4). Including a suitable
antilinear transformation U, see [22], gives charge conju-
gation C = CÕ U. It acts on the conserved charges by

C(Hl) = ≠Hl
, C(H) = H , C(G) = G . (14)

• Charge conjugation C (anti-linear): 
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is parity even, it is better suited for the role of hamil-
tonian. The extended symmetry (ii) requires special
‘quasi-periodic’ boundary conditions, which break uni-
tarity, cf. [23]. Nevertheless, by PT-invariance, the spec-
trum is real, cf. [25]. The reward for having complicated
interactions is that this spectrum is extremely simple as
in (iii): sums of quasiparticle energies with linear disper-
sions, comprising two branches that are associated with
even and odd mode numbers. Spin chains with linear
dispersions also arise in AdS3/CFT2 integrability [26].
The interaction in the quartic hamiltonian implements a
statistical selection rule, excluding occupation of succes-
sive mode numbers, that originates in the parent model
and matches the description of the HS chain via ‘mo-
tifs’ [15]. This selection rule comes with high degenera-
cies for the motifs to account for the full Hilbert space.
These degeneracies are caused by (ii), arising from the
parent model’s extended spin symmetry. The latter in-
cludes a global symmetry algebra that contains gl(1|1)
and is the commutant of the free-fermion TL algebra [5].
Due to the linear dispersions, there are many further ‘ac-
cidental’ degeneracies between di�erent motifs.
The model. Consider fermions hopping on a 1d lattice
with an odd number N sites. The simplest formulation
of our model uses non-unitary fermionic operators with
anticommutation relations [6]

{fi, f
+
j } = (≠1)i

”ij , {fi, fj} = {f
+
i , f

+
j } = 0 . (1)

They are related to canonical Jordan–Wigner fermions
as fj = (≠i)j

cj , f
+
j = (≠i)j

c
†
j . The fs will avoid a

proliferation of factors of i and make the symmetries more
transparent. From the two-site fermionic operators

gi © fi + fi+1 , g
+
i = f

+
i + f

+
i+1 , 1 6 i < N , (2)

we construct the quadratic combinations

ei © g
+
i gi , 1 6 i < N , (3)

which obey the free-fermion TL algebra relations

e
2
i = 0 , ei ei±1 ei = ei , [ei, ej ] = 0 if |i≠ j| > 1 . (4)

Further define the nested TL commutators [22, § C]

e[i,j] © [[· · · [ei, ei+1], · · · ], ej ]
= sij

!
g

+
j gi + (≠1)i≠j

g
+
i gj

"
, i ”= j ,

(5)

where sij © (≠1)(i≠j)(i+j≠1)/2, and we set e[i,i] © ei.
Note that (5) is bilinear in the fermions (1). Finally set

tk © tan fik
N , tk,l ©

rl≠1
i=k ti (k < l) , tk,k © 1 . (6)

Then the chiral hamiltonian reads

Hl = i
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ÿ
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h
l
ij e[i,j] ,

h
l
ij ©

Nÿ

n=j+1
tn≠j,n≠i

!
1 ≠ (≠1)i

t
2
n≠i,n

"
.

(7)

This is a quadratic (free-fermion) hamiltonian describing
long-range hopping. It is not translationally invariant:
the amplitudes h

l
ij do not only depend on the distance

i ≠ j, and sites N, 1 are not on the same footing as other
neighbours i, i + 1. Instead, the standard translation op-
erator is replaced by the quasi-translation operator

G = (1 + tN≠1 eN≠1) · · · (1 + t1 e1) , GN = 1 . (8)

The model is integrable: there exists a hierarchy of con-
served charges that commute with each other and (7).
We can explicitly write down the next charge, which is
a linear combination of anticommutators of the nested
commutators (5) with coe�cients like in (7),

H = ≠
1

4N

N≠1ÿ

i6j<k6l

!
h

l
ij;kl + h

r
ij;kl

" )
e[i,j], e[k,l]

*
, (9)

h
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ij;kl © (≠1)k≠j

Nÿ

n(>l)
tn≠l,n≠j tn≠k,n≠i

!
1 ≠ (≠1)i

t
2
n≠i,n

"
,

h
r
ij;kl © (≠1)l≠j+k≠i

h
l
N≠l,N≠k;N≠j,N≠i .

Integrability guarantees that these quantities, and higher
charges that we do not give here, mutually commute,

#
G, Hl$

=
#
G, H

$
=

#
Hl

, H
$

= 0 . (10)

The existence of this hierarchy of commuting charges,
and their expressions, stem from the parent model [22].
Symmetries. The commuting charges (7)–(9) have sev-
eral transformation properties and symmetries.

Parity. Parity acts by reversal of the lattice sites
P(fi) = fN+1≠i. This preserves the anticommutation
relations (1) since N is odd. The TL generators trans-
form as P(ei) = eN≠i. The chiral hamiltonian (7) is not
invariant under parity, whence its name. It is a highly
nontrivial result that P(Hl) = ≠Hl [22]. We have

P(Hl) = ≠Hl
, P(H) = H , P(G) = G≠1

, (11)

where the last relation uses ti = ≠tN≠i.
Time reversal. We define time reversal as complex

conjugation of the coe�cients with respect to the Fock
basis f

+
i1

· · · f
+
iM

|?Í. Thus T(ei) = ei, and

T(Hl) = ≠Hl
, T(H) = H , T(G) = G . (12)

Since the hamiltonians (and their eigenstates) are PT-
invariant, their spectrum is real [27–30]. The same is
true for the ‘quasi-momentum’ p = ≠i log G.

Charge conjugation. Another simple operation, which
we interpret as the particle-hole transformation, ex-
changes the creation and annihilation operators

CÕ(fi) = f
+
i , CÕ(f+

i ) = fi . (13)

Then CÕ(ei) = ≠ei, preserving (4). Including a suitable
antilinear transformation U, see [22], gives charge conju-
gation C = CÕ U. It acts on the conserved charges by

C(Hl) = ≠Hl
, C(H) = H , C(G) = G . (14)

invariant, their spectrum is real [27–30]. The same is
true for the ‘quasi-momentum’ p = ≠i log G.

Another simple operation, which
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Global symmetry. The model can be seen as a long-
range spin chain with alternating gl(1|1)-representations.
Recall that gl(1|1) has two bosonic and two fermionic
generators, which we denote by N, E and F1, F+

1 respec-
tively. The nontrivial (anti)commutation relations are
#
N, F1

$
= ≠F1 ,

#
N, F+

1
$

= F+
1 ,

)
F1, F+

1
*

= E , (15)

and E is central. This is just a fermionic version of
the usual spin algebra. Each site i carries a gl(1|1)-
representation generated by fi, f

+
i , the number operator

(≠1)i
f

+
i fi and central charge (≠1)i. From this perspec-

tive, (7)–(9) is a long-range gl(1|1) super-spin chain. For
odd length the alternating central charge breaks periodic
boundaries, which are replaced by (8). Our model has a
global gl(1|1)-symmetry generated by

F1 =
Nÿ

i=1
fi , F+

1 =
Nÿ

i=1
f

+
i ,

N =
Nÿ

i=1
(≠1)i

f
+
i fi , E =

Nÿ

i=1
(≠1)i = ≠1 ,

(16)

Indeed, these operators anticommute with all gi, g
+
j , and

thus commute with the conserved charges (7)–(9).
Since F2

1 = (F+
1 )2 = 0, gl(1|1) produces fewer descen-

dants than su(2) does for isotropic spin chains. This is
compensated by additional bosonic generators

F2 =
Nÿ

i<j

fi fj , F+
2 =

Nÿ

i<j

f
+
i f

+
j , (17)

which commute with the ei, whence with (7)–(9). To-
gether, (16)–(17) generate the full global-symmetry alge-
bra, called A1|1 [5]. It is the Uq sl(2)|q=i symmetry from
the parent model in fermionic language, cf. [6, §2.3].

Extended symmetry. The parent model has quantum-
a�ne sl(2) symmetry, which underpins the large degen-
eracies (21). As we will see, these are already visible in
the two-particle spectrum. A plausible guess is that it
relates to the Yangian of gl(1|1). A detailed study of this
extended symmetry will be performed elsewhere.

The spectrum. The spectrum and degeneracies of the
parent model are known explicitly [14, 19–21]. Like for
the HS chain, the quantum numbers are ‘motifs’ [15]
{µm}, consisting of integers 1 6 µm < N increasing as

µm+1 > µm + 1 , 1 6 m < M . (18)

Such a motif labels an M -fermion state with quasi-
momentum p = 2fi

N

q
m µm mod 2fi setting the eigenvalue

eip of G. Its energy is additive:

E
l
{µm} =

Mÿ

m=1
Á

l
µm

, E{µm} =
Mÿ

m=1
Áµm , (19)

Á
l
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0 N

Figure 1. The dispersion relations (20) alternate between two
linear branches, realising chiral and (up to a shift) ‘full’ mass-
less relativistic dispersions on the lattice.

with dispersions having two linear branches (Fig. 1):

Á
l
n =

;
n , n even ,
n ≠ N , n odd ,

Án = |Á
l
n| . (20)

This state has (often many) descendants due to the ex-
tended symmetry. Its multiplicity is [13, 21] N + 1 for
the empty motif (at M = 0), and otherwise

µ1 (N ≠ µM )
M≠1Ÿ

m=1
(µm+1 ≠ µm ≠ 1) . (21)

Given the extremely simple dispersion, further (‘acciden-
tal’) degeneracies between di�erent motifs occur much
more often than even for the HS chain.

The energy levels are equispaced with steps of 2. E
l is

bounded by ±(N2
≠ 1)/4 and reaches these extremes at

motifs {1, 3, . . . , N ≠2} and {2, 4, . . . , N ≠1}, cf. Fig. 1. H
has eigenvalues > 0, with E = 0 for the empty motif, and
maximal energy E = 2¸(3¸ + 1) or E = 2(¸ + 1)(3¸ + 1)
depending on whether N = 4¸ + 3 or N = 4¸ + 1, re-
spectively. This maximum corresponds to the one or two
motifs {1, 3, . . . , N ≠4, N ≠2} switching halfway between
the branches of Án in Fig. 1. Intriguingly, for H a few lev-
els near the maximum are missing.

Explicit diagonalisation. Let us (re)derive this spec-
trum from the fermionic representation. The key to defin-
ing a good basis of fermions is to start at one end of the
lattice and use the quasi-translation operator:

�i © G1≠i
f1 Gi≠1

, �+
i © G1≠i

f
+
1 Gi≠1

. (22)

These dressed fermions obey the periodicity

�i+N = �i , �+
i+N = �+

i , (23)

and have non-local anticommutation relations [22]
)

�i, �+
j

*
= ≠(1 + tj≠i) , {�i, �j} = {�+

i , �+
j } = 0 .

(24)
The nontrivial relation only depends on the distance. Set
a0 © i and an © in+1/2 else. The rescaled Fourier modes

�̃n ©
an

N

Nÿ

j=1
e≠2ifinj/N �j , �̃+

n ©
an

N

Nÿ

j=1
e2ifinj/N �+

j ,

(25)
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is parity even, it is better suited for the role of hamil-
tonian. The extended symmetry (ii) requires special
‘quasi-periodic’ boundary conditions, which break uni-
tarity, cf. [23]. Nevertheless, by PT-invariance, the spec-
trum is real, cf. [25]. The reward for having complicated
interactions is that this spectrum is extremely simple as
in (iii): sums of quasiparticle energies with linear disper-
sions, comprising two branches that are associated with
even and odd mode numbers. Spin chains with linear
dispersions also arise in AdS3/CFT2 integrability [26].
The interaction in the quartic hamiltonian implements a
statistical selection rule, excluding occupation of succes-
sive mode numbers, that originates in the parent model
and matches the description of the HS chain via ‘mo-
tifs’ [15]. This selection rule comes with high degenera-
cies for the motifs to account for the full Hilbert space.
These degeneracies are caused by (ii), arising from the
parent model’s extended spin symmetry. The latter in-
cludes a global symmetry algebra that contains gl(1|1)
and is the commutant of the free-fermion TL algebra [5].
Due to the linear dispersions, there are many further ‘ac-
cidental’ degeneracies between di�erent motifs.
The model. Consider fermions hopping on a 1d lattice
with an odd number N sites. The simplest formulation
of our model uses non-unitary fermionic operators with
anticommutation relations [6]

{fi, f
+
j } = (≠1)i

”ij , {fi, fj} = {f
+
i , f

+
j } = 0 . (1)

They are related to canonical Jordan–Wigner fermions
as fj = (≠i)j

cj , f
+
j = (≠i)j

c
†
j . The fs will avoid a

proliferation of factors of i and make the symmetries more
transparent. From the two-site fermionic operators

gi © fi + fi+1 , g
+
i = f

+
i + f

+
i+1 , 1 6 i < N , (2)

we construct the quadratic combinations

ei © g
+
i gi , 1 6 i < N , (3)

which obey the free-fermion TL algebra relations

e
2
i = 0 , ei ei±1 ei = ei , [ei, ej ] = 0 if |i≠ j| > 1 . (4)

Further define the nested TL commutators [22, § C]

e[i,j] © [[· · · [ei, ei+1], · · · ], ej ]
= sij

!
g

+
j gi + (≠1)i≠j

g
+
i gj

"
, i ”= j ,

(5)

where sij © (≠1)(i≠j)(i+j≠1)/2, and we set e[i,i] © ei.
Note that (5) is bilinear in the fermions (1). Finally set

tk © tan fik
N , tk,l ©

rl≠1
i=k ti (k < l) , tk,k © 1 . (6)

Then the chiral hamiltonian reads

Hl = i
2

ÿ

16i6j<N

h
l
ij e[i,j] ,

h
l
ij ©

Nÿ

n=j+1
tn≠j,n≠i

!
1 ≠ (≠1)i

t
2
n≠i,n

"
.

(7)

This is a quadratic (free-fermion) hamiltonian describing
long-range hopping. It is not translationally invariant:
the amplitudes h

l
ij do not only depend on the distance

i ≠ j, and sites N, 1 are not on the same footing as other
neighbours i, i + 1. Instead, the standard translation op-
erator is replaced by the quasi-translation operator

G = (1 + tN≠1 eN≠1) · · · (1 + t1 e1) , GN = 1 . (8)

The model is integrable: there exists a hierarchy of con-
served charges that commute with each other and (7).
We can explicitly write down the next charge, which is
a linear combination of anticommutators of the nested
commutators (5) with coe�cients like in (7),

H = ≠
1

4N

N≠1ÿ

i6j<k6l

!
h

l
ij;kl + h

r
ij;kl

" )
e[i,j], e[k,l]

*
, (9)

h
l
ij;kl © (≠1)k≠j

Nÿ

n(>l)
tn≠l,n≠j tn≠k,n≠i

!
1 ≠ (≠1)i

t
2
n≠i,n

"
,

h
r
ij;kl © (≠1)l≠j+k≠i

h
l
N≠l,N≠k;N≠j,N≠i .

Integrability guarantees that these quantities, and higher
charges that we do not give here, mutually commute,

#
G, Hl$

=
#
G, H

$
=

#
Hl

, H
$

= 0 . (10)

The existence of this hierarchy of commuting charges,
and their expressions, stem from the parent model [22].
Symmetries. The commuting charges (7)–(9) have sev-
eral transformation properties and symmetries.

Parity. Parity acts by reversal of the lattice sites
P(fi) = fN+1≠i. This preserves the anticommutation
relations (1) since N is odd. The TL generators trans-
form as P(ei) = eN≠i. The chiral hamiltonian (7) is not
invariant under parity, whence its name. It is a highly
nontrivial result that P(Hl) = ≠Hl [22]. We have

P(Hl) = ≠Hl
, P(H) = H , P(G) = G≠1

, (11)

where the last relation uses ti = ≠tN≠i.
Time reversal. We define time reversal as complex

conjugation of the coe�cients with respect to the Fock
basis f

+
i1

· · · f
+
iM

|?Í. Thus T(ei) = ei, and

T(Hl) = ≠Hl
, T(H) = H , T(G) = G . (12)

Since the hamiltonians (and their eigenstates) are PT-
invariant, their spectrum is real [27–30]. The same is
true for the ‘quasi-momentum’ p = ≠i log G.

Charge conjugation. Another simple operation, which
we interpret as the particle-hole transformation, ex-
changes the creation and annihilation operators

CÕ(fi) = f
+
i , CÕ(f+

i ) = fi . (13)

Then CÕ(ei) = ≠ei, preserving (4). Including a suitable
antilinear transformation U, see [22], gives charge conju-
gation C = CÕ U. It acts on the conserved charges by

C(Hl) = ≠Hl
, C(H) = H , C(G) = G . (14)

3

Global symmetry. The model can be seen as a long-
range spin chain with alternating gl(1|1)-representations.
Recall that gl(1|1) has two bosonic and two fermionic
generators, which we denote by N, E and F1, F+

1 respec-
tively. The nontrivial (anti)commutation relations are
#
N, F1

$
= ≠F1 ,

#
N, F+

1
$

= F+
1 ,

)
F1, F+

1
*

= E , (15)

and E is central. This is just a fermionic version of
the usual spin algebra. Each site i carries a gl(1|1)-
representation generated by fi, f

+
i , the number operator

(≠1)i
f

+
i fi and central charge (≠1)i. From this perspec-

tive, (7)–(9) is a long-range gl(1|1) super-spin chain. For
odd length the alternating central charge breaks periodic
boundaries, which are replaced by (8). Our model has a
global gl(1|1)-symmetry generated by

F1 =
Nÿ

i=1
fi , F+

1 =
Nÿ

i=1
f

+
i ,

N =
Nÿ

i=1
(≠1)i

f
+
i fi , E =

Nÿ

i=1
(≠1)i = ≠1 ,

(16)

Indeed, these operators anticommute with all gi, g
+
j , and

thus commute with the conserved charges (7)–(9).
Since F2

1 = (F+
1 )2 = 0, gl(1|1) produces fewer descen-

dants than su(2) does for isotropic spin chains. This is
compensated by additional bosonic generators

F2 =
Nÿ

i<j

fi fj , F+
2 =

Nÿ

i<j

f
+
i f

+
j , (17)

which commute with the ei, whence with (7)–(9). To-
gether, (16)–(17) generate the full global-symmetry alge-
bra, called A1|1 [5]. It is the Uq sl(2)|q=i symmetry from
the parent model in fermionic language, cf. [6, §2.3].

Extended symmetry. The parent model has quantum-
a�ne sl(2) symmetry, which underpins the large degen-
eracies (21). As we will see, these are already visible in
the two-particle spectrum. A plausible guess is that it
relates to the Yangian of gl(1|1). A detailed study of this
extended symmetry will be performed elsewhere.

The spectrum. The spectrum and degeneracies of the
parent model are known explicitly [14, 19–21]. Like for
the HS chain, the quantum numbers are ‘motifs’ [15]
{µm}, consisting of integers 1 6 µm < N increasing as

µm+1 > µm + 1 , 1 6 m < M . (18)

Such a motif labels an M -fermion state with quasi-
momentum p = 2fi

N

q
m µm mod 2fi setting the eigenvalue

eip of G. Its energy is additive:

E
l
{µm} =

Mÿ

m=1
Á

l
µm

, E{µm} =
Mÿ

m=1
Áµm , (19)
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Figure 1. The dispersion relations (20) alternate between two
linear branches, realising chiral and (up to a shift) ‘full’ mass-
less relativistic dispersions on the lattice.

with dispersions having two linear branches (Fig. 1):

Á
l
n =

;
n , n even ,
n ≠ N , n odd ,

Án = |Á
l
n| . (20)

This state has (often many) descendants due to the ex-
tended symmetry. Its multiplicity is [13, 21] N + 1 for
the empty motif (at M = 0), and otherwise

µ1 (N ≠ µM )
M≠1Ÿ

m=1
(µm+1 ≠ µm ≠ 1) . (21)

Given the extremely simple dispersion, further (‘acciden-
tal’) degeneracies between di�erent motifs occur much
more often than even for the HS chain.

The energy levels are equispaced with steps of 2. E
l is

bounded by ±(N2
≠ 1)/4 and reaches these extremes at

motifs {1, 3, . . . , N ≠2} and {2, 4, . . . , N ≠1}, cf. Fig. 1. H
has eigenvalues > 0, with E = 0 for the empty motif, and
maximal energy E = 2¸(3¸ + 1) or E = 2(¸ + 1)(3¸ + 1)
depending on whether N = 4¸ + 3 or N = 4¸ + 1, re-
spectively. This maximum corresponds to the one or two
motifs {1, 3, . . . , N ≠4, N ≠2} switching halfway between
the branches of Án in Fig. 1. Intriguingly, for H a few lev-
els near the maximum are missing.

Explicit diagonalisation. Let us (re)derive this spec-
trum from the fermionic representation. The key to defin-
ing a good basis of fermions is to start at one end of the
lattice and use the quasi-translation operator:

�i © G1≠i
f1 Gi≠1

, �+
i © G1≠i

f
+
1 Gi≠1

. (22)

These dressed fermions obey the periodicity

�i+N = �i , �+
i+N = �+

i , (23)

and have non-local anticommutation relations [22]
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(24)
The nontrivial relation only depends on the distance. Set
a0 © i and an © in+1/2 else. The rescaled Fourier modes
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• chiral Hamiltonian

3

Global symmetry. The model can be seen as a long-
range spin chain with alternating gl(1|1)-representations.
Recall that gl(1|1) has two bosonic and two fermionic
generators, which we denote by N, E and F1, F+

1 respec-
tively. The nontrivial (anti)commutation relations are
#
N, F1

$
= ≠F1 ,

#
N, F+

1
$

= F+
1 ,

)
F1, F+

1
*

= E , (15)

and E is central. This is just a fermionic version of
the usual spin algebra. Each site i carries a gl(1|1)-
representation generated by fi, f

+
i , the number operator

(≠1)i
f

+
i fi and central charge (≠1)i. From this perspec-

tive, (7)–(9) is a long-range gl(1|1) super-spin chain. For
odd length the alternating central charge breaks periodic
boundaries, which are replaced by (8). Our model has a
global gl(1|1)-symmetry generated by

F1 =
Nÿ

i=1
fi , F+

1 =
Nÿ

i=1
f

+
i ,

N =
Nÿ

i=1
(≠1)i

f
+
i fi , E =

Nÿ

i=1
(≠1)i = ≠1 ,

(16)

Indeed, these operators anticommute with all gi, g
+
j , and

thus commute with the conserved charges (7)–(9).
Since F2

1 = (F+
1 )2 = 0, gl(1|1) produces fewer descen-

dants than su(2) does for isotropic spin chains. This is
compensated by additional bosonic generators

F2 =
Nÿ

i<j

fi fj , F+
2 =

Nÿ

i<j

f
+
i f

+
j , (17)

which commute with the ei, whence with (7)–(9). To-
gether, (16)–(17) generate the full global-symmetry alge-
bra, called A1|1 [5]. It is the Uq sl(2)|q=i symmetry from
the parent model in fermionic language, cf. [6, §2.3].

Extended symmetry. The parent model has quantum-
a�ne sl(2) symmetry, which underpins the large degen-
eracies (21). As we will see, these are already visible in
the two-particle spectrum. A plausible guess is that it
relates to the Yangian of gl(1|1). A detailed study of this
extended symmetry will be performed elsewhere.

The spectrum. The spectrum and degeneracies of the
parent model are known explicitly [14, 19–21]. Like for
the HS chain, the quantum numbers are ‘motifs’ [15]
{µm}, consisting of integers 1 6 µm < N increasing as

µm+1 > µm + 1 , 1 6 m < M . (18)

Such a motif labels an M -fermion state with quasi-
momentum p = 2fi

N

q
m µm mod 2fi setting the eigenvalue

eip of G. Its energy is additive:

E
l
{µm} =

Mÿ

m=1
Á

l
µm

, E{µm} =
Mÿ

m=1
Áµm , (19)

Á
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Figure 1. The dispersion relations (20) alternate between two
linear branches, realising chiral and (up to a shift) ‘full’ mass-
less relativistic dispersions on the lattice.

with dispersions having two linear branches (Fig. 1):

Á
l
n =

;
n , n even ,
n ≠ N , n odd ,

Án = |Á
l
n| . (20)

This state has (often many) descendants due to the ex-
tended symmetry. Its multiplicity is [13, 21] N + 1 for
the empty motif (at M = 0), and otherwise

µ1 (N ≠ µM )
M≠1Ÿ

m=1
(µm+1 ≠ µm ≠ 1) . (21)

Given the extremely simple dispersion, further (‘acciden-
tal’) degeneracies between di�erent motifs occur much
more often than even for the HS chain.

The energy levels are equispaced with steps of 2. E
l is

bounded by ±(N2
≠ 1)/4 and reaches these extremes at

motifs {1, 3, . . . , N ≠2} and {2, 4, . . . , N ≠1}, cf. Fig. 1. H
has eigenvalues > 0, with E = 0 for the empty motif, and
maximal energy E = 2¸(3¸ + 1) or E = 2(¸ + 1)(3¸ + 1)
depending on whether N = 4¸ + 3 or N = 4¸ + 1, re-
spectively. This maximum corresponds to the one or two
motifs {1, 3, . . . , N ≠4, N ≠2} switching halfway between
the branches of Án in Fig. 1. Intriguingly, for H a few lev-
els near the maximum are missing.

Explicit diagonalisation. Let us (re)derive this spec-
trum from the fermionic representation. The key to defin-
ing a good basis of fermions is to start at one end of the
lattice and use the quasi-translation operator:

�i © G1≠i
f1 Gi≠1

, �+
i © G1≠i

f
+
1 Gi≠1

. (22)

These dressed fermions obey the periodicity

�i+N = �i , �+
i+N = �+

i , (23)

and have non-local anticommutation relations [22]
)

�i, �+
j

*
= ≠(1 + tj≠i) , {�i, �j} = {�+

i , �+
j } = 0 .

(24)
The nontrivial relation only depends on the distance. Set
a0 © i and an © in+1/2 else. The rescaled Fourier modes
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(25)

3

Global symmetry. The model can be seen as a long-
range spin chain with alternating gl(1|1)-representations.
Recall that gl(1|1) has two bosonic and two fermionic
generators, which we denote by N, E and F1, F+

1 respec-
tively. The nontrivial (anti)commutation relations are
#
N, F1

$
= ≠F1 ,

#
N, F+

1
$

= F+
1 ,

)
F1, F+

1
*

= E , (15)

and E is central. This is just a fermionic version of
the usual spin algebra. Each site i carries a gl(1|1)-
representation generated by fi, f

+
i , the number operator

(≠1)i
f

+
i fi and central charge (≠1)i. From this perspec-

tive, (7)–(9) is a long-range gl(1|1) super-spin chain. For
odd length the alternating central charge breaks periodic
boundaries, which are replaced by (8). Our model has a
global gl(1|1)-symmetry generated by

F1 =
Nÿ

i=1
fi , F+

1 =
Nÿ

i=1
f

+
i ,

N =
Nÿ

i=1
(≠1)i

f
+
i fi , E =

Nÿ

i=1
(≠1)i = ≠1 ,

(16)

Indeed, these operators anticommute with all gi, g
+
j , and

thus commute with the conserved charges (7)–(9).
Since F2

1 = (F+
1 )2 = 0, gl(1|1) produces fewer descen-

dants than su(2) does for isotropic spin chains. This is
compensated by additional bosonic generators

F2 =
Nÿ

i<j

fi fj , F+
2 =

Nÿ

i<j

f
+
i f

+
j , (17)

which commute with the ei, whence with (7)–(9). To-
gether, (16)–(17) generate the full global-symmetry alge-
bra, called A1|1 [5]. It is the Uq sl(2)|q=i symmetry from
the parent model in fermionic language, cf. [6, §2.3].

Extended symmetry. The parent model has quantum-
a�ne sl(2) symmetry, which underpins the large degen-
eracies (21). As we will see, these are already visible in
the two-particle spectrum. A plausible guess is that it
relates to the Yangian of gl(1|1). A detailed study of this
extended symmetry will be performed elsewhere.

The spectrum. The spectrum and degeneracies of the
parent model are known explicitly [14, 19–21]. Like for
the HS chain, the quantum numbers are ‘motifs’ [15]
{µm}, consisting of integers 1 6 µm < N increasing as

µm+1 > µm + 1 , 1 6 m < M . (18)

Such a motif labels an M -fermion state with quasi-
momentum p = 2fi

N

q
m µm mod 2fi setting the eigenvalue

eip of G. Its energy is additive:

E
l
{µm} =

Mÿ

m=1
Á

l
µm

, E{µm} =
Mÿ

m=1
Áµm , (19)
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Figure 1. The dispersion relations (20) alternate between two
linear branches, realising chiral and (up to a shift) ‘full’ mass-
less relativistic dispersions on the lattice.

with dispersions having two linear branches (Fig. 1):

Á
l
n =

;
n , n even ,
n ≠ N , n odd ,

Án = |Á
l
n| . (20)

This state has (often many) descendants due to the ex-
tended symmetry. Its multiplicity is [13, 21] N + 1 for
the empty motif (at M = 0), and otherwise

µ1 (N ≠ µM )
M≠1Ÿ

m=1
(µm+1 ≠ µm ≠ 1) . (21)

Given the extremely simple dispersion, further (‘acciden-
tal’) degeneracies between di�erent motifs occur much
more often than even for the HS chain.

The energy levels are equispaced with steps of 2. E
l is

bounded by ±(N2
≠ 1)/4 and reaches these extremes at

motifs {1, 3, . . . , N ≠2} and {2, 4, . . . , N ≠1}, cf. Fig. 1. H
has eigenvalues > 0, with E = 0 for the empty motif, and
maximal energy E = 2¸(3¸ + 1) or E = 2(¸ + 1)(3¸ + 1)
depending on whether N = 4¸ + 3 or N = 4¸ + 1, re-
spectively. This maximum corresponds to the one or two
motifs {1, 3, . . . , N ≠4, N ≠2} switching halfway between
the branches of Án in Fig. 1. Intriguingly, for H a few lev-
els near the maximum are missing.

Explicit diagonalisation. Let us (re)derive this spec-
trum from the fermionic representation. The key to defin-
ing a good basis of fermions is to start at one end of the
lattice and use the quasi-translation operator:

�i © G1≠i
f1 Gi≠1

, �+
i © G1≠i

f
+
1 Gi≠1

. (22)

These dressed fermions obey the periodicity

�i+N = �i , �+
i+N = �+

i , (23)

and have non-local anticommutation relations [22]
)

�i, �+
j

*
= ≠(1 + tj≠i) , {�i, �j} = {�+

i , �+
j } = 0 .

(24)
The nontrivial relation only depends on the distance. Set
a0 © i and an © in+1/2 else. The rescaled Fourier modes

�̃n ©
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j=1
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3

Global symmetry. The model can be seen as a long-
range spin chain with alternating gl(1|1)-representations.
Recall that gl(1|1) has two bosonic and two fermionic
generators, which we denote by N, E and F1, F+

1 respec-
tively. The nontrivial (anti)commutation relations are
#
N, F1

$
= ≠F1 ,

#
N, F+

1
$

= F+
1 ,

)
F1, F+

1
*

= E , (15)

and E is central. This is just a fermionic version of
the usual spin algebra. Each site i carries a gl(1|1)-
representation generated by fi, f

+
i , the number operator

(≠1)i
f

+
i fi and central charge (≠1)i. From this perspec-

tive, (7)–(9) is a long-range gl(1|1) super-spin chain. For
odd length the alternating central charge breaks periodic
boundaries, which are replaced by (8). Our model has a
global gl(1|1)-symmetry generated by

F1 =
Nÿ

i=1
fi , F+

1 =
Nÿ

i=1
f

+
i ,

N =
Nÿ

i=1
(≠1)i

f
+
i fi , E =

Nÿ

i=1
(≠1)i = ≠1 ,

(16)

Indeed, these operators anticommute with all gi, g
+
j , and

thus commute with the conserved charges (7)–(9).
Since F2

1 = (F+
1 )2 = 0, gl(1|1) produces fewer descen-

dants than su(2) does for isotropic spin chains. This is
compensated by additional bosonic generators

F2 =
Nÿ

i<j

fi fj , F+
2 =

Nÿ

i<j

f
+
i f

+
j , (17)

which commute with the ei, whence with (7)–(9). To-
gether, (16)–(17) generate the full global-symmetry alge-
bra, called A1|1 [5]. It is the Uq sl(2)|q=i symmetry from
the parent model in fermionic language, cf. [6, §2.3].

Extended symmetry. The parent model has quantum-
a�ne sl(2) symmetry, which underpins the large degen-
eracies (21). As we will see, these are already visible in
the two-particle spectrum. A plausible guess is that it
relates to the Yangian of gl(1|1). A detailed study of this
extended symmetry will be performed elsewhere.

The spectrum. The spectrum and degeneracies of the
parent model are known explicitly [14, 19–21]. Like for
the HS chain, the quantum numbers are ‘motifs’ [15]
{µm}, consisting of integers 1 6 µm < N increasing as

µm+1 > µm + 1 , 1 6 m < M . (18)

Such a motif labels an M -fermion state with quasi-
momentum p = 2fi

N

q
m µm mod 2fi setting the eigenvalue

eip of G. Its energy is additive:

E
l
{µm} =

Mÿ

m=1
Á

l
µm

, E{µm} =
Mÿ

m=1
Áµm , (19)
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Figure 1. The dispersion relations (20) alternate between two
linear branches, realising chiral and (up to a shift) ‘full’ mass-
less relativistic dispersions on the lattice.

with dispersions having two linear branches (Fig. 1):

Á
l
n =

;
n , n even ,
n ≠ N , n odd ,

Án = |Á
l
n| . (20)

This state has (often many) descendants due to the ex-
tended symmetry. Its multiplicity is [13, 21] N + 1 for
the empty motif (at M = 0), and otherwise

µ1 (N ≠ µM )
M≠1Ÿ

m=1
(µm+1 ≠ µm ≠ 1) . (21)

Given the extremely simple dispersion, further (‘acciden-
tal’) degeneracies between di�erent motifs occur much
more often than even for the HS chain.

The energy levels are equispaced with steps of 2. E
l is

bounded by ±(N2
≠ 1)/4 and reaches these extremes at

motifs {1, 3, . . . , N ≠2} and {2, 4, . . . , N ≠1}, cf. Fig. 1. H
has eigenvalues > 0, with E = 0 for the empty motif, and
maximal energy E = 2¸(3¸ + 1) or E = 2(¸ + 1)(3¸ + 1)
depending on whether N = 4¸ + 3 or N = 4¸ + 1, re-
spectively. This maximum corresponds to the one or two
motifs {1, 3, . . . , N ≠4, N ≠2} switching halfway between
the branches of Án in Fig. 1. Intriguingly, for H a few lev-
els near the maximum are missing.

Explicit diagonalisation. Let us (re)derive this spec-
trum from the fermionic representation. The key to defin-
ing a good basis of fermions is to start at one end of the
lattice and use the quasi-translation operator:

�i © G1≠i
f1 Gi≠1

, �+
i © G1≠i

f
+
1 Gi≠1

. (22)

These dressed fermions obey the periodicity

�i+N = �i , �+
i+N = �+

i , (23)

and have non-local anticommutation relations [22]
)

�i, �+
j

*
= ≠(1 + tj≠i) , {�i, �j} = {�+

i , �+
j } = 0 .

(24)
The nontrivial relation only depends on the distance. Set
a0 © i and an © in+1/2 else. The rescaled Fourier modes

�̃n ©
an

N

Nÿ

j=1
e≠2ifinj/N �j , �̃+

n ©
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N

Nÿ

j=1
e2ifinj/N �+

j ,

(25)

• non-chiral Hamiltonian
3

Global symmetry. The model can be seen as a long-
range spin chain with alternating gl(1|1)-representations.
Recall that gl(1|1) has two bosonic and two fermionic
generators, which we denote by N, E and F1, F+

1 respec-
tively. The nontrivial (anti)commutation relations are
#
N, F1

$
= ≠F1 ,

#
N, F+

1
$

= F+
1 ,

)
F1, F+

1
*

= E , (15)

and E is central. This is just a fermionic version of
the usual spin algebra. Each site i carries a gl(1|1)-
representation generated by fi, f

+
i , the number operator

(≠1)i
f

+
i fi and central charge (≠1)i. From this perspec-

tive, (7)–(9) is a long-range gl(1|1) super-spin chain. For
odd length the alternating central charge breaks periodic
boundaries, which are replaced by (8). Our model has a
global gl(1|1)-symmetry generated by

F1 =
Nÿ

i=1
fi , F+

1 =
Nÿ

i=1
f

+
i ,

N =
Nÿ

i=1
(≠1)i

f
+
i fi , E =

Nÿ

i=1
(≠1)i = ≠1 ,

(16)

Indeed, these operators anticommute with all gi, g
+
j , and

thus commute with the conserved charges (7)–(9).
Since F2

1 = (F+
1 )2 = 0, gl(1|1) produces fewer descen-

dants than su(2) does for isotropic spin chains. This is
compensated by additional bosonic generators

F2 =
Nÿ

i<j

fi fj , F+
2 =

Nÿ

i<j

f
+
i f

+
j , (17)

which commute with the ei, whence with (7)–(9). To-
gether, (16)–(17) generate the full global-symmetry alge-
bra, called A1|1 [5]. It is the Uq sl(2)|q=i symmetry from
the parent model in fermionic language, cf. [6, §2.3].

Extended symmetry. The parent model has quantum-
a�ne sl(2) symmetry, which underpins the large degen-
eracies (21). As we will see, these are already visible in
the two-particle spectrum. A plausible guess is that it
relates to the Yangian of gl(1|1). A detailed study of this
extended symmetry will be performed elsewhere.

The spectrum. The spectrum and degeneracies of the
parent model are known explicitly [14, 19–21]. Like for
the HS chain, the quantum numbers are ‘motifs’ [15]
{µm}, consisting of integers 1 6 µm < N increasing as

µm+1 > µm + 1 , 1 6 m < M . (18)

Such a motif labels an M -fermion state with quasi-
momentum p = 2fi

N

q
m µm mod 2fi setting the eigenvalue

eip of G. Its energy is additive:

E
l
{µm} =

Mÿ

m=1
Á

l
µm

, E{µm} =
Mÿ

m=1
Áµm , (19)
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Figure 1. The dispersion relations (20) alternate between two
linear branches, realising chiral and (up to a shift) ‘full’ mass-
less relativistic dispersions on the lattice.

with dispersions having two linear branches (Fig. 1):

Á
l
n =

;
n , n even ,
n ≠ N , n odd ,

Án = |Á
l
n| . (20)

This state has (often many) descendants due to the ex-
tended symmetry. Its multiplicity is [13, 21] N + 1 for
the empty motif (at M = 0), and otherwise

µ1 (N ≠ µM )
M≠1Ÿ

m=1
(µm+1 ≠ µm ≠ 1) . (21)

Given the extremely simple dispersion, further (‘acciden-
tal’) degeneracies between di�erent motifs occur much
more often than even for the HS chain.

The energy levels are equispaced with steps of 2. E
l is

bounded by ±(N2
≠ 1)/4 and reaches these extremes at

motifs {1, 3, . . . , N ≠2} and {2, 4, . . . , N ≠1}, cf. Fig. 1. H
has eigenvalues > 0, with E = 0 for the empty motif, and
maximal energy E = 2¸(3¸ + 1) or E = 2(¸ + 1)(3¸ + 1)
depending on whether N = 4¸ + 3 or N = 4¸ + 1, re-
spectively. This maximum corresponds to the one or two
motifs {1, 3, . . . , N ≠4, N ≠2} switching halfway between
the branches of Án in Fig. 1. Intriguingly, for H a few lev-
els near the maximum are missing.

Explicit diagonalisation. Let us (re)derive this spec-
trum from the fermionic representation. The key to defin-
ing a good basis of fermions is to start at one end of the
lattice and use the quasi-translation operator:

�i © G1≠i
f1 Gi≠1

, �+
i © G1≠i

f
+
1 Gi≠1

. (22)

These dressed fermions obey the periodicity

�i+N = �i , �+
i+N = �+

i , (23)

and have non-local anticommutation relations [22]
)

�i, �+
j

*
= ≠(1 + tj≠i) , {�i, �j} = {�+

i , �+
j } = 0 .

(24)
The nontrivial relation only depends on the distance. Set
a0 © i and an © in+1/2 else. The rescaled Fourier modes
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(25)

3

Global symmetry. The model can be seen as a long-
range spin chain with alternating gl(1|1)-representations.
Recall that gl(1|1) has two bosonic and two fermionic
generators, which we denote by N, E and F1, F+

1 respec-
tively. The nontrivial (anti)commutation relations are
#
N, F1

$
= ≠F1 ,

#
N, F+

1
$

= F+
1 ,

)
F1, F+

1
*

= E , (15)

and E is central. This is just a fermionic version of
the usual spin algebra. Each site i carries a gl(1|1)-
representation generated by fi, f

+
i , the number operator

(≠1)i
f

+
i fi and central charge (≠1)i. From this perspec-

tive, (7)–(9) is a long-range gl(1|1) super-spin chain. For
odd length the alternating central charge breaks periodic
boundaries, which are replaced by (8). Our model has a
global gl(1|1)-symmetry generated by

F1 =
Nÿ

i=1
fi , F+

1 =
Nÿ

i=1
f

+
i ,

N =
Nÿ

i=1
(≠1)i

f
+
i fi , E =

Nÿ

i=1
(≠1)i = ≠1 ,

(16)

Indeed, these operators anticommute with all gi, g
+
j , and

thus commute with the conserved charges (7)–(9).
Since F2

1 = (F+
1 )2 = 0, gl(1|1) produces fewer descen-

dants than su(2) does for isotropic spin chains. This is
compensated by additional bosonic generators

F2 =
Nÿ

i<j

fi fj , F+
2 =

Nÿ

i<j

f
+
i f

+
j , (17)

which commute with the ei, whence with (7)–(9). To-
gether, (16)–(17) generate the full global-symmetry alge-
bra, called A1|1 [5]. It is the Uq sl(2)|q=i symmetry from
the parent model in fermionic language, cf. [6, §2.3].

Extended symmetry. The parent model has quantum-
a�ne sl(2) symmetry, which underpins the large degen-
eracies (21). As we will see, these are already visible in
the two-particle spectrum. A plausible guess is that it
relates to the Yangian of gl(1|1). A detailed study of this
extended symmetry will be performed elsewhere.

The spectrum. The spectrum and degeneracies of the
parent model are known explicitly [14, 19–21]. Like for
the HS chain, the quantum numbers are ‘motifs’ [15]
{µm}, consisting of integers 1 6 µm < N increasing as

µm+1 > µm + 1 , 1 6 m < M . (18)

Such a motif labels an M -fermion state with quasi-
momentum p = 2fi

N

q
m µm mod 2fi setting the eigenvalue

eip of G. Its energy is additive:

E
l
{µm} =

Mÿ

m=1
Á

l
µm

, E{µm} =
Mÿ

m=1
Áµm , (19)
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Figure 1. The dispersion relations (20) alternate between two
linear branches, realising chiral and (up to a shift) ‘full’ mass-
less relativistic dispersions on the lattice.

with dispersions having two linear branches (Fig. 1):

Á
l
n =

;
n , n even ,
n ≠ N , n odd ,

Án = |Á
l
n| . (20)

This state has (often many) descendants due to the ex-
tended symmetry. Its multiplicity is [13, 21] N + 1 for
the empty motif (at M = 0), and otherwise

µ1 (N ≠ µM )
M≠1Ÿ

m=1
(µm+1 ≠ µm ≠ 1) . (21)

Given the extremely simple dispersion, further (‘acciden-
tal’) degeneracies between di�erent motifs occur much
more often than even for the HS chain.

The energy levels are equispaced with steps of 2. E
l is

bounded by ±(N2
≠ 1)/4 and reaches these extremes at

motifs {1, 3, . . . , N ≠2} and {2, 4, . . . , N ≠1}, cf. Fig. 1. H
has eigenvalues > 0, with E = 0 for the empty motif, and
maximal energy E = 2¸(3¸ + 1) or E = 2(¸ + 1)(3¸ + 1)
depending on whether N = 4¸ + 3 or N = 4¸ + 1, re-
spectively. This maximum corresponds to the one or two
motifs {1, 3, . . . , N ≠4, N ≠2} switching halfway between
the branches of Án in Fig. 1. Intriguingly, for H a few lev-
els near the maximum are missing.

Explicit diagonalisation. Let us (re)derive this spec-
trum from the fermionic representation. The key to defin-
ing a good basis of fermions is to start at one end of the
lattice and use the quasi-translation operator:

�i © G1≠i
f1 Gi≠1

, �+
i © G1≠i

f
+
1 Gi≠1

. (22)

These dressed fermions obey the periodicity

�i+N = �i , �+
i+N = �+

i , (23)

and have non-local anticommutation relations [22]
)

�i, �+
j

*
= ≠(1 + tj≠i) , {�i, �j} = {�+

i , �+
j } = 0 .

(24)
The nontrivial relation only depends on the distance. Set
a0 © i and an © in+1/2 else. The rescaled Fourier modes

�̃n ©
an

N

Nÿ

j=1
e≠2ifinj/N �j , �̃+

n ©
an

N

Nÿ

j=1
e2ifinj/N �+

j ,

(25)

The spectrum becomes very simple at q=i and N odd 



How to solve the model for N odd 

We want to solve it in terms of (non-unitary) fermions           use quasi-translations

3

Global symmetry. The model can be seen as a long-
range spin chain with alternating gl(1|1)-representations.
Recall that gl(1|1) has two bosonic and two fermionic
generators, which we denote by N, E and F1, F+

1 respec-
tively. The nontrivial (anti)commutation relations are
#
N, F1

$
= ≠F1 ,

#
N, F+

1
$

= F+
1 ,

)
F1, F+

1
*

= E , (15)

and E is central. This is just a fermionic version of
the usual spin algebra. Each site i carries a gl(1|1)-
representation generated by fi, f

+
i , the number operator

(≠1)i
f

+
i fi and central charge (≠1)i. From this perspec-

tive, (7)–(9) is a long-range gl(1|1) super-spin chain. For
odd length the alternating central charge breaks periodic
boundaries, which are replaced by (8). Our model has a
global gl(1|1)-symmetry generated by

F1 =
Nÿ

i=1
fi , F+

1 =
Nÿ

i=1
f

+
i ,

N =
Nÿ

i=1
(≠1)i

f
+
i fi , E =

Nÿ

i=1
(≠1)i = ≠1 ,

(16)

Indeed, these operators anticommute with all gi, g
+
j , and

thus commute with the conserved charges (7)–(9).
Since F2

1 = (F+
1 )2 = 0, gl(1|1) produces fewer descen-

dants than su(2) does for isotropic spin chains. This is
compensated by additional bosonic generators

F2 =
Nÿ

i<j

fi fj , F+
2 =

Nÿ

i<j

f
+
i f

+
j , (17)

which commute with the ei, whence with (7)–(9). To-
gether, (16)–(17) generate the full global-symmetry alge-
bra, called A1|1 [5]. It is the Uq sl(2)|q=i symmetry from
the parent model in fermionic language, cf. [6, §2.3].

Extended symmetry. The parent model has quantum-
a�ne sl(2) symmetry, which underpins the large degen-
eracies (21). As we will see, these are already visible in
the two-particle spectrum. A plausible guess is that it
relates to the Yangian of gl(1|1). A detailed study of this
extended symmetry will be performed elsewhere.

The spectrum. The spectrum and degeneracies of the
parent model are known explicitly [14, 19–21]. Like for
the HS chain, the quantum numbers are ‘motifs’ [15]
{µm}, consisting of integers 1 6 µm < N increasing as

µm+1 > µm + 1 , 1 6 m < M . (18)

Such a motif labels an M -fermion state with quasi-
momentum p = 2fi

N

q
m µm mod 2fi setting the eigenvalue

eip of G. Its energy is additive:

E
l
{µm} =

Mÿ

m=1
Á

l
µm

, E{µm} =
Mÿ

m=1
Áµm , (19)
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Figure 1. The dispersion relations (20) alternate between two
linear branches, realising chiral and (up to a shift) ‘full’ mass-
less relativistic dispersions on the lattice.

with dispersions having two linear branches (Fig. 1):

Á
l
n =

;
n , n even ,
n ≠ N , n odd ,

Án = |Á
l
n| . (20)

This state has (often many) descendants due to the ex-
tended symmetry. Its multiplicity is [13, 21] N + 1 for
the empty motif (at M = 0), and otherwise

µ1 (N ≠ µM )
M≠1Ÿ

m=1
(µm+1 ≠ µm ≠ 1) . (21)

Given the extremely simple dispersion, further (‘acciden-
tal’) degeneracies between di�erent motifs occur much
more often than even for the HS chain.

The energy levels are equispaced with steps of 2. E
l is

bounded by ±(N2
≠ 1)/4 and reaches these extremes at

motifs {1, 3, . . . , N ≠2} and {2, 4, . . . , N ≠1}, cf. Fig. 1. H
has eigenvalues > 0, with E = 0 for the empty motif, and
maximal energy E = 2¸(3¸ + 1) or E = 2(¸ + 1)(3¸ + 1)
depending on whether N = 4¸ + 3 or N = 4¸ + 1, re-
spectively. This maximum corresponds to the one or two
motifs {1, 3, . . . , N ≠4, N ≠2} switching halfway between
the branches of Án in Fig. 1. Intriguingly, for H a few lev-
els near the maximum are missing.

Explicit diagonalisation. Let us (re)derive this spec-
trum from the fermionic representation. The key to defin-
ing a good basis of fermions is to start at one end of the
lattice and use the quasi-translation operator:

�i © G1≠i
f1 Gi≠1

, �+
i © G1≠i

f
+
1 Gi≠1

. (22)

These dressed fermions obey the periodicity

�i+N = �i , �+
i+N = �+

i , (23)

and have non-local anticommutation relations [22]
)

�i, �+
j

*
= ≠(1 + tj≠i) , {�i, �j} = {�+

i , �+
j } = 0 .

(24)
The nontrivial relation only depends on the distance. Set
a0 © i and an © in+1/2 else. The rescaled Fourier modes

�̃n ©
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N

Nÿ

j=1
e≠2ifinj/N �j , �̃+

n ©
an

N

Nÿ

j=1
e2ifinj/N �+

j ,

(25)

• start with the first site and translate the fermions via 
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boundaries, which are replaced by (8). Our model has a
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Since F2
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which commute with the ei, whence with (7)–(9). To-
gether, (16)–(17) generate the full global-symmetry alge-
bra, called A1|1 [5]. It is the Uq sl(2)|q=i symmetry from
the parent model in fermionic language, cf. [6, §2.3].

Extended symmetry. The parent model has quantum-
a�ne sl(2) symmetry, which underpins the large degen-
eracies (21). As we will see, these are already visible in
the two-particle spectrum. A plausible guess is that it
relates to the Yangian of gl(1|1). A detailed study of this
extended symmetry will be performed elsewhere.

The spectrum. The spectrum and degeneracies of the
parent model are known explicitly [14, 19–21]. Like for
the HS chain, the quantum numbers are ‘motifs’ [15]
{µm}, consisting of integers 1 6 µm < N increasing as

µm+1 > µm + 1 , 1 6 m < M . (18)

Such a motif labels an M -fermion state with quasi-
momentum p = 2fi
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eip of G. Its energy is additive:
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Figure 1. The dispersion relations (20) alternate between two
linear branches, realising chiral and (up to a shift) ‘full’ mass-
less relativistic dispersions on the lattice.

with dispersions having two linear branches (Fig. 1):
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This state has (often many) descendants due to the ex-
tended symmetry. Its multiplicity is [13, 21] N + 1 for
the empty motif (at M = 0), and otherwise

µ1 (N ≠ µM )
M≠1Ÿ

m=1
(µm+1 ≠ µm ≠ 1) . (21)

Given the extremely simple dispersion, further (‘acciden-
tal’) degeneracies between di�erent motifs occur much
more often than even for the HS chain.

The energy levels are equispaced with steps of 2. E
l is

bounded by ±(N2
≠ 1)/4 and reaches these extremes at

motifs {1, 3, . . . , N ≠2} and {2, 4, . . . , N ≠1}, cf. Fig. 1. H
has eigenvalues > 0, with E = 0 for the empty motif, and
maximal energy E = 2¸(3¸ + 1) or E = 2(¸ + 1)(3¸ + 1)
depending on whether N = 4¸ + 3 or N = 4¸ + 1, re-
spectively. This maximum corresponds to the one or two
motifs {1, 3, . . . , N ≠4, N ≠2} switching halfway between
the branches of Án in Fig. 1. Intriguingly, for H a few lev-
els near the maximum are missing.

Explicit diagonalisation. Let us (re)derive this spec-
trum from the fermionic representation. The key to defin-
ing a good basis of fermions is to start at one end of the
lattice and use the quasi-translation operator:

�i © G1≠i
f1 Gi≠1

, �+
i © G1≠i

f
+
1 Gi≠1

. (22)

These dressed fermions obey the periodicity

�i+N = �i , �+
i+N = �+

i , (23)

and have non-local anticommutation relations [22]
)

�i, �+
j

*
= ≠(1 + tj≠i) , {�i, �j} = {�+

i , �+
j } = 0 .

(24)
The nontrivial relation only depends on the distance. Set
a0 © i and an © in+1/2 else. The rescaled Fourier modes

�̃n ©
an

N

Nÿ

j=1
e≠2ifinj/N �j , �̃+

n ©
an

N

Nÿ

j=1
e2ifinj/N �+

j ,

(25)

• the transformation is periodic due to

2

is parity even, it is better suited for the role of hamil-
tonian. The extended symmetry (ii) requires special
‘quasi-periodic’ boundary conditions, which break uni-
tarity, cf. [23]. Nevertheless, by PT-invariance, the spec-
trum is real, cf. [25]. The reward for having complicated
interactions is that this spectrum is extremely simple as
in (iii): sums of quasiparticle energies with linear disper-
sions, comprising two branches that are associated with
even and odd mode numbers. Spin chains with linear
dispersions also arise in AdS3/CFT2 integrability [26].
The interaction in the quartic hamiltonian implements a
statistical selection rule, excluding occupation of succes-
sive mode numbers, that originates in the parent model
and matches the description of the HS chain via ‘mo-
tifs’ [15]. This selection rule comes with high degenera-
cies for the motifs to account for the full Hilbert space.
These degeneracies are caused by (ii), arising from the
parent model’s extended spin symmetry. The latter in-
cludes a global symmetry algebra that contains gl(1|1)
and is the commutant of the free-fermion TL algebra [5].
Due to the linear dispersions, there are many further ‘ac-
cidental’ degeneracies between di�erent motifs.
The model. Consider fermions hopping on a 1d lattice
with an odd number N sites. The simplest formulation
of our model uses non-unitary fermionic operators with
anticommutation relations [6]

{fi, f
+
j } = (≠1)i

”ij , {fi, fj} = {f
+
i , f

+
j } = 0 . (1)

They are related to canonical Jordan–Wigner fermions
as fj = (≠i)j

cj , f
+
j = (≠i)j

c
†
j . The fs will avoid a

proliferation of factors of i and make the symmetries more
transparent. From the two-site fermionic operators

gi © fi + fi+1 , g
+
i = f

+
i + f

+
i+1 , 1 6 i < N , (2)

we construct the quadratic combinations

ei © g
+
i gi , 1 6 i < N , (3)

which obey the free-fermion TL algebra relations

e
2
i = 0 , ei ei±1 ei = ei , [ei, ej ] = 0 if |i≠ j| > 1 . (4)

Further define the nested TL commutators [22, § C]

e[i,j] © [[· · · [ei, ei+1], · · · ], ej ]
= sij

!
g

+
j gi + (≠1)i≠j

g
+
i gj

"
, i ”= j ,

(5)

where sij © (≠1)(i≠j)(i+j≠1)/2, and we set e[i,i] © ei.
Note that (5) is bilinear in the fermions (1). Finally set

tk © tan fik
N , tk,l ©

rl≠1
i=k ti (k < l) , tk,k © 1 . (6)

Then the chiral hamiltonian reads

Hl = i
2

ÿ

16i6j<N

h
l
ij e[i,j] ,

h
l
ij ©

Nÿ

n=j+1
tn≠j,n≠i

!
1 ≠ (≠1)i

t
2
n≠i,n

"
.

(7)

This is a quadratic (free-fermion) hamiltonian describing
long-range hopping. It is not translationally invariant:
the amplitudes h

l
ij do not only depend on the distance

i ≠ j, and sites N, 1 are not on the same footing as other
neighbours i, i + 1. Instead, the standard translation op-
erator is replaced by the quasi-translation operator

G = (1 + tN≠1 eN≠1) · · · (1 + t1 e1) , GN = 1 . (8)

The model is integrable: there exists a hierarchy of con-
served charges that commute with each other and (7).
We can explicitly write down the next charge, which is
a linear combination of anticommutators of the nested
commutators (5) with coe�cients like in (7),

H = ≠
1

4N

N≠1ÿ

i6j<k6l

!
h

l
ij;kl + h

r
ij;kl

" )
e[i,j], e[k,l]

*
, (9)

h
l
ij;kl © (≠1)k≠j

Nÿ

n(>l)
tn≠l,n≠j tn≠k,n≠i

!
1 ≠ (≠1)i

t
2
n≠i,n

"
,

h
r
ij;kl © (≠1)l≠j+k≠i

h
l
N≠l,N≠k;N≠j,N≠i .

Integrability guarantees that these quantities, and higher
charges that we do not give here, mutually commute,

#
G, Hl$

=
#
G, H

$
=

#
Hl

, H
$

= 0 . (10)

The existence of this hierarchy of commuting charges,
and their expressions, stem from the parent model [22].
Symmetries. The commuting charges (7)–(9) have sev-
eral transformation properties and symmetries.

Parity. Parity acts by reversal of the lattice sites
P(fi) = fN+1≠i. This preserves the anticommutation
relations (1) since N is odd. The TL generators trans-
form as P(ei) = eN≠i. The chiral hamiltonian (7) is not
invariant under parity, whence its name. It is a highly
nontrivial result that P(Hl) = ≠Hl [22]. We have

P(Hl) = ≠Hl
, P(H) = H , P(G) = G≠1

, (11)

where the last relation uses ti = ≠tN≠i.
Time reversal. We define time reversal as complex

conjugation of the coe�cients with respect to the Fock
basis f

+
i1

· · · f
+
iM

|?Í. Thus T(ei) = ei, and

T(Hl) = ≠Hl
, T(H) = H , T(G) = G . (12)

Since the hamiltonians (and their eigenstates) are PT-
invariant, their spectrum is real [27–30]. The same is
true for the ‘quasi-momentum’ p = ≠i log G.

Charge conjugation. Another simple operation, which
we interpret as the particle-hole transformation, ex-
changes the creation and annihilation operators

CÕ(fi) = f
+
i , CÕ(f+

i ) = fi . (13)

Then CÕ(ei) = ≠ei, preserving (4). Including a suitable
antilinear transformation U, see [22], gives charge conju-
gation C = CÕ U. It acts on the conserved charges by

C(Hl) = ≠Hl
, C(H) = H , C(G) = G . (14)

• the price to pay is that the commutation relations are non-local (but translationally invariant)
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Global symmetry. The model can be seen as a long-
range spin chain with alternating gl(1|1)-representations.
Recall that gl(1|1) has two bosonic and two fermionic
generators, which we denote by N, E and F1, F+

1 respec-
tively. The nontrivial (anti)commutation relations are
#
N, F1

$
= ≠F1 ,

#
N, F+

1
$

= F+
1 ,

)
F1, F+

1
*

= E , (15)

and E is central. This is just a fermionic version of
the usual spin algebra. Each site i carries a gl(1|1)-
representation generated by fi, f

+
i , the number operator

(≠1)i
f

+
i fi and central charge (≠1)i. From this perspec-

tive, (7)–(9) is a long-range gl(1|1) super-spin chain. For
odd length the alternating central charge breaks periodic
boundaries, which are replaced by (8). Our model has a
global gl(1|1)-symmetry generated by
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+
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N =
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(16)

Indeed, these operators anticommute with all gi, g
+
j , and

thus commute with the conserved charges (7)–(9).
Since F2

1 = (F+
1 )2 = 0, gl(1|1) produces fewer descen-

dants than su(2) does for isotropic spin chains. This is
compensated by additional bosonic generators
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Nÿ

i<j

fi fj , F+
2 =

Nÿ

i<j

f
+
i f

+
j , (17)

which commute with the ei, whence with (7)–(9). To-
gether, (16)–(17) generate the full global-symmetry alge-
bra, called A1|1 [5]. It is the Uq sl(2)|q=i symmetry from
the parent model in fermionic language, cf. [6, §2.3].

Extended symmetry. The parent model has quantum-
a�ne sl(2) symmetry, which underpins the large degen-
eracies (21). As we will see, these are already visible in
the two-particle spectrum. A plausible guess is that it
relates to the Yangian of gl(1|1). A detailed study of this
extended symmetry will be performed elsewhere.

The spectrum. The spectrum and degeneracies of the
parent model are known explicitly [14, 19–21]. Like for
the HS chain, the quantum numbers are ‘motifs’ [15]
{µm}, consisting of integers 1 6 µm < N increasing as

µm+1 > µm + 1 , 1 6 m < M . (18)

Such a motif labels an M -fermion state with quasi-
momentum p = 2fi
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Figure 1. The dispersion relations (20) alternate between two
linear branches, realising chiral and (up to a shift) ‘full’ mass-
less relativistic dispersions on the lattice.

with dispersions having two linear branches (Fig. 1):
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This state has (often many) descendants due to the ex-
tended symmetry. Its multiplicity is [13, 21] N + 1 for
the empty motif (at M = 0), and otherwise

µ1 (N ≠ µM )
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m=1
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Given the extremely simple dispersion, further (‘acciden-
tal’) degeneracies between di�erent motifs occur much
more often than even for the HS chain.

The energy levels are equispaced with steps of 2. E
l is

bounded by ±(N2
≠ 1)/4 and reaches these extremes at

motifs {1, 3, . . . , N ≠2} and {2, 4, . . . , N ≠1}, cf. Fig. 1. H
has eigenvalues > 0, with E = 0 for the empty motif, and
maximal energy E = 2¸(3¸ + 1) or E = 2(¸ + 1)(3¸ + 1)
depending on whether N = 4¸ + 3 or N = 4¸ + 1, re-
spectively. This maximum corresponds to the one or two
motifs {1, 3, . . . , N ≠4, N ≠2} switching halfway between
the branches of Án in Fig. 1. Intriguingly, for H a few lev-
els near the maximum are missing.

Explicit diagonalisation. Let us (re)derive this spec-
trum from the fermionic representation. The key to defin-
ing a good basis of fermions is to start at one end of the
lattice and use the quasi-translation operator:

�i © G1≠i
f1 Gi≠1
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i © G1≠i

f
+
1 Gi≠1

. (22)

These dressed fermions obey the periodicity
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and have non-local anticommutation relations [22]
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The nontrivial relation only depends on the distance. Set
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How to solve the model for N odd 

• next we use the Fourier modes of the quasi-translated fermions
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Global symmetry. The model can be seen as a long-
range spin chain with alternating gl(1|1)-representations.
Recall that gl(1|1) has two bosonic and two fermionic
generators, which we denote by N, E and F1, F+
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#
N, F1

$
= ≠F1 ,
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and E is central. This is just a fermionic version of
the usual spin algebra. Each site i carries a gl(1|1)-
representation generated by fi, f
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i , the number operator

(≠1)i
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+
i fi and central charge (≠1)i. From this perspec-

tive, (7)–(9) is a long-range gl(1|1) super-spin chain. For
odd length the alternating central charge breaks periodic
boundaries, which are replaced by (8). Our model has a
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Since F2
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1 )2 = 0, gl(1|1) produces fewer descen-

dants than su(2) does for isotropic spin chains. This is
compensated by additional bosonic generators

F2 =
Nÿ

i<j

fi fj , F+
2 =

Nÿ

i<j

f
+
i f

+
j , (17)

which commute with the ei, whence with (7)–(9). To-
gether, (16)–(17) generate the full global-symmetry alge-
bra, called A1|1 [5]. It is the Uq sl(2)|q=i symmetry from
the parent model in fermionic language, cf. [6, §2.3].

Extended symmetry. The parent model has quantum-
a�ne sl(2) symmetry, which underpins the large degen-
eracies (21). As we will see, these are already visible in
the two-particle spectrum. A plausible guess is that it
relates to the Yangian of gl(1|1). A detailed study of this
extended symmetry will be performed elsewhere.

The spectrum. The spectrum and degeneracies of the
parent model are known explicitly [14, 19–21]. Like for
the HS chain, the quantum numbers are ‘motifs’ [15]
{µm}, consisting of integers 1 6 µm < N increasing as

µm+1 > µm + 1 , 1 6 m < M . (18)

Such a motif labels an M -fermion state with quasi-
momentum p = 2fi

N

q
m µm mod 2fi setting the eigenvalue

eip of G. Its energy is additive:
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{µm} =
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Figure 1. The dispersion relations (20) alternate between two
linear branches, realising chiral and (up to a shift) ‘full’ mass-
less relativistic dispersions on the lattice.

with dispersions having two linear branches (Fig. 1):
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n ≠ N , n odd ,
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n| . (20)

This state has (often many) descendants due to the ex-
tended symmetry. Its multiplicity is [13, 21] N + 1 for
the empty motif (at M = 0), and otherwise

µ1 (N ≠ µM )
M≠1Ÿ

m=1
(µm+1 ≠ µm ≠ 1) . (21)

Given the extremely simple dispersion, further (‘acciden-
tal’) degeneracies between di�erent motifs occur much
more often than even for the HS chain.

The energy levels are equispaced with steps of 2. E
l is

bounded by ±(N2
≠ 1)/4 and reaches these extremes at

motifs {1, 3, . . . , N ≠2} and {2, 4, . . . , N ≠1}, cf. Fig. 1. H
has eigenvalues > 0, with E = 0 for the empty motif, and
maximal energy E = 2¸(3¸ + 1) or E = 2(¸ + 1)(3¸ + 1)
depending on whether N = 4¸ + 3 or N = 4¸ + 1, re-
spectively. This maximum corresponds to the one or two
motifs {1, 3, . . . , N ≠4, N ≠2} switching halfway between
the branches of Án in Fig. 1. Intriguingly, for H a few lev-
els near the maximum are missing.

Explicit diagonalisation. Let us (re)derive this spec-
trum from the fermionic representation. The key to defin-
ing a good basis of fermions is to start at one end of the
lattice and use the quasi-translation operator:

�i © G1≠i
f1 Gi≠1

, �+
i © G1≠i

f
+
1 Gi≠1

. (22)

These dressed fermions obey the periodicity

�i+N = �i , �+
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i , (23)

and have non-local anticommutation relations [22]
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�i, �+
j

*
= ≠(1 + tj≠i) , {�i, �j} = {�+

i , �+
j } = 0 .

(24)
The nontrivial relation only depends on the distance. Set
a0 © i and an © in+1/2 else. The rescaled Fourier modes
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the parent model in fermionic language, cf. [6, §2.3].
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a�ne sl(2) symmetry, which underpins the large degen-
eracies (21). As we will see, these are already visible in
the two-particle spectrum. A plausible guess is that it
relates to the Yangian of gl(1|1). A detailed study of this
extended symmetry will be performed elsewhere.
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the HS chain, the quantum numbers are ‘motifs’ [15]
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linear branches, realising chiral and (up to a shift) ‘full’ mass-
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spectively. This maximum corresponds to the one or two
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the branches of Án in Fig. 1. Intriguingly, for H a few lev-
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• to get canonical commutation relations we rescaled the Fourier modes  4

obey canonical anticommutation relations
)

�̃n, �̃+
m

*
= ”nm , {�̃n, �̃m} = {�̃+

n , �̃+
m} = 0 . (26)

They are covariant under quasi-translations in the sense

G �̃n G≠1 = e≠2ifin/N �̃n , G �̃+
n G≠1 = e2ifin/N �̃+

n .

(27)
The relation to the original fermions is strikingly simple.
The zero-modes commute with the hamiltonians: they
are just the fermionic gl(1|1) generators from (16) [22],

1
a0

�̃0 =
Nÿ

i=1
fi = F1 ,

1
a0

�̃+
0 =

Nÿ

i=1
f

+
i = F+

1 . (28)

The other modes are explicit linear combinations of the
two-site fermions (2), with coe�cients given in [22]:

1
an

�̃n =
N≠1ÿ

i=1
Mni gi ,

1
an

�̃+
n =

N≠1ÿ

i=1
M̄ni g

+
i . (29)

In terms of these fermionic modes, Hl is diagonal:

Hl =
N≠1ÿ

n=1
Á

l
n �̃+

n �̃n . (30)

Numerics for low N confirms the equality with (7). If |?Í

is the fermionic vacuum, then by (26) the Fock states

|n1, . . . , nM Í © �̃+
n1 . . . �̃+

nM
|?Í , (31)

form an eigenbasis for Hl labelled by all 2N fermionic
mode numbers {nm} with 0 6 n1 < · · · < nM < N . The
quasi-momentum of (31) is p = 2fi

N

q
m nm mod 2fi, and

its chiral energy E
l
{nm} =

q
m Á

l
nm

matches (19)–(20)
when {nm} is a motif. Observe that, cf. Fig. 1,

Á
l
n + Á

l
n+1 = Á

l
2n+1 mod N . (32)

Next, (9) takes the quartic form [22]:

H =
N≠1ÿ

n=1
Án �̃+

n �̃n +
ÿ

16m<n<N
16r<s<N

Ṽmn;rs �̃+
m �̃+

n �̃r �̃s . (33)

The commutation (10) only allows Ṽmn;rs ”= 0 if [22] the
quasi-momentum and chiral energy are conserved:

m + n = r + s mod N , Á
l
m + Á

l
n = Á

l
r + Á

l
s . (34)

Numerics for odd N 6 9 suggest the stronger selection
rule that m + n = r + s be odd, with nonzero values
Ṽ = ±4 determined by Ṽmn;rs = Ṽrs;mn and

Ṽmn;m+k,n≠k = (≠1)k+14 ”m odd , 0 6 2k < n≠m . (35)

For one-particle states |nÍ only the quadratic part of (33)
contributes, reproducing the non-chiral dispersion (20).
The quartic part implements the statistical repulsion
rule (18): H is genuinely interacting. Correspondingly,
the Fock states (31) are generally not eigenstates of H.
We illustrate this for the two-fermion spectrum:

• By global symmetry, the descendant |0, nÍ Ã F+
1 |nÍ,

cf. (28), is an H-eigenstate belonging to the motif {n}.
• Any |m, nÍ with 0 < m < n < N and n ≠ m even

is protected (Ṽ = 0) by the selection rules. It is an
H-eigenstate with motif {m, n}.

• Any |1, 2 n
Õ
Í is mixed with |1 + k, 2 n

Õ
≠ kÍ by (35):

– For |1, 2Í only k = 0 contributes, so it is again an
H-eigenstate, with energy Á1 + Á2 + Ṽ12;12 = Á3. It
is degenerate with |3Í for all charges, cf. (32), and
belongs to the motif {3}: |1, 2Í Ã ‚F+

1 |3Í for some
extended-symmetry generator ‚F+

1 .
– All |1, 2 n

Õ
Í with n

Õ
> 1 mix with |1 + k, 2 n

Õ
≠ kÍ,

k > 0. Diagonalising this n
Õ
◊ n

Õ block of H gives
eigenstates with ‘squeezed’ motifs {1 + k, 2 n

Õ
≠ k},

0 6 k 6 n
Õ
≠ 2, plus a state that is proportional to

‚F+
1 |2 n

Õ + 1Í or, if 2 n
Õ = N ≠ 1, to F+

2 |?Í.
• Likewise for |N ≠2 n

Õ +1, N ≠1Í Ã P |1, 2 n
Õ
Í by parity.

See [22] for examples at low N . Besides actually diag-
onalising the blocks, and matching the result with the
parent-model eigenstates at q = i, this gives the full two-
particle spectrum. Note the statistical repulsion in ac-
tion, ‘squeezing’ adjacent modes to extended-symmetry
descendants, cf. [31, §4.1.6]. A fermionic description of
the higher spectrum requires a deeper understanding of
the extended symmetry.

Outlook. We obtained and analysed a long-range fermi-
onic model with extended symmetry from the q æ i
limit of the xxz-type HS chain. A full understanding
requires an explicit fermionic realisation of the extended-
symmetry algebra. This, and a systematic construction
of all eigenvectors, which are known for the parent model,
is left for future work.

The case of even N needs separate treatment. Then
the parent hamiltonian diverges as q æ i, and regularisa-
tion sets all energies to zero. However, the wave functions
remain non-trivial, and numerics suggests the presence
of Jordan blocks up to size N/2 + 1. While indecompos-
able representations are expected, the size of the Jordan
blocks signal that these are not just zigzag modules ap-
pearing for systems with merely global symmetry [32].
We plan to report on this in the near future.

Another important direction is the continuum limit,
where we expect the system to exhibit conformal in-
variance. The explicit identification of the correspond-
ing CFT requires determining the extended symmetry.
Based on the isotropic HS chain we expect the CFT limit
to have Kac–Moody symmetry, perhaps level-1 gl(1|1)
[33]. It will be interesting to find the continuum coun-
terparts of the chiral Hamiltonian, which is reminiscent
of the Virasoro generator L0, and see what happens
with the staggering in the dispersion relation. While
the relativistic-like dispersion for odd length seems well
adapted for the continuum limit, it is at odds with the
vanishing spectrum for even length.

For the Heisenberg xxz chain other root-of-unity val-
ues of q, notably q3 = 1 [34], are special too. It would be
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the parent hamiltonian diverges as q æ i, and regularisa-
tion sets all energies to zero. However, the wave functions
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of the Virasoro generator L0, and see what happens
with the staggering in the dispersion relation. While
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adapted for the continuum limit, it is at odds with the
vanishing spectrum for even length.
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1 |3Í for some
extended-symmetry generator ‚F+

1 .
– All |1, 2 n

Õ
Í with n

Õ
> 1 mix with |1 + k, 2 n

Õ
≠ kÍ,

k > 0. Diagonalising this n
Õ
◊ n

Õ block of H gives
eigenstates with ‘squeezed’ motifs {1 + k, 2 n

Õ
≠ k},

0 6 k 6 n
Õ
≠ 2, plus a state that is proportional to

‚F+
1 |2 n

Õ + 1Í or, if 2 n
Õ = N ≠ 1, to F+

2 |?Í.
• Likewise for |N ≠2 n

Õ +1, N ≠1Í Ã P |1, 2 n
Õ
Í by parity.

See [22] for examples at low N . Besides actually diag-
onalising the blocks, and matching the result with the
parent-model eigenstates at q = i, this gives the full two-
particle spectrum. Note the statistical repulsion in ac-
tion, ‘squeezing’ adjacent modes to extended-symmetry
descendants, cf. [31, §4.1.6]. A fermionic description of
the higher spectrum requires a deeper understanding of
the extended symmetry.

Outlook. We obtained and analysed a long-range fermi-
onic model with extended symmetry from the q æ i
limit of the xxz-type HS chain. A full understanding
requires an explicit fermionic realisation of the extended-
symmetry algebra. This, and a systematic construction
of all eigenvectors, which are known for the parent model,
is left for future work.

The case of even N needs separate treatment. Then
the parent hamiltonian diverges as q æ i, and regularisa-
tion sets all energies to zero. However, the wave functions
remain non-trivial, and numerics suggests the presence
of Jordan blocks up to size N/2 + 1. While indecompos-
able representations are expected, the size of the Jordan
blocks signal that these are not just zigzag modules ap-
pearing for systems with merely global symmetry [32].
We plan to report on this in the near future.

Another important direction is the continuum limit,
where we expect the system to exhibit conformal in-
variance. The explicit identification of the correspond-
ing CFT requires determining the extended symmetry.
Based on the isotropic HS chain we expect the CFT limit
to have Kac–Moody symmetry, perhaps level-1 gl(1|1)
[33]. It will be interesting to find the continuum coun-
terparts of the chiral Hamiltonian, which is reminiscent
of the Virasoro generator L0, and see what happens
with the staggering in the dispersion relation. While
the relativistic-like dispersion for odd length seems well
adapted for the continuum limit, it is at odds with the
vanishing spectrum for even length.

For the Heisenberg xxz chain other root-of-unity val-
ues of q, notably q3 = 1 [34], are special too. It would be

• the other modes are linear combinations of the two-site operators

2

is parity even, it is better suited for the role of hamil-
tonian. The extended symmetry (ii) requires special
‘quasi-periodic’ boundary conditions, which break uni-
tarity, cf. [23]. Nevertheless, by PT-invariance, the spec-
trum is real, cf. [25]. The reward for having complicated
interactions is that this spectrum is extremely simple as
in (iii): sums of quasiparticle energies with linear disper-
sions, comprising two branches that are associated with
even and odd mode numbers. Spin chains with linear
dispersions also arise in AdS3/CFT2 integrability [26].
The interaction in the quartic hamiltonian implements a
statistical selection rule, excluding occupation of succes-
sive mode numbers, that originates in the parent model
and matches the description of the HS chain via ‘mo-
tifs’ [15]. This selection rule comes with high degenera-
cies for the motifs to account for the full Hilbert space.
These degeneracies are caused by (ii), arising from the
parent model’s extended spin symmetry. The latter in-
cludes a global symmetry algebra that contains gl(1|1)
and is the commutant of the free-fermion TL algebra [5].
Due to the linear dispersions, there are many further ‘ac-
cidental’ degeneracies between di�erent motifs.
The model. Consider fermions hopping on a 1d lattice
with an odd number N sites. The simplest formulation
of our model uses non-unitary fermionic operators with
anticommutation relations [6]

{fi, f
+
j } = (≠1)i

”ij , {fi, fj} = {f
+
i , f

+
j } = 0 . (1)

They are related to canonical Jordan–Wigner fermions
as fj = (≠i)j

cj , f
+
j = (≠i)j

c
†
j . The fs will avoid a

proliferation of factors of i and make the symmetries more
transparent. From the two-site fermionic operators

gi © fi + fi+1 , g
+
i = f

+
i + f

+
i+1 , 1 6 i < N , (2)

we construct the quadratic combinations

ei © g
+
i gi , 1 6 i < N , (3)

which obey the free-fermion TL algebra relations

e
2
i = 0 , ei ei±1 ei = ei , [ei, ej ] = 0 if |i≠ j| > 1 . (4)

Further define the nested TL commutators [22, § C]

e[i,j] © [[· · · [ei, ei+1], · · · ], ej ]
= sij

!
g

+
j gi + (≠1)i≠j

g
+
i gj

"
, i ”= j ,

(5)

where sij © (≠1)(i≠j)(i+j≠1)/2, and we set e[i,i] © ei.
Note that (5) is bilinear in the fermions (1). Finally set

tk © tan fik
N , tk,l ©

rl≠1
i=k ti (k < l) , tk,k © 1 . (6)

Then the chiral hamiltonian reads

Hl = i
2

ÿ

16i6j<N

h
l
ij e[i,j] ,

h
l
ij ©

Nÿ

n=j+1
tn≠j,n≠i

!
1 ≠ (≠1)i

t
2
n≠i,n

"
.

(7)

This is a quadratic (free-fermion) hamiltonian describing
long-range hopping. It is not translationally invariant:
the amplitudes h

l
ij do not only depend on the distance

i ≠ j, and sites N, 1 are not on the same footing as other
neighbours i, i + 1. Instead, the standard translation op-
erator is replaced by the quasi-translation operator

G = (1 + tN≠1 eN≠1) · · · (1 + t1 e1) , GN = 1 . (8)

The model is integrable: there exists a hierarchy of con-
served charges that commute with each other and (7).
We can explicitly write down the next charge, which is
a linear combination of anticommutators of the nested
commutators (5) with coe�cients like in (7),

H = ≠
1

4N

N≠1ÿ

i6j<k6l

!
h

l
ij;kl + h

r
ij;kl

" )
e[i,j], e[k,l]

*
, (9)

h
l
ij;kl © (≠1)k≠j

Nÿ

n(>l)
tn≠l,n≠j tn≠k,n≠i

!
1 ≠ (≠1)i

t
2
n≠i,n

"
,

h
r
ij;kl © (≠1)l≠j+k≠i

h
l
N≠l,N≠k;N≠j,N≠i .

Integrability guarantees that these quantities, and higher
charges that we do not give here, mutually commute,

#
G, Hl$

=
#
G, H

$
=

#
Hl

, H
$

= 0 . (10)

The existence of this hierarchy of commuting charges,
and their expressions, stem from the parent model [22].
Symmetries. The commuting charges (7)–(9) have sev-
eral transformation properties and symmetries.

Parity. Parity acts by reversal of the lattice sites
P(fi) = fN+1≠i. This preserves the anticommutation
relations (1) since N is odd. The TL generators trans-
form as P(ei) = eN≠i. The chiral hamiltonian (7) is not
invariant under parity, whence its name. It is a highly
nontrivial result that P(Hl) = ≠Hl [22]. We have

P(Hl) = ≠Hl
, P(H) = H , P(G) = G≠1

, (11)

where the last relation uses ti = ≠tN≠i.
Time reversal. We define time reversal as complex

conjugation of the coe�cients with respect to the Fock
basis f

+
i1

· · · f
+
iM

|?Í. Thus T(ei) = ei, and

T(Hl) = ≠Hl
, T(H) = H , T(G) = G . (12)

Since the hamiltonians (and their eigenstates) are PT-
invariant, their spectrum is real [27–30]. The same is
true for the ‘quasi-momentum’ p = ≠i log G.

Charge conjugation. Another simple operation, which
we interpret as the particle-hole transformation, ex-
changes the creation and annihilation operators

CÕ(fi) = f
+
i , CÕ(f+

i ) = fi . (13)

Then CÕ(ei) = ≠ei, preserving (4). Including a suitable
antilinear transformation U, see [22], gives charge conju-
gation C = CÕ U. It acts on the conserved charges by

C(Hl) = ≠Hl
, C(H) = H , C(G) = G . (14)



How to solve the model for N odd 

• in these variables the chiral Hamiltonian becomes purely quadratic 

• it can be diagonalised on the Fourier Fock space spanned by   

• compatibility with the motif rule thanks to 
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obey canonical anticommutation relations
)

�̃n, �̃+
m

*
= ”nm , {�̃n, �̃m} = {�̃+

n , �̃+
m} = 0 . (26)

They are covariant under quasi-translations in the sense

G �̃n G≠1 = e≠2ifin/N �̃n , G �̃+
n G≠1 = e2ifin/N �̃+

n .

(27)
The relation to the original fermions is strikingly simple.
The zero-modes commute with the hamiltonians: they
are just the fermionic gl(1|1) generators from (16) [22],

1
a0

�̃0 =
Nÿ

i=1
fi = F1 ,

1
a0

�̃+
0 =

Nÿ

i=1
f

+
i = F+

1 . (28)

The other modes are explicit linear combinations of the
two-site fermions (2), with coe�cients given in [22]:

1
an

�̃n =
N≠1ÿ

i=1
Mni gi ,

1
an

�̃+
n =

N≠1ÿ

i=1
M̄ni g

+
i . (29)

In terms of these fermionic modes, Hl is diagonal:

Hl =
N≠1ÿ

n=1
Á

l
n �̃+

n �̃n . (30)

Numerics for low N confirms the equality with (7). If |?Í

is the fermionic vacuum, then by (26) the Fock states

|n1, . . . , nM Í © �̃+
n1 . . . �̃+

nM
|?Í , (31)

form an eigenbasis for Hl labelled by all 2N fermionic
mode numbers {nm} with 0 6 n1 < · · · < nM < N . The
quasi-momentum of (31) is p = 2fi

N

q
m nm mod 2fi, and

its chiral energy E
l
{nm} =

q
m Á

l
nm

matches (19)–(20)
when {nm} is a motif. Observe that, cf. Fig. 1,

Á
l
n + Á

l
n+1 = Á

l
2n+1 mod N . (32)

Next, (9) takes the quartic form [22]:

H =
N≠1ÿ

n=1
Án �̃+

n �̃n +
ÿ

16m<n<N
16r<s<N

Ṽmn;rs �̃+
m �̃+

n �̃r �̃s . (33)

The commutation (10) only allows Ṽmn;rs ”= 0 if [22] the
quasi-momentum and chiral energy are conserved:

m + n = r + s mod N , Á
l
m + Á

l
n = Á

l
r + Á

l
s . (34)

Numerics for odd N 6 9 suggest the stronger selection
rule that m + n = r + s be odd, with nonzero values
Ṽ = ±4 determined by Ṽmn;rs = Ṽrs;mn and

Ṽmn;m+k,n≠k = (≠1)k+14 ”m odd , 0 6 2k < n≠m . (35)

For one-particle states |nÍ only the quadratic part of (33)
contributes, reproducing the non-chiral dispersion (20).
The quartic part implements the statistical repulsion
rule (18): H is genuinely interacting. Correspondingly,
the Fock states (31) are generally not eigenstates of H.
We illustrate this for the two-fermion spectrum:

• By global symmetry, the descendant |0, nÍ Ã F+
1 |nÍ,

cf. (28), is an H-eigenstate belonging to the motif {n}.
• Any |m, nÍ with 0 < m < n < N and n ≠ m even

is protected (Ṽ = 0) by the selection rules. It is an
H-eigenstate with motif {m, n}.

• Any |1, 2 n
Õ
Í is mixed with |1 + k, 2 n

Õ
≠ kÍ by (35):

– For |1, 2Í only k = 0 contributes, so it is again an
H-eigenstate, with energy Á1 + Á2 + Ṽ12;12 = Á3. It
is degenerate with |3Í for all charges, cf. (32), and
belongs to the motif {3}: |1, 2Í Ã ‚F+

1 |3Í for some
extended-symmetry generator ‚F+

1 .
– All |1, 2 n

Õ
Í with n

Õ
> 1 mix with |1 + k, 2 n

Õ
≠ kÍ,

k > 0. Diagonalising this n
Õ
◊ n

Õ block of H gives
eigenstates with ‘squeezed’ motifs {1 + k, 2 n

Õ
≠ k},

0 6 k 6 n
Õ
≠ 2, plus a state that is proportional to

‚F+
1 |2 n

Õ + 1Í or, if 2 n
Õ = N ≠ 1, to F+

2 |?Í.
• Likewise for |N ≠2 n

Õ +1, N ≠1Í Ã P |1, 2 n
Õ
Í by parity.

See [22] for examples at low N . Besides actually diag-
onalising the blocks, and matching the result with the
parent-model eigenstates at q = i, this gives the full two-
particle spectrum. Note the statistical repulsion in ac-
tion, ‘squeezing’ adjacent modes to extended-symmetry
descendants, cf. [31, §4.1.6]. A fermionic description of
the higher spectrum requires a deeper understanding of
the extended symmetry.

Outlook. We obtained and analysed a long-range fermi-
onic model with extended symmetry from the q æ i
limit of the xxz-type HS chain. A full understanding
requires an explicit fermionic realisation of the extended-
symmetry algebra. This, and a systematic construction
of all eigenvectors, which are known for the parent model,
is left for future work.

The case of even N needs separate treatment. Then
the parent hamiltonian diverges as q æ i, and regularisa-
tion sets all energies to zero. However, the wave functions
remain non-trivial, and numerics suggests the presence
of Jordan blocks up to size N/2 + 1. While indecompos-
able representations are expected, the size of the Jordan
blocks signal that these are not just zigzag modules ap-
pearing for systems with merely global symmetry [32].
We plan to report on this in the near future.

Another important direction is the continuum limit,
where we expect the system to exhibit conformal in-
variance. The explicit identification of the correspond-
ing CFT requires determining the extended symmetry.
Based on the isotropic HS chain we expect the CFT limit
to have Kac–Moody symmetry, perhaps level-1 gl(1|1)
[33]. It will be interesting to find the continuum coun-
terparts of the chiral Hamiltonian, which is reminiscent
of the Virasoro generator L0, and see what happens
with the staggering in the dispersion relation. While
the relativistic-like dispersion for odd length seems well
adapted for the continuum limit, it is at odds with the
vanishing spectrum for even length.

For the Heisenberg xxz chain other root-of-unity val-
ues of q, notably q3 = 1 [34], are special too. It would be
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G �̃n G≠1 = e≠2ifin/N �̃n , G �̃+
n G≠1 = e2ifin/N �̃+
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(27)
The relation to the original fermions is strikingly simple.
The zero-modes commute with the hamiltonians: they
are just the fermionic gl(1|1) generators from (16) [22],

1
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i=1
fi = F1 ,

1
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�̃+
0 =

Nÿ

i=1
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The other modes are explicit linear combinations of the
two-site fermions (2), with coe�cients given in [22]:

1
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�̃n =
N≠1ÿ

i=1
Mni gi ,

1
an

�̃+
n =
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i=1
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In terms of these fermionic modes, Hl is diagonal:

Hl =
N≠1ÿ

n=1
Á
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n �̃n . (30)

Numerics for low N confirms the equality with (7). If |?Í

is the fermionic vacuum, then by (26) the Fock states

|n1, . . . , nM Í © �̃+
n1 . . . �̃+

nM
|?Í , (31)

form an eigenbasis for Hl labelled by all 2N fermionic
mode numbers {nm} with 0 6 n1 < · · · < nM < N . The
quasi-momentum of (31) is p = 2fi

N

q
m nm mod 2fi, and

its chiral energy E
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matches (19)–(20)
when {nm} is a motif. Observe that, cf. Fig. 1,
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Next, (9) takes the quartic form [22]:
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Numerics for odd N 6 9 suggest the stronger selection
rule that m + n = r + s be odd, with nonzero values
Ṽ = ±4 determined by Ṽmn;rs = Ṽrs;mn and

Ṽmn;m+k,n≠k = (≠1)k+14 ”m odd , 0 6 2k < n≠m . (35)

For one-particle states |nÍ only the quadratic part of (33)
contributes, reproducing the non-chiral dispersion (20).
The quartic part implements the statistical repulsion
rule (18): H is genuinely interacting. Correspondingly,
the Fock states (31) are generally not eigenstates of H.
We illustrate this for the two-fermion spectrum:

• By global symmetry, the descendant |0, nÍ Ã F+
1 |nÍ,

cf. (28), is an H-eigenstate belonging to the motif {n}.
• Any |m, nÍ with 0 < m < n < N and n ≠ m even

is protected (Ṽ = 0) by the selection rules. It is an
H-eigenstate with motif {m, n}.

• Any |1, 2 n
Õ
Í is mixed with |1 + k, 2 n

Õ
≠ kÍ by (35):

– For |1, 2Í only k = 0 contributes, so it is again an
H-eigenstate, with energy Á1 + Á2 + Ṽ12;12 = Á3. It
is degenerate with |3Í for all charges, cf. (32), and
belongs to the motif {3}: |1, 2Í Ã ‚F+

1 |3Í for some
extended-symmetry generator ‚F+

1 .
– All |1, 2 n

Õ
Í with n

Õ
> 1 mix with |1 + k, 2 n

Õ
≠ kÍ,

k > 0. Diagonalising this n
Õ
◊ n

Õ block of H gives
eigenstates with ‘squeezed’ motifs {1 + k, 2 n

Õ
≠ k},

0 6 k 6 n
Õ
≠ 2, plus a state that is proportional to

‚F+
1 |2 n

Õ + 1Í or, if 2 n
Õ = N ≠ 1, to F+

2 |?Í.
• Likewise for |N ≠2 n

Õ +1, N ≠1Í Ã P |1, 2 n
Õ
Í by parity.

See [22] for examples at low N . Besides actually diag-
onalising the blocks, and matching the result with the
parent-model eigenstates at q = i, this gives the full two-
particle spectrum. Note the statistical repulsion in ac-
tion, ‘squeezing’ adjacent modes to extended-symmetry
descendants, cf. [31, §4.1.6]. A fermionic description of
the higher spectrum requires a deeper understanding of
the extended symmetry.

Outlook. We obtained and analysed a long-range fermi-
onic model with extended symmetry from the q æ i
limit of the xxz-type HS chain. A full understanding
requires an explicit fermionic realisation of the extended-
symmetry algebra. This, and a systematic construction
of all eigenvectors, which are known for the parent model,
is left for future work.

The case of even N needs separate treatment. Then
the parent hamiltonian diverges as q æ i, and regularisa-
tion sets all energies to zero. However, the wave functions
remain non-trivial, and numerics suggests the presence
of Jordan blocks up to size N/2 + 1. While indecompos-
able representations are expected, the size of the Jordan
blocks signal that these are not just zigzag modules ap-
pearing for systems with merely global symmetry [32].
We plan to report on this in the near future.

Another important direction is the continuum limit,
where we expect the system to exhibit conformal in-
variance. The explicit identification of the correspond-
ing CFT requires determining the extended symmetry.
Based on the isotropic HS chain we expect the CFT limit
to have Kac–Moody symmetry, perhaps level-1 gl(1|1)
[33]. It will be interesting to find the continuum coun-
terparts of the chiral Hamiltonian, which is reminiscent
of the Virasoro generator L0, and see what happens
with the staggering in the dispersion relation. While
the relativistic-like dispersion for odd length seems well
adapted for the continuum limit, it is at odds with the
vanishing spectrum for even length.

For the Heisenberg xxz chain other root-of-unity val-
ues of q, notably q3 = 1 [34], are special too. It would be
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The relation to the original fermions is strikingly simple.
The zero-modes commute with the hamiltonians: they
are just the fermionic gl(1|1) generators from (16) [22],
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Numerics for low N confirms the equality with (7). If |?Í
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Ṽmn;m+k,n≠k = (≠1)k+14 ”m odd , 0 6 2k < n≠m . (35)
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contributes, reproducing the non-chiral dispersion (20).
The quartic part implements the statistical repulsion
rule (18): H is genuinely interacting. Correspondingly,
the Fock states (31) are generally not eigenstates of H.
We illustrate this for the two-fermion spectrum:
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1 |nÍ,

cf. (28), is an H-eigenstate belonging to the motif {n}.
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H-eigenstate with motif {m, n}.
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H-eigenstate, with energy Á1 + Á2 + Ṽ12;12 = Á3. It
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2 |?Í.
• Likewise for |N ≠2 n

Õ +1, N ≠1Í Ã P |1, 2 n
Õ
Í by parity.

See [22] for examples at low N . Besides actually diag-
onalising the blocks, and matching the result with the
parent-model eigenstates at q = i, this gives the full two-
particle spectrum. Note the statistical repulsion in ac-
tion, ‘squeezing’ adjacent modes to extended-symmetry
descendants, cf. [31, §4.1.6]. A fermionic description of
the higher spectrum requires a deeper understanding of
the extended symmetry.

Outlook. We obtained and analysed a long-range fermi-
onic model with extended symmetry from the q æ i
limit of the xxz-type HS chain. A full understanding
requires an explicit fermionic realisation of the extended-
symmetry algebra. This, and a systematic construction
of all eigenvectors, which are known for the parent model,
is left for future work.

The case of even N needs separate treatment. Then
the parent hamiltonian diverges as q æ i, and regularisa-
tion sets all energies to zero. However, the wave functions
remain non-trivial, and numerics suggests the presence
of Jordan blocks up to size N/2 + 1. While indecompos-
able representations are expected, the size of the Jordan
blocks signal that these are not just zigzag modules ap-
pearing for systems with merely global symmetry [32].
We plan to report on this in the near future.

Another important direction is the continuum limit,
where we expect the system to exhibit conformal in-
variance. The explicit identification of the correspond-
ing CFT requires determining the extended symmetry.
Based on the isotropic HS chain we expect the CFT limit
to have Kac–Moody symmetry, perhaps level-1 gl(1|1)
[33]. It will be interesting to find the continuum coun-
terparts of the chiral Hamiltonian, which is reminiscent
of the Virasoro generator L0, and see what happens
with the staggering in the dispersion relation. While
the relativistic-like dispersion for odd length seems well
adapted for the continuum limit, it is at odds with the
vanishing spectrum for even length.

For the Heisenberg xxz chain other root-of-unity val-
ues of q, notably q3 = 1 [34], are special too. It would be
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For one-particle states |nÍ only the quadratic part of (33)
contributes, reproducing the non-chiral dispersion (20).
The quartic part implements the statistical repulsion
rule (18): H is genuinely interacting. Correspondingly,
the Fock states (31) are generally not eigenstates of H.
We illustrate this for the two-fermion spectrum:

• By global symmetry, the descendant |0, nÍ Ã F+
1 |nÍ,

cf. (28), is an H-eigenstate belonging to the motif {n}.
• Any |m, nÍ with 0 < m < n < N and n ≠ m even

is protected (Ṽ = 0) by the selection rules. It is an
H-eigenstate with motif {m, n}.

• Any |1, 2 n
Õ
Í is mixed with |1 + k, 2 n

Õ
≠ kÍ by (35):

– For |1, 2Í only k = 0 contributes, so it is again an
H-eigenstate, with energy Á1 + Á2 + Ṽ12;12 = Á3. It
is degenerate with |3Í for all charges, cf. (32), and
belongs to the motif {3}: |1, 2Í Ã ‚F+

1 |3Í for some
extended-symmetry generator ‚F+
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– All |1, 2 n
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Í with n
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• Likewise for |N ≠2 n
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See [22] for examples at low N . Besides actually diag-
onalising the blocks, and matching the result with the
parent-model eigenstates at q = i, this gives the full two-
particle spectrum. Note the statistical repulsion in ac-
tion, ‘squeezing’ adjacent modes to extended-symmetry
descendants, cf. [31, §4.1.6]. A fermionic description of
the higher spectrum requires a deeper understanding of
the extended symmetry.

Outlook. We obtained and analysed a long-range fermi-
onic model with extended symmetry from the q æ i
limit of the xxz-type HS chain. A full understanding
requires an explicit fermionic realisation of the extended-
symmetry algebra. This, and a systematic construction
of all eigenvectors, which are known for the parent model,
is left for future work.

The case of even N needs separate treatment. Then
the parent hamiltonian diverges as q æ i, and regularisa-
tion sets all energies to zero. However, the wave functions
remain non-trivial, and numerics suggests the presence
of Jordan blocks up to size N/2 + 1. While indecompos-
able representations are expected, the size of the Jordan
blocks signal that these are not just zigzag modules ap-
pearing for systems with merely global symmetry [32].
We plan to report on this in the near future.

Another important direction is the continuum limit,
where we expect the system to exhibit conformal in-
variance. The explicit identification of the correspond-
ing CFT requires determining the extended symmetry.
Based on the isotropic HS chain we expect the CFT limit
to have Kac–Moody symmetry, perhaps level-1 gl(1|1)
[33]. It will be interesting to find the continuum coun-
terparts of the chiral Hamiltonian, which is reminiscent
of the Virasoro generator L0, and see what happens
with the staggering in the dispersion relation. While
the relativistic-like dispersion for odd length seems well
adapted for the continuum limit, it is at odds with the
vanishing spectrum for even length.

For the Heisenberg xxz chain other root-of-unity val-
ues of q, notably q3 = 1 [34], are special too. It would be

• the non-chiral Hamiltonian is quartic  

4

obey canonical anticommutation relations
)

�̃n, �̃+
m

*
= ”nm , {�̃n, �̃m} = {�̃+

n , �̃+
m} = 0 . (26)

They are covariant under quasi-translations in the sense

G �̃n G≠1 = e≠2ifin/N �̃n , G �̃+
n G≠1 = e2ifin/N �̃+

n .

(27)
The relation to the original fermions is strikingly simple.
The zero-modes commute with the hamiltonians: they
are just the fermionic gl(1|1) generators from (16) [22],

1
a0

�̃0 =
Nÿ

i=1
fi = F1 ,

1
a0

�̃+
0 =

Nÿ

i=1
f

+
i = F+

1 . (28)

The other modes are explicit linear combinations of the
two-site fermions (2), with coe�cients given in [22]:

1
an

�̃n =
N≠1ÿ

i=1
Mni gi ,

1
an

�̃+
n =

N≠1ÿ

i=1
M̄ni g

+
i . (29)

In terms of these fermionic modes, Hl is diagonal:

Hl =
N≠1ÿ

n=1
Á

l
n �̃+

n �̃n . (30)

Numerics for low N confirms the equality with (7). If |?Í

is the fermionic vacuum, then by (26) the Fock states

|n1, . . . , nM Í © �̃+
n1 . . . �̃+

nM
|?Í , (31)

form an eigenbasis for Hl labelled by all 2N fermionic
mode numbers {nm} with 0 6 n1 < · · · < nM < N . The
quasi-momentum of (31) is p = 2fi

N

q
m nm mod 2fi, and

its chiral energy E
l
{nm} =

q
m Á

l
nm

matches (19)–(20)
when {nm} is a motif. Observe that, cf. Fig. 1,

Á
l
n + Á

l
n+1 = Á

l
2n+1 mod N . (32)

Next, (9) takes the quartic form [22]:

H =
N≠1ÿ

n=1
Án �̃+

n �̃n +
ÿ

16m<n<N
16r<s<N
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Ṽmn;m+k,n≠k = (≠1)k+14 ”m odd , 0 6 2k < n≠m . (35)

For one-particle states |nÍ only the quadratic part of (33)
contributes, reproducing the non-chiral dispersion (20).
The quartic part implements the statistical repulsion
rule (18): H is genuinely interacting. Correspondingly,
the Fock states (31) are generally not eigenstates of H.
We illustrate this for the two-fermion spectrum:

• By global symmetry, the descendant |0, nÍ Ã F+
1 |nÍ,

cf. (28), is an H-eigenstate belonging to the motif {n}.
• Any |m, nÍ with 0 < m < n < N and n ≠ m even

is protected (Ṽ = 0) by the selection rules. It is an
H-eigenstate with motif {m, n}.

• Any |1, 2 n
Õ
Í is mixed with |1 + k, 2 n
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≠ kÍ by (35):

– For |1, 2Í only k = 0 contributes, so it is again an
H-eigenstate, with energy Á1 + Á2 + Ṽ12;12 = Á3. It
is degenerate with |3Í for all charges, cf. (32), and
belongs to the motif {3}: |1, 2Í Ã ‚F+

1 |3Í for some
extended-symmetry generator ‚F+

1 .
– All |1, 2 n
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• Likewise for |N ≠2 n

Õ +1, N ≠1Í Ã P |1, 2 n
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See [22] for examples at low N . Besides actually diag-
onalising the blocks, and matching the result with the
parent-model eigenstates at q = i, this gives the full two-
particle spectrum. Note the statistical repulsion in ac-
tion, ‘squeezing’ adjacent modes to extended-symmetry
descendants, cf. [31, §4.1.6]. A fermionic description of
the higher spectrum requires a deeper understanding of
the extended symmetry.

Outlook. We obtained and analysed a long-range fermi-
onic model with extended symmetry from the q æ i
limit of the xxz-type HS chain. A full understanding
requires an explicit fermionic realisation of the extended-
symmetry algebra. This, and a systematic construction
of all eigenvectors, which are known for the parent model,
is left for future work.

The case of even N needs separate treatment. Then
the parent hamiltonian diverges as q æ i, and regularisa-
tion sets all energies to zero. However, the wave functions
remain non-trivial, and numerics suggests the presence
of Jordan blocks up to size N/2 + 1. While indecompos-
able representations are expected, the size of the Jordan
blocks signal that these are not just zigzag modules ap-
pearing for systems with merely global symmetry [32].
We plan to report on this in the near future.

Another important direction is the continuum limit,
where we expect the system to exhibit conformal in-
variance. The explicit identification of the correspond-
ing CFT requires determining the extended symmetry.
Based on the isotropic HS chain we expect the CFT limit
to have Kac–Moody symmetry, perhaps level-1 gl(1|1)
[33]. It will be interesting to find the continuum coun-
terparts of the chiral Hamiltonian, which is reminiscent
of the Virasoro generator L0, and see what happens
with the staggering in the dispersion relation. While
the relativistic-like dispersion for odd length seems well
adapted for the continuum limit, it is at odds with the
vanishing spectrum for even length.

For the Heisenberg xxz chain other root-of-unity val-
ues of q, notably q3 = 1 [34], are special too. It would be
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Ṽmn;m+k,n≠k = (≠1)k+14 ”m odd , 0 6 2k < n≠m . (35)

For one-particle states |nÍ only the quadratic part of (33)
contributes, reproducing the non-chiral dispersion (20).
The quartic part implements the statistical repulsion
rule (18): H is genuinely interacting. Correspondingly,
the Fock states (31) are generally not eigenstates of H.
We illustrate this for the two-fermion spectrum:

• By global symmetry, the descendant |0, nÍ Ã F+
1 |nÍ,

cf. (28), is an H-eigenstate belonging to the motif {n}.
• Any |m, nÍ with 0 < m < n < N and n ≠ m even

is protected (Ṽ = 0) by the selection rules. It is an
H-eigenstate with motif {m, n}.

• Any |1, 2 n
Õ
Í is mixed with |1 + k, 2 n
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≠ kÍ by (35):

– For |1, 2Í only k = 0 contributes, so it is again an
H-eigenstate, with energy Á1 + Á2 + Ṽ12;12 = Á3. It
is degenerate with |3Í for all charges, cf. (32), and
belongs to the motif {3}: |1, 2Í Ã ‚F+

1 |3Í for some
extended-symmetry generator ‚F+
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Í by parity.

See [22] for examples at low N . Besides actually diag-
onalising the blocks, and matching the result with the
parent-model eigenstates at q = i, this gives the full two-
particle spectrum. Note the statistical repulsion in ac-
tion, ‘squeezing’ adjacent modes to extended-symmetry
descendants, cf. [31, §4.1.6]. A fermionic description of
the higher spectrum requires a deeper understanding of
the extended symmetry.

Outlook. We obtained and analysed a long-range fermi-
onic model with extended symmetry from the q æ i
limit of the xxz-type HS chain. A full understanding
requires an explicit fermionic realisation of the extended-
symmetry algebra. This, and a systematic construction
of all eigenvectors, which are known for the parent model,
is left for future work.

The case of even N needs separate treatment. Then
the parent hamiltonian diverges as q æ i, and regularisa-
tion sets all energies to zero. However, the wave functions
remain non-trivial, and numerics suggests the presence
of Jordan blocks up to size N/2 + 1. While indecompos-
able representations are expected, the size of the Jordan
blocks signal that these are not just zigzag modules ap-
pearing for systems with merely global symmetry [32].
We plan to report on this in the near future.

Another important direction is the continuum limit,
where we expect the system to exhibit conformal in-
variance. The explicit identification of the correspond-
ing CFT requires determining the extended symmetry.
Based on the isotropic HS chain we expect the CFT limit
to have Kac–Moody symmetry, perhaps level-1 gl(1|1)
[33]. It will be interesting to find the continuum coun-
terparts of the chiral Hamiltonian, which is reminiscent
of the Virasoro generator L0, and see what happens
with the staggering in the dispersion relation. While
the relativistic-like dispersion for odd length seems well
adapted for the continuum limit, it is at odds with the
vanishing spectrum for even length.

For the Heisenberg xxz chain other root-of-unity val-
ues of q, notably q3 = 1 [34], are special too. It would be
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is degenerate with |3Í for all charges, cf. (32), and
belongs to the motif {3}: |1, 2Í Ã ‚F+

1 |3Í for some
extended-symmetry generator ‚F+

1 .
– All |1, 2 n

Õ
Í with n

Õ
> 1 mix with |1 + k, 2 n

Õ
≠ kÍ,

k > 0. Diagonalising this n
Õ
◊ n

Õ block of H gives
eigenstates with ‘squeezed’ motifs {1 + k, 2 n

Õ
≠ k},

0 6 k 6 n
Õ
≠ 2, plus a state that is proportional to

‚F+
1 |2 n

Õ + 1Í or, if 2 n
Õ = N ≠ 1, to F+

2 |?Í.
• Likewise for |N ≠2 n

Õ +1, N ≠1Í Ã P |1, 2 n
Õ
Í by parity.

See [22] for examples at low N . Besides actually diag-
onalising the blocks, and matching the result with the
parent-model eigenstates at q = i, this gives the full two-
particle spectrum. Note the statistical repulsion in ac-
tion, ‘squeezing’ adjacent modes to extended-symmetry
descendants, cf. [31, §4.1.6]. A fermionic description of
the higher spectrum requires a deeper understanding of
the extended symmetry.

Outlook. We obtained and analysed a long-range fermi-
onic model with extended symmetry from the q æ i
limit of the xxz-type HS chain. A full understanding
requires an explicit fermionic realisation of the extended-
symmetry algebra. This, and a systematic construction
of all eigenvectors, which are known for the parent model,
is left for future work.

The case of even N needs separate treatment. Then
the parent hamiltonian diverges as q æ i, and regularisa-
tion sets all energies to zero. However, the wave functions
remain non-trivial, and numerics suggests the presence
of Jordan blocks up to size N/2 + 1. While indecompos-
able representations are expected, the size of the Jordan
blocks signal that these are not just zigzag modules ap-
pearing for systems with merely global symmetry [32].
We plan to report on this in the near future.

Another important direction is the continuum limit,
where we expect the system to exhibit conformal in-
variance. The explicit identification of the correspond-
ing CFT requires determining the extended symmetry.
Based on the isotropic HS chain we expect the CFT limit
to have Kac–Moody symmetry, perhaps level-1 gl(1|1)
[33]. It will be interesting to find the continuum coun-
terparts of the chiral Hamiltonian, which is reminiscent
of the Virasoro generator L0, and see what happens
with the staggering in the dispersion relation. While
the relativistic-like dispersion for odd length seems well
adapted for the continuum limit, it is at odds with the
vanishing spectrum for even length.

For the Heisenberg xxz chain other root-of-unity val-
ues of q, notably q3 = 1 [34], are special too. It would be
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• the residues of these poles give a collection of conserved quantities 

• for N even,              there are singularities (poles) in the coefficients of the conserved 
quantities, which can be regularised as
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e[l,m] ⌘ [el , [el+1, . . . [em�1,em] . . .]] = [[. . . [el ,el+1], . . .em�1],em] , i 6 l < m < j .
(2)

with e[k,k] ⌘ ek, and their anti-commutators,

�
e[i, j],e[k,l]

 
= e[i, j] e[k,l] + e[k,l] e[i, j] , i 6 j < k 6 l . (3)

The coefficients of the nested anti/commutators can be defined as follows: let
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and the products of the tangents as

tk,l ⌘
l�1

’
i=k

ti (k < l) , tk,k ⌘ 1 . (5)

Note that we have regularised the product of tangents by introducing a finite shift a
in the definition of tL, which now depends on a and has a simple pole when a ! 0.

Moreover, we define
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With these notations, the conserved Hamiltonians are up to some constants
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In addition to the two Hamiltonians, we get another commuting quantity by taking

the residue of the quasi-translation operator G and its inverse G
�1
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The q = i q-deformed Haldane-Shasrty

Hamiltonian with even sites
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Abstract We present the q ! i limit of the quantum-deformed Haldane-Shastry

Hamiltonian for chains with an even number of sites.

1 Introduction

2 The conserved quantities

Definition of the conserved quantities In the case of even length N = 2L, the

conserved quantities of the parent model have singularities when q ! i, since some

of the matrix elements have poles in q+q
�1

. Well-defined conserved quantities can

be extracted from as the leading orders in the Laurent expansion in q+ q
�1

. They

are expressed in terms of the free-fermion Temperley-Lieb generators with relations

e2
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1•  the eigenvalues of these conserved quantities are all zero (with Jordan blocks of size up to L+1)

The q = i q-deformed Haldane-Shasrty Hamiltonian with even sites 3

G ⌘ (1+ tN�1 eN�1) · · ·(1+ tL+1 eL+1)eL (1+ tL�1 eL�1) · · ·(1+ t1 e1) ,

Ḡ ⌘ (1� t1 e1) · · ·(1� tL�1 eL�1)eL (1� tL+1 eL+1) · · ·(1� tN�1 eN�1) .
(10)

Using the properties of the Temperley-Lieb algebra we obtain

G Ḡ = Ḡ G = 0 . (11)

The commutation relations obeyed by the conserved chages are

⇥
G ,H C⇤=

⇥
G ,H

⇤
=
⇥
H

C,H
⇤
= 0 , (12)

and similarly with Ḡ .

Spectrum The eigenvalues of the conserved charges are identically equal to zero,

and they numerical diagonalisation shows a pattern of Jordan blocks of length up to

L+1.

Parity transformation As in the case of the odd-length chain, we can define a

parity transformation by P(ei) = eN�i. Under this transformation we have

P(H C) =�H
C , P(H ) = H , P(G ) = Ḡ , (13)

Free fermions and global symmetry As pointed out in [1], the model can be for-

mulated using non-unitary fermionic operators with anticommutation relations [?]

{ fi, f+j }= (�1)i di j , { fi, f j}= { f+i , f+j }= 0 . (14)

and the two-site fermionic operators

gi ⌘ fi + fi+1 , g+i = f+i + f+i+1
, 1 6 i < N , (15)

fro that the Temperley-Lieb generators can be realised as

ei ⌘ g+i gi , 1 6 i < N . (16)

As such, the model possesses global gl(1|1)-symmetry generated by

F1 =
N

Â
i=1

fi , F
+
1
=

N

Â
i=1

f+i , N =
N

Â
i=1

(�1)i f+i fi , E =
N

Â
i=1

(�1)i = 0 . (17)

The Hilbert space is spanned by the Fock vectors f+i1 · · · f+iM |?i. The vanishing cen-

tral charge for the symmetry algebra signals that the representation can include inde-

composable blocks and explains the presence of the Jordan blocks for the Hamilto-

nian. In the next section we’ll give examples of the action of the conserved charges

and the symmetry algebra for systems of small sizes.
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the roles the chiral and non-chiral hamiltonians is interchanged



To do list

• Study the system for even length:  spectrum identically zero; Jordan blocks 

• Identify the extended symmetry: gl(1|1) Yangian? 

• Interpret the staggering & the linear dispersion relations in the odd case 

• CFT limit: gl(1|1) Kac-Moody algebra?  

• Free field realisation and vertex operators algebra 

• Wave functions in the fermionic representation & Macdonald polynomials 

• Other roots of unity: q^3=1 and gl(2|1) symmetry 


